Announcements:
HW1 available tonight, due Jan 20, 11:59p.
Today: 1

. Intro to algorithm analysis — codel 2. review of asymptotics

Algorithm Analysis — example 1:

int ool fichy (vector<int>  arr, int q){

for (int i = 0; i < arr.size(); i++)
if (arr[i) == q)
return i;
return -1;

J daromic (size canclaqo)
f ‘*H’\(Wﬁfw&; b\tfw,he 04/)) 2(3|4]|5]|8(7
| What does it do? (alea-lzvrhﬂ 2111|73| 21|29 |86|81]092

U Wi ~ |

'[1

B i

Algorithmic Analysis — running time

ﬁf\int (vector<int> & arr, int q){

2 for (int i = 0; i < arr.size(); i++)

3 5, < (arr[i]é%?q)

4 return ij

5 return -1; S mos tabe a 2
8 JEd Y cup sy o)

How long does it take? ]tdgrw&

What does it depend on?

141 of w8

2. Clock speedl. of horshuare
3.bmm¢wnvfwlnhﬂeamﬂ

What should we count? s&t; , Lives g{'adelprada-s.

Algorithmic Analysis Discussion Algorithmic Analysis Discussion
rzi int (vector<int> & arr, int q)({ (1[int (vector<int> & arr, int q){
2 for (int i = 0; i < arr.size(); i++) 2 for (int i = 0; i < arr.size(); i++)
3 if (arr[i] == q) 3 if (arr[i] == q)
4 return i; 4 return i;
5 return -1; 5 return -1;
be } 0f1]2]3]4]616.|7 |s8-0°i40 sl Al 141 thL} J
32 (11|73 |21(29|86|81|92|57|61|64[15|79|44| 7 |45 How many lines are executed _in the wach aase. ?
What's the best case running time? 4,1 ab arr U2 T(n) = 2n¥) Ueh n=arr sie0)
Discussion: Lond entiad s
Lo trete 0L‘ ‘IOhw”M o in (mseY 4 W

What's the worst case running time? 4,15 not .memﬂ
lergest possivle Fumisd e

What' i gt?k/](e éfef%i cas? ru2n§£g tm:e;w' Ao '7’"2

T =cntd where c,d are constadts ‘




Aside on Asymptotics

Yurard ™€ olpromce Pou
Defn: T(n) = O(f(n)) if there are positive constants
>and ng suchthat T(n) < ¢ foralln = ny.
¢ and ng (n) cc’etj)f(n)oran i

| T(’S‘{’"‘)?/T(") .

Asymptotic definitions

» T(n) & O(f(n)) if there are positive constants ¢ and my such
that T(n) £ cf(n) forall n > ngy

T(n) & A/(n)) f there are positive constants ¢ and my such

MZ lower bound

that T(nj 2 cf(n)forall n - ny ﬂfjm

(
’ ‘ .(3(,.) » T(n)&®(f(n))if T(n)¢ O(f(n)) and T(n) ¢ SAf(n))
» T(n) @o(f(n)) if for any positive constant ¢ there exsts m
Mb%i such that T(n) < cf(n) for all 0~ ng
Mo ; i the » T(n) &w(f(n)) f for any positive constant c. there exists ny

We typically use f(n) to describe. fhe aﬁm}:bﬁc "fra'lmtl GoWSE ~  gich that T(n) > cf(n) for all n > no
on The warst Case runird bime ot G algorithm
The renalic STl Algorithmic Analysis Discussion

‘ : g ' 3 b'f : {mﬂ) ’_ﬂint __ (vector<int> & arr, int q){
Typical growth rates in order (™ Creps#§ 0T 2|  for (int i = 0; i < arr.size(); i++)

— Constant: 0(1) 3 if (arr[i] == q)

— Logarithmic: 0(logn) g e : return i;

_ kb 0((logn)") i fws o L”j") - return -1;

— Linear: 0(n) then. {n) \(0()1.«) ‘

— Log-linear: O(nllogn) A"T('\):M‘) T(n) -

— Superlinear: 0(n**°) (ci tant > 0 N : = ¥

5 QL:Z:;:iar 082) Yo i) B T(n):t?Q"'j") Choose which definition we should use for describing

i 4 b 0(n) sine ANB= ] worst case running time? (0, 0, w, £, 6, ©)

N ouy conclugon Wil be trve. . )
— Polynomial: 0(n*) (k is a constant) "tractable" £
— Exponential: 0(c™) (cisaconstant > 0) "intractable"

- Q(,«Lvﬁr



Announcements:
HW1 available, due Jan 20, 11:59p.

Warm-up:

int Smnﬁkﬁ (vector<int> & arr, int q){ 7
£ : A :

1

2 or (aint i = 0; i < arr.size(); i++)
3 if (i == 0)
4

)

return arr(i];
s

return -1;
Good name? )

L_,___T )

Runtime analysis guidelines:
MW:P worstr case

Single operations, constant time

Consecutive operations additive
Boolean eval + branch i
Conditionals: constant for oﬂjm % éTr »

Loops: sum of Io times a&.b‘m&)
F Rk -
Function call tim nctlo ﬂ‘ e LBomg Juwoids o i€

Running time:
Oln) it Tim) is nab aum) I’d‘“"‘“""#o Tosel

PER (DR Zo
TSe 1S9 Niaron T by 01 Tw=p0)

|
Algorithmic Analysis Discussion
8 i Some puzzles:
| 1|int _firstLoc_ (vector<int> & arr, int q){
‘ l 2 for (int i = 0; i < arr. size(); i++) Typical growth rates in order
B if (arrfi) == q) ’ — Constant: 0(1)
| I g return 1.return + — Logarithmic: O(logn) r{w{uke k>0 ks
| e Feicd » ORI k nE . eao .
& } Poly-log: 0((10871) ) O(,fﬁ) ueéﬁlllwe i ’@ﬁ")k |
.- Linear: o(n) > MH
T(n) =_Cn .f«d ; § — Log-linear: O(nlogn) ( |-( %:;"ﬁl:j ) |
: - o — Superlinear: 0(n'*<) (cis a constant > 0) 1
Choose which definition we should use for describing § ol 0(n?) | Ttw) 7K inCopdas
worst case running time? (o, 0, w, £}, 9,@ = ‘

since T<entel. Timzened,
Tz ©Ln)

o Polynomial:

on3)
0(n*) (k is a constant)

W"

0(c™) (cis a constant > 0) "intractable
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Announcements: S f ry/c\ness continued:
HW1 available, due Jan 20, 11:59p. - -"1 ¥t Yttf (vector<string> & candy, int a){ ]
2 t retloc = a; '

Warm up 3 string voi = candy[a];

Yo £ i = 1;
' :lz =2 (vec_:tor<fstring> & cﬁndy, ﬂ?ﬂh w)( N ; o (i;t(iand;}ri] : :o:‘;x{ldy gy v

. = i o83 O 6 retloc = i;

4 Mﬂ' MW#‘ 7|8 voi = candy[i];

. .Bizs‘()* i++) 8 43y,

9 return retloc:

: o
| 8 3 Correctness? (arqued formally via mdumon‘b?td “L,,oymw‘tdff
fa w[,c Jds voi m for any iin {aH,n- 3, findMin candy, a g| es mdex of min value in candy(a..i$
& A 0 29 Sk o U e XA min ,ﬂ&#‘] W‘@ Wmﬂe % L€ 4"’ g e ﬂé
Good name? Does it work? Leb &J.M(d, ¢} aﬂfemo = el rebloc =a W‘m«wﬁ (a], represat temin
Running time: Coz mwox td, et . IH: tebloc and vor holds i phe i M@ o

Tw= o(«%co—ﬂ = Bw TS h r’zr n2C, b SO stprabion i, 'f/m“"(df’/wt"‘“‘"“"i ACﬂ ]
(R 1 L / =5 u - ) ey !@f"m min a Qe 91
. . T ZCrn £y n;CJ T A CI<VoT, Ten o rblc pre v
Proving a (given) loop invariant--

sume the invariant holds just before beginning some (unspecied) iteration.

Wr&udion variable:
&éase case:

[/ nduction hypothesis:

rove the invariant holds at the end of that iteration for the next iteration.

Qﬂake sure the invariant implies correctness when the loop ends.

i7 Iguctive step:

[ etmination:

rove the invariant true before the loop starts.
umber of times through the loop,

Proving correctness is only one benefit of loop invariants, they are also a natural way to think about your program!

b 1< bl bug trap Yoo 4,4

LA’L W ﬂe P gy 5
Another Exam #

ple cardy [a, ..

void (vector<string> & candy) {

RN o nt i=0; i< candy.size(); i++){
% int m:l.n findMin(candy,i);

% ,Lstring temp

o‘mprr—‘

. candY[lln
. candy[i] = candﬂmin];
s ’candy[nun] temp,k} :
Functionality?
Running Time?
Correctness?

1) iterative variable:
2) loop invariant:




Announcements:

Another Example
HW1 available, due Jan 20, 11:59p. '

void selectionSort (vector<string> & candy){
Warm-up:

for (int i = 0; i < candy.size(); i++){

1
Z
il L 3 int min = findMin(c¢candy,i);
:WVOLd gg&gﬁ@ﬂgﬂj (vector<string> & candy){ 4 string temp = candy(i}];
: o Qfe(int i = 0; i < candy.size(); i++){ 5 candy{i] = candy[min];
3 Elh‘);lnt min = flndMln(candy,l),<?g3ﬁ%(”uh 6 candy[min] = temp;}
4 string temp = candy[i]; 7[}
5 candy([i] = candy[min];j {Wf o T
ib TN s 1) iterative ariable:
) ey, -
Good name? Does it work? ' 2) loop invariant: g am{,&m. at Wb. 0)
Runnin e, w
gtune nd

- Cant-] 5 el
Tw= |+ E‘l (;l»‘/"'l) ch__ng,(h-i) A: M -1 s sorfed i non-decressing order

i e B! x¢fo.i-1}, ge (G rl . thgn MW\M&G
. i Ry S IEnnS UM brall i ab bestort of oo

Selection Sort: (correctness continued)

void selectionSort (vector<string> & candy){

Weird mystery function

void

for (int i = 0; i < candy.size(); i++){

int min = findMin(candy,i);
swap(candy[i], candy[min]);}

(vector<string> & candy, int loc)(
//- assumes candy[0:loc-1] is sorted, loc valid
;tring temp = candy([loc];

int j = loc;

while (j > 0 && candy[j-1] > temp) {
candy(3) = candy[j-11;
bt B

3) Base case ([l true at start of first iteration):

P condi o, 4Y 75 sorted v o) ams are S orted)

1
2
3
4
5 |
6
7
8
9

B xelo, ] etom)IundiC< codgif]

 candy(]] = temp;

4) H ( assume L true at start of ith iteration):

)

5 Inductive ste ( how jrue at start of step i+1): (Me erf”ffM Functionality?
awlj 1< Tire 4] (torredzoss o firgdmin) Running Time?
zcémﬁ [oin) /M [o-:1]) 94B. Correctness?
% 50 swip moygg MGM"] o awé]ﬁj A’J vice Woa. - C 1) lterative variable:
amégo /<] s soted HATZ LRy '
) FrrWﬂaﬂon las

2) Loop Invariant:
t value of iterator):py . ﬂl( m&@m‘k ll:’ B
(o, n-) (s >0r£@? @M&Mdd




Announcements:
HW1 due today 11:59p. PA1 due 02/03, 11:59p. Quizzes

~ Warm-up: Weird Mystery Function

1| void gl[d?e (vector<string> & candy, int loe)({ it
2 |// assumes candy[0:loc-1] is sorted, loc valid
3 string temp = candy[loc); *01756 ‘
4 int j = loc; J-/S'
5 while (j > 0 && candy([j-1] > temp) {
6 candy([j] = candy[j-1); l’&
7 3==3 ) o
NEARICAR= YN
8 candy(j] = temp; &'Jﬂ
o3 AlplelH LICl IR
;L j K
_ P& M ilsd
Good name? Does it work? {
Running time: .
g 90‘) 'f ,W"M "[OC ,Jv.
9(\49&)9@19 [olec- | Ts sofed,

You write Insertion Sort. ..

1‘ void insertionSort (vector<string> & candy) {

: for (b =45 < Candy sie); (44) f

3 .

4 1}& (omdly, i)

5

t|2)>

.2 O_A T)
Functionality? inserion -7 .
Runnjng Time?

%ﬂi; (n;.%ﬂ- - 9("‘7
Corectness? ot luﬂoq

1) lterative variable: [ & f, &
2) Loop invariant:

Co...t-1 is sorted .

_ Selly Vadues Candly CO-19CT
Insertion Sort

vector<string> insertionSort (vector<string> & candy){

1

2 for (int 4 = 1; i < candy.size(); i++) {
3 5Lﬂ2 (candy, 1i);

-

return candy; }

3) Base case: =]

go, A1z [o..0) 1's 507‘50{ 2
4) W gk slot A dooben 0 m,ddco,...,w:rsswfd

5) Inductive step:

s st A doakion i G, -

2 A10s
|1 restoed for itoraton il

L =NiE

M (D) e n4) s @M ‘

6) Termination:

A @és

sorterd . W
bﬂ corveckmers o sli , ablor line 3 M@,._,t]:‘s Sorved| .

Linear Sorts, recap

We have learned and analyzed sefection sort and insertion sort.
Which is better?

. Asymptotically? the sane ©0P) .

Empirically? itk At . prachoolly) <elestron

What if list is already sorted?  <ade 1kseréion

What if list is almost sorted?  Selector

What if list is in reverse order? se{ eetioes

https://www.toptal.com/developers/sorting-algorithms




Something NEW!! Switcing gears... for line 4:

" & Configure your iMac 27-inch

Make at least 3 observations about this code:

Use the options below to build the system of your dreams

template <class LIT> R
struct Node({ SM s We <ame as ChSS
LIT data;

Node * next;
Node (LIT nData, Node * next=NULL): data(nData) {}

q}; 45»1,@4!?;'0(0@14
. rearsiVe S

. Ling | porameise b\”»e.‘xq%

o stk is Classvwith publi detault acces

* line & is & Comstructor

A N s W N




Announcements:
PA1 due 02/03, 11:59p. Quizzes ongoing.

Variables and Pointers: Staok

v variahle has
Backtrack to variables: u«/ N loc | name | val | type
inb %) &-before ascip]’ W 12
%=1 r’; ¥ ﬁmbafe
A{a[e(.‘-{;r b\"@r,‘ 1/ ponsh fuwlzd P p
Special variable type: byler e Mﬁf’
o AP S

|7=>‘) i< O ier erver | i madch
P: B'X; (2 s ”\&“vj ow,gl\aﬂo W%}ﬂf}f)

-

Pointers and dynamic memory:
Stack

Wt X

Heyp
loc | name | val | type loc | name | val | type
b2 £
pt2
% P | WA
x  |ls |k

Fun and games with pointers: (warm-up)

int * p, q; What type is g? |'5£z

e S
int x; / 'f

P = &X;

*p = 6; AZb

cout < x; What is output? é

cout’'<< p; What is output? _M?f ‘

Write a statement whose output is the value of x, using variable p: _.QM ;




int *p, *q; EICE~
p = new int; —
& ?

cout << *p; Whatis output? 8 v

—

S = new int; @}/a”ﬁ:’
‘P

g = 9; ?
p = NULL; Do you like this? /7< Mﬂjl@k

mmae wOnmo Lot ot Qlopck o the cyctom.

Do you like this? Vv

rf X4¢30, Yuntime ernr, 24 foulh

Fdl wﬁefm

oy s whon ol poidigs, o Some hepp Wemon gre. yewased .

OCLurs whon

Deleting a null pointer: pof4i M{’{QZ&S
Dereferencing a null pointer:$ W{,/ ),w!ﬁ,”e QN’G‘ 5




Announcements: pas due 02/03, 11:59p. Quizzes ongoing.

borpldb <clpg 1T

1 |strtuct Node({

2 LIT data;

‘ 3] Node * next;

4|  Node(LIT newData):data(newData),next(NULL){} };

 om— |

Example | ¥ insertAtFront<farmAnimal> (head,cow);
0 ¢
@ dog| 1 Y cat pig
had
A pass iy ohapec
vouds wsertAtFront(Node *¥ curr, LIT @) {

Node<LIT> * + =hew Mode<l1T7 (&)

TR T

| int main(){ @MZ f——)w,{—:-: r, &
| Node<int> nn(5); | ewrr = b
\ Node<int> * pnn; } =/ . }
- Prn [
Write code that would result in each of these memory configurations (in order): J
— i o
% g & cr e - 8 i Running time? : Yohiais |
" T mn ) 2 LIT data;
o PNh: na,olJOde<""é>[g)l nn= Ny [ 9L ) 3 Node i next;
M&(H)* 1= hew <M>(é; mﬂt?l—' | 6) ; 4 Node (LIT newData):data(newData),next(NULL){}
y | = 4 5| }:
Made <id> %t = Prr Or NModo¥ ToHew 7
—— et
Pn)lyﬁil—l‘ I8
B 842631>328
Example 2: wdme; 3622 Example 3:
‘ A AN Z R AN
~ i | A 2 6l 7 3 8 - 2 6 3 1

void WWRW%(NW* ewrrr) {
U (ewwrr 1= NULL) {
primReverse (Curr >nect);

Cowli <s Curr - abta)
}
}
Tn): rwh?ls tme Ou [cf‘&”‘f lentn

Running time? = (Y

2 | 1 |struct Node{
Tio)=C i 2 LIT data;
- 3 | Node * next;
TU\)—C%TW) 1 4 | Node(LIT newData):data(newData),next (NULL){}
=bw) | 5|3 i ]
QD) 7 SN R P T S T

Running time?

void erRWyeQD?S(Nm * canrr) {

urems st
//Frfcdn 2= ﬁw)
yebwr ;

$ <o LN
/(d:éwri ( anr»wv;x%ﬂvuv)f Louwd << Carr-)d[ﬁidii

1/ > 1 e i Ligt :
else { pictiRoaxe 0PDX (Cuwr > next 2166%) 7.,
Cond<< curr> glatta) t

To=¢ TwWw=C
T(n): (8% o T(n ")) :-_'.Q(h)




Example 4: head = revrse (heat);

RGERT 20 B 0 55 g XV
anE“% sl 5 SIRY
wote * renerse{ Node * cunrr) { v.
S (ewrrl=NULL & & Quranext; %Zgj{
2ew &l Node * 1emp = Cirr ompy - #9047
Nodle  revRest = rvgrse (currnext);
‘[7'?“6*{7:‘:&6")
Caryzhect= L,
} Corr = YevResty

refvan Ly
¥

Running time? B (/D




Announcements:pa1, 2/3. exam1, 2/s.

Stacks

fu&amﬂ&,

({}(W(

Fig2

@.qu%
)31())

45+72

-*3-6/

-
H O WVW®ONOU S WN =

-
~N

L_}U;

Abstract Data Type: dz(an‘f:ﬁbu of the fuctionality ot 4 shucpre
[ wberlpee )

Stack ADT:

push(3)
push(8)

template<class LIT>

class Stack{

public:
Stack(); // ~Stack, cctor, op=?
bool empty() const;

private:

?

void push(const LIT & e); | #
LIT pop(); Veme Y, vphon 5

push(4)
pop() 2 ¥
pop()-7 &
push(6)
pop() b
push(2)
pop() 72
pop() > 7 -

Push 1, 2, 3 in order. What output is impossible?
2| 2 'S impossible _

Stack linked memory implementation:

Stack array based implementation:

of stack

s VA =5

3

6

8
1=

T feens | fmwgsiet) |

template<class LIT>
void Stack<LIT>::push(LIT d){

items.push_back(d);

| )

i template<class LIT> Ru“yulﬂ é”‘c 2
! 2 | class Stack{ A)
‘ 3 | public: T?aﬁ: T(_‘?(ld
4 Stack(); // ~Stack, cctor, op=? :;E;(l)
2 (o
7= bool empty() const; 1 | template<class LIT>
i % void push(const LIT & e); 2 | class stack{
| LIT pop();: 3 | public:
i 8 | private: 4 Stack(); // ~Stack, cctor, op=?
18 struct Node { 5 bool empty() const;
[0 LIT data; 6 void push(const LIT & e);
‘ 11 Node * next;}; 7 LIT pop();
[ 12 Node * top; 8 | private:
13 ‘ int size; 9 vector<LIT> items;
14 133 10 {),
1 | template<class LIT>
<cl LIT> R
“ 2 {LIT Stack<LIT> p;j){ template<class LIT> ; :;:“p;:::kiL?:‘: 2pop() }}2'
= oSt ( &fﬁ void Stack<LIT>::push (L )
=40 ,,M 3 LIT retval = items(J] 3
| 4 LIT W-— P J Node* newN = new Node (d}£% .
s <M‘bw - 4 items.pop_back(); 4
B op _bP—?M ; r o Lo return retval; 9
| 6 r= ; <delete by top = newn; Size+t) > : 6
s I YeAuwrn size—=) |’ ) 6 T(Pop) = (1
P Pl TR ﬁ‘gz%’i&!// T




Stack array based implementation: what it array fils?)
How do vectors work? <TL. fvf/m{;a/?‘m t’l& & ‘l\‘fw e y-egm‘i\? 1
What does it mean for an array to be “dynamic"?dé&& nher ;h’af’&w

, : e g,d grak i€
Analysis holds for array based implementations of Lists, Stacks, Queues, Heaps. ..

General Idea: upon an insert

(push), if the array is full, create a larger
space and copy the data into it.

Main question: What's the
resizing scheme? We examine 2...

Stack grray based implementation: (what if array fills?
yesie by 4

=1

k=

e
(k-x)c.lli L S e
n:k(/.

How does this scheme do on a sequence of n pushes? » , :
Lashits - @'_5; ) = on) .

oo CE(ES
&sﬁ?cj s
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Announcements PAT, 2/3. Exami, 2/5.
Array Resizing fin...

..Stack array based implementation:

...What if the array fills?

...General idea: 1)create larger space, 2)copy data into i,

and 3) rename the array.

...Main result from last time? M‘f“ o hadibions

(auorbldﬂ“lji
Gin) cost mer n qem&»-.

F% qx?nﬁon

. Stack Summary:

] Linked list based implementation of a stack:

Constant time push and pop.

Array based implementation of a stack:

D) time pop. if- aef- 400 oapH
E B (1) time push if capacity exists,
| ) pust@s is_B (1) for an AVERAGE of_BL')  per

Cost over O(n

push’

Wh nd anarra7
' acrsdoon Depanle for e luballst takes e

% am'j tokes Imn tue Weed list takes (0 mia

: : k.. i

Sonibines fast, sometinec slows |

it 2 of o(8)>60)

o prackice (o' “u.ﬁ.;'é

|
|
|

= h-)
it

Another resizing strategy:(aurw;sv‘zc) X 2 whaw array Fills

i
td (ot B Z12
a5 29

:2k
How does this scheme do on a sequence of n pushes? Gnw Wpushes
9(1) e L) \m puch -

Queues
Queue ADT:
enqueue
dequeue :
isEmpty entromce exit
s the sk, Wy )
¢ 331 the Dot .
Applications: enqueue (1)
* Hold jobs for a printer enqueue (2)
« Store packets on network routers enqueue (3)
Make waitlists fair dequeue () 7|
* Breadth first search dequeue ()22
enqueue (4)




ueue—Ilinked memory b ' ion;
Q e ory aéed implementation: . e

R

o R I

e
SR e

%‘/' 23 Bu A

~

template<class SIT>
class Queue {
public:

// ctors dtor

| Which ptr is “entry”, which is “%it"?

Queue array based implementation:

1 | template<class SIT>

class Queue {
public:
// ctors dtor

hithing doka is bad

enqueue(3);
enqueue(8);
enqueue(4);
dequeue() ;23
enqueue(7);

dequeue();

16

bool empty() const;

void enqueud
void enqueue(const SIT & e);

SIT dequeue B} % 5

dequeue();

2
J
4
5 | bool empty() copst;
6
7
8

O O~ oOWVes W

enqueue(2);

SIT dequeue(); . y \ private:

b What is running time of enqueue? 9 enqueue(1);
struct Nod 10 ;

10 u:xrq::::;O = 69(J ) 11 Vector<SIT> items, enqueue(3);

enqueue(5);

ueueNode * next; % ¥ E j CW
s ; J eu:md:‘ k. X What is running time of dequeue? it 't !
' B * sl /ﬂ%“*\ﬂ ]

queueNode * exit;
o - ) ot . use indicatr

dequeue();

enqueue(9);

E——

1’5 int size;

exit

l e . J/”bjfﬂ

(o) gty

enqueue(y);

Queue array based impleme&gtlon: Something new. ..

Given: an array
Output: a sorted list

enqueue(m) ;

WO WD; s W N

(S N S T
S W N = O v

-
w

[ :

W template<class SIT> | enqueue(o); enqueue(i);
class Queue { enqueue(n); enqueue(s);
public:

“ dequeue();
// ctors dtor q O
bool empty() const;

void engueue(const SIT & e);

enqueue (h); -4 3 5 7.

enqueue(a); @%L‘e i "6

SIT degueue(); . SMW Hhe @al.
olnld 2y ER R [P ke P )

:qs£sij§;T> items; 1\ :
At o] Civaulor pot)

enqueue(d);
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Announcements: pat, 2/3. Examt, 2/5.
Something New:
Given: an array _thaly_we oas diide inbe 2 Sorted, parts

Output:(al;%r'tijlli%tx o, o, ,,w“‘.)

M&?
b
o

/p i
(ST b1
0Ty

A I s B T

Y 2 d= minth,4)
.@d A& \‘m';mv& -Fl,'F»Fohibr.

Running Time? mifof Aata elerets we wat 4o sort

Yo

OK, then sort t2is array.

MJJGSOV
i hi
R W RN B T
/ N

pugele 1 | o] =] Es lals]s |
J,Mmalq'm/’yd
ARy ’| 30 |- 2] TEERERER

\ "ot

o (DawiER ey 7 1 s | J

mergeSort : )
A “divide and conquer” ggorithm.52'V€ S'dbleb s vl D hiobde b
o e | resse L o

1. If tﬁ%y Ras 0 or 1 elements, it's sorted. Stop. Wﬁu‘ po
2. Split the rray into two approximately equal-sized halves.

3. Sort each half recursively

4. Merge the sorted halves to produce one sorted result.

rvoid mergeSort (vector<T> & A, int lo, int hi)({
if (hi > lo) { Rase )M‘{h’
int mid = (hi + l0)/2; 0, | w‘w
mergeSort(A, lo, mid);
mergeSort (A, mid+l, hi);
merge (A, lo, mid, hi); }

0m & W N =

}

RT: Tn) § Vusning fime VJ'MJ
TO)=T=hb
Tin) £ 2

[ﬂ@
>

¢ sot ondala of<he p=hi-lo+!

ny

noY e @rm ad vo Slms
Finding a closee%'form %wo approaches, there are others):

1) Expand and generalize: Tia=Ten =b
Tis TR Fn TR c2TEH L

LTI 1)< zr(ﬂ)"'%

=4T(#)+3Cn .
SAGTEHT ) Pen
=8T(§) 2.
e
force tre base ca .—gr;;)
Tw) Enb T RN < "’t"('kbb‘ﬁ;n

Ttn)= (9("5"3")




Finding a closed form (two approaches, there are others):
2) Recursion Tree: ;l")f 2T(3) .




Announcements: par, today Exami, 2/5.
mergeSort:
A “divide and conquer” algorithm.

1. If the array has 0 or 1 elements, it's sorted. Stop.

2. Split the array into two approximately equal-sized halves.

3. Sort each half recursively

4. Merge the sorted halves to produce one sorted result.

— :
1 lv01d mergeSort (vector<T> & A, int lo, int hi){
2‘ if (hi > lo) {
31 int mid = (hi + 10)/2;
| 4 \ mergeSort (A, lo, mid);
5 | mergeSort (A, mid+1l, hi);
6

i merge(A, lo, mid, hi); )}

/
NP

}
T Olnlogn)  Tink oTCR#Cn =Olrlog™)

Tern)g 273) tew
Proving the closed form is correct:  TeoxT () =b givem

Thm:vn = 1,T(n) < cnlogn + bn. = T») =Olrep)
CONSidor 4 prbibany intorer 121
Caedin  Twzb holds
oe2:n>| Tin) €272 ) 4ca
I Vjen TG € A +bj
So Tig)scBlgd b %
Ttn)s e #lofg + 4] 4 O -
= Cnloglt +-pntcn
:O\Ldjn - PR¥bnees
=Cnlogn +on

MergeSort Correctness:

Call MergeSort: mergeSort (A, 0, A.size()-1);

1 | void mergeSort(vector<T> & A, int lo, int hi)({
‘ |

[ 2] if (hi > 1lo) {
3 \ int mid = (hi + lo0)/2;
4 mergeSort(A, lo, mid);
5 | mergeSort (A, mid+l, hi);

merge(A, lo, mid, hi); }

| 6
L 7]}

Claim: mergeSort correctly sorts Aflo..hi] for any hi—[ﬂﬂ) E#
Letn= (i Lo+ 1), arb

n < 1: (Base Case) h.‘——(o'H\‘l ,)’H\S ‘0. if E(Zg no@lm
;Lo 6&4{1«M(<1ﬂ

int mid = (hi + lo0)/2;

mergeSort (A, lo, mid); sorts ALk
mergeSort (A, mid+l, hi);igpl Alw

i We==lo

n > 1: IH: Assume mergeSort correctly sorts a slice of size j, for any j < phothef &

wid ] beause $izel

. - 4

S

MergeSort Correctness continued:

merge(A, lo, mid, hi); ‘
meqegab(m-é Allo-- nmid 1 a'«}ﬁc»-ild,—hJ sontel
i veboas AClo, - hil soted

Conclusion:
S;w45(lblﬂbkf) b“’éT'"ﬁbN‘ztfjnjeb'

rerge

> ot Sotr (A, o Asue-t) <orts A

To contemplate:
does the value of mid matter in the correctness proof? 42 ke

does the value of mid matter in the analysis of the runtime?
Yes.

ot °'J\1
B

1

e




Where are we in the sorting picture? Complexity of the Sorting Problem:
Best C Average The complexity of a problem is the runtime of the fastest algorithm for that
s | Worst Case problem.
Insertion | )(n) n» o v We'll only consider comparison-based algorithms. They can compare two
Selsiing 90") D) '9 e ;) array elements in constant time.
Merge Q (n) B LI @j ") o Ul Lﬂh 5 They cannot manipulate array elements in any other way.
he wofe nalel For example, they cannot assume that the elements are numbers
: _ and perform arithmetic operations (like division) on them.
https://www.toptal.com/developers/sorting-algorithms
Insertion, Merge, Quick, m Selection

Lower bound on sorting: Lower bounds on (< based) sorting algorithms (n items):
An example — different encosugiors S T R Consider a decision tree that arises from a comparison based
Spose you have an unsorted array of length 3 sorting algorithm on 7items:
Need to produce a result for every possible arrangement (p; p; ps) TV T mton WS s C S,

* Thereare permutations.

Fundamental operation: Compare 2 elements using < PR : : : T
»  Comparisons induce a binary tree whose height determines the running time of the

algorithm.
\Qj’ + . Observe that a binary tree of height k has at most ____leaves.
' \?.‘7,?; What is the minimum height of a comparison tree for sorting input of
: ) : size n?
@) G008

needl Vh‘ Lewvex QWM wa sopece of- couparson.




Announcements: examt, 2/s.

Lower bound on sorting: %”%‘ZTTT)Z&" T =g nlogn )
o)=Tu &

An example — different encoding of a sorting procedure
Spose you have an unsorted array of length n
Need to produce a result for every possible arrangement (p p; ...py)

Fundamental operation: Compare 2 elements using <

)\K S
.{

XDy h

@PpD  @PeD

://

Lower bounds on (< based) sorting algorithms (n items):
No sop tilhm m“k%

Consider a decision tree that arises from a comparison based

sorting algorithm on nitems:

*  Every permutation must be differentiated in the algorithm

*  Thereare JA1 _ permutations.

Comparisons induce a binary tree whose height determines the running time of the

algorithm. h=o |
. : h el . 2.
¢+ Observe that a binary tree of height h has at most 2. leaves. k=2 4.

torminal
What is the minimum height of a comparuson tree for sorting input of

sizen? 2"2n) hzlg i = 2 lAk

»
Sk nign = Bk,
AMOVST Rce Yumn ‘ng brne of ﬁ-zﬂl’j”"ﬁ" COV"“]’”"“& t e : nqu?’k' -
kaj«e of tree # 2 19,8 4) 2yt ) =2 legu -3
‘ 2 SO N= [
| Y Gosinaf % the lowest fime a-\-,mﬁ-ya,ﬁw!
é TrGES: “... most important nonlinear structure[s] in computer science.” Tree terminOlOgy: g W -

-- Donald Knuth, At of Computer Programming Vol 1

(2) \M%ﬁ re specific e@“’ﬂ' beboeen tno rode
‘ » Air

A tree:

) O

“"’m"““ﬁf‘”*‘”’t’)

44;(9@6)

Family Trees
Organization Charts
Classification trees
What kind of flower is this? !1
Is this mushroom poisonous? Yoot
File directory structure:
folders, subfolders in Windows
directories, subdirectories in UNIX
Non-recursive call graphs

* One of the vertices is called the root of the tree. Guess which one it is. A

* Make an English word containing the names of the vertices that have a parent but no
sibling.

¢ b, q h.
* How many parents does each vertex have? 1 W ot .

* Which vertex has the fewest childre??
€

N
* Which vertex has the mogt ancestors? descendants?
G ) ZKYM) éf
““What is®*% depth? What s d's height? <
z -

» List all the vertices is b's left subtree. c.e {:

o Li in the tree. \ =)
List all the leaves in the tree 8‘,'& R




Tree terminology: (for your reference)

* root: the single node with no parent
* leaf: a node with no children

« child: a node pointed to by me ¢ ~"
* parent: the node that points to me .
* sibling: another child of my parent

* ancestor: my parent or my parent’s ancestor

* descendent: my child or my child’s descendent
* subtree: a node and its descendents

* depth of node x: number of edges on path from root to x.
« height of node x: number of edges on longest path from x to a leaf.




|

A d-ary tree T is either

> 8&\«1761 T:;(} 'y

OR sibbees
VO
— . T—"'fm06l{IT’-I'”T/,.
Fulld-ary tree: T ave ol-aqybees

oven vole has etsar © or & children .

Perfect d-ggyitreer)\‘ heighty b max: numler oo in 2 bee Aheyt
(W)= APh-D+

& level

Complete d-ary tree; Lkea Yo oxapt dogpes
g ,07 i woy be wissd nodec from e rigit .

Binary Tree Height
height(r) -- length of longest path from root rto a leaf

- Given a binary tree T, write a recursive
@) defn of the height of T, height(T):

. T=ll empt) WT)= |

* T: rr’ TL / TR]
RLT)= max (Te, Te [ ]
Number of nodes in a perfect tree of height h, N(h):
Mh)= g p (k1
Mh) =z A Akt
py = dAOY ! A1_ Sk
M=l + 112 o Aar )

g, J

i e
Practice Perfut bes are complte bes

1) Draw a FULL tree with 9 nodes. s it the same as your neighbor's? ;
2) Draw a COMPLETE tree with 12 nodes. Is it the same as your neighbor's?ﬁp
3) Give an upper bouid for the number o’.f ”nodes in a tree of height h: ¥
O(c") Mmy=2*-1.
n¢Mh) =24

4) Give a lower bound for the height of a tree containing n nodes:

n/([/j n) hin) = [ejz(n-n)"f i

= LL'j;,“J vaseel otk Mb‘j“s
5) Give upper and lower bounds for the number of nodes in a complete tree of

e inly
height h: upper OAH—" 2!.4-!._,

Louer CHchur. M2+

Rooted, directed, ordered, binary trees

root node

- left and right
subtree pointers

1W template<class T>
2 | class tree {
3 | public:
4
S | private:
Tree ADT: 6 struct Node {
7 T data;
: 8 Node * left;
n [
insert 9 Node * left;
10 }i
remove Rk Node * root;
12
traverse A L}’
==V




Announcements:
HW2 due 2/14.

Rooted, directed, ordered, binary trees

\__;W template<class T>
2 | class tree {
Y V1 3 | public: // discuss later
4 | private:
Tree ADT: S struct Node {
. 6 T data;
Insert 7 Node * left;
8 Node * right;
remove 9 }i
10 Node * root; // + more?
traverse 11 { }i

Miny: ot walle inous ing lowastation 4 4 bee of 5227

Theorem: our implementation of an n item binary tree has M null pointers.Vn}o .

Consider dn prbitny binow bee "‘7@@6{

[i o s o0 provious pofe. Lot nla@ te |
s, Pt A oloks elomants it holds

........... (1) nzo T=1}, ue.‘.‘?[&.,d walt one e’}
h whdh i O+ . Moy= | /.
% 1/ % ¢ Wuro T: (roa-b,.'rk TL)

(Tlon, etfd=d V= M) +uiy) |
|Tel=r bl IH MU= L+ pujpr«l
n:[*ra—l

V= pplY+Mn) = L+1+r ¥1 = nel .

=)

Traversal...a scheme for visiting every node.

el 43

Traversal...a scheme for visiting every node.

L —

template<class T>
void tree<T>::_  Order
(Node * croot){
if (croot != NULL){

> Couk << C:'1k715‘*ﬂé;£%)

_+ Order(croot->left);

N wd((@’m’é-’ﬁa«': e

4 Order(croot->right);

 Coubec Croot-=data ;

wvoe W N

: &
LA Order: '

5, 30,208, 7
_pr&Order: 1€ 12,397, l520%8. | !
peskOrder: 3,7, 912,39 8 o1570 .

I3




Traversal shortcuts. ..Euler Tour

Pre — —Post

IL X

N
AN
\
\

L Tr
b o e nafle )
‘F’ W . d ’ b] / F’ C’ el L‘l 3‘.;.&”:

W&"‘fr\ '. dl br ‘F, X, C’L‘n J O,k - g
,ﬂ;ydbw : P“& 0(' 'F’ }J) J: L) 111 €0 @ ...... '

.
%

- -
""""
.......




el RSOl b P

' 1 | template<class T>

ﬁw@gzgngements’ ? VOH::ZE’Z’; IP‘ZZ,E‘E?: Mystery function: What's a good name?
Today: traversals, ADT dict, BST . ;‘r’:;r;;_fzjgi;f‘j‘;g;;“

T(n): q-etmo. O‘Lc;f trreev;n nodes. ; \ preOrder (croot->right); ”\
T(0) = 1 bol y
T(n) =T(n) + T(ng) + 1,n>0. / \
Thm: T(n —2n+1 n> vz
Rook- m T wib[T(=4 15

a2 it n=o er Tie)=2-0tY \ RT: A v e 2 i Bots ) avetst
l\t n»e, Tuw= Ttn) 4T #] 9(}\) ma"lﬂd if (croot != NULL) { i

(croot->left);
(croot->right);
delete croot;

croot = NULL;

Traversals: a broader view... Traversals: something totally different. ..

2t N o

/Q\ 9 9 Timn-pwm

n= NL*‘RQ"" .20',,."- W&M M‘I
IH= Tin) =dn 41 T0%)=2n \
So Tin)= 2 di2mel+) /

\2(h,+n744) ¥
=2n
s Tim) €EBn) .

waqovabun#} 2
3
(Lo
o
4

|
|

= == . . w "g i "9 f—I template<class T> W'Ti i
. | template<class T> 2 vo.x.d tr 1 10rder( e* croot){ '
Node * tree<;>—‘c/o(5Z‘('t:od; * croot) { 1. e ! %hemé = 2 eﬂ(zd )"f
¥ (ermwt 1=1ULL) 2. while Queue is not é‘?ﬂ 5 "MC a 0)
Pl ||| e i )
R g e | oo b
£ i pnht its M 1 z onguene 66"”7“’
: YWA. J ; Al %&U I J




Joda<toy, vake>- KO- wipe 10 -

ADT Dictionary:
Suppose we have the following data. .. More examples of key/value pairs:
iD# Name X
‘ CWL -> Advising Record
103 | Jay Hathaway . i
- e Course Number -> Schedule info
330 BonnieCook | Color -> PNG
- sttt Vertex -> Set of incident edges
124 Kim Petersen .~ = ' T .
5 Flight number -> arrival information
URL -> html page
...and we want to be able to retrieve a name,

given a locker number.

A dictionaryis a structure supporting the following:
void insert(kType & k, dType & d)
void remove(kType & k)
dType find(kType & k)




Announcements: n-ovdor Bravorsal .

Binary <aah  Tree
HW2 due 2/14. ABinary _Se&arzh . Tree (BST) is a binary
Today: BST

tree, T, such that:

N D Fil B ]
|
|

. =z JOR

e T={r,T,,Tz}and

- - (find +) et Kekag< Fley.
insert find e e L]

and T, +1lr ae BST. l

ADT Dictionary: Implementation options. ..

linked list ou) B n) 9['1)'('9“)

= B(r) ks are Lmigpe .
unsorted BW+6LY)
array | BLY) Bn) =gw)

1
sorted | RUAMTE™) (S Uogn) +06Lh
O ] DUl SR )
arrayJ ﬁ QM) -

; Vot (397
Dictionary ADT: (BST implementation) Binary Search Tree - Insert et

. % 3
1 | template<class K, class D> :
2 | class Dictionary({ template<class K> ‘
3 | public: //ctors etc void BST::insert :
4 (Node * & croot, const K & key){ |
|
5 | private: : i 1
v [3 struct Node ({ Runnlng time: 5 if (croot == NULL) t
Insert y D data; Nvt L‘k& ‘b’%é 6 croot = new Node(key):; .
8 K key; 7
wble | remove 9 Node * left; D(k) whae A ket ofbee.| o
ks 10 Node * right; 9 else if (key < croot.key)
11 };: 10 insert(croot->left);
ﬁnd by 4 Node * root; 11
13 12 else if (key > croot.key)
14 | }i 13 | insert(croot->right);
traverse £(n) . , s \




Binary Search Tree - Find Binary Search Tree - Remove

T.remove (37); 34
T.remove (38) ;
T.remove (51); v . findl (pryest in et or smalloct i

Y o )KW ﬂ#
j}“p ate<class : ‘#,J w WA‘,@'

(Node * croot, const K & key){

if (croot == NULL)

Y&élln MULL,

else if (croot->key == key)
Blh) - Yobum croot;

11 else if [crvot‘*q< keﬂ)
it Yebun frid (Crost>vighbied;

14 lse A 3
5| Yokunfind (cotlefts ked), https://cs22 1viz.netlify.com/src/bst

Ui —

Running time:




Announcements:
HW?2 due 2/14.
Today: BST removal + AVL intro upsiicsa wiznetity.comisreibs

" -~ - y 7 .
.remove (37) ;

T.remove (38) ;

4 ’

un

remove (

Binary Search Tree - Remove

,

void BST<K>::remove
(Node *& croot, const K & k){

if (croot != NULL){ ’

if (croot->key == key) &

1 | void BST<K>::doRemoval(Node * & cRoot) { f
2 if ((croot->left != NULL) && ((croot->right != NULL)({ |
3 ﬁchildnemove (cRoot) ; ‘
4 else |
5 M_QMChi 1dRemove (cRoot ) ; l‘ |
) 6 ) |
}
L J

void BST<K>::remove
(Node *& croot, const K & k){

if fc void BST<K>::doRemoval(Node * & cRoot) {
if if ((croot->left I= NULL) && ((croot->right != NULL){
1 | void BST<K>::zeroOneChildRemove(Node * & cRoot) ({
. ell » Node * temp = cRoot;
| 3 if (cRoot->left == NULL) cRoot = cRoot->right;
Eli } 4 else cRoot = cRoot->left;
} -5 | delete temp;
: 6|}

= ey

Binary Search Tree - Remove

Y Unnri ‘L;"G 9([’1)
waﬂ*“ﬁlfvtkbkqﬁ{

void BST<K>::p ue. 1
(Node *& croo| 1 |void BST<K>::twoChildRemove(Node * & cRoot) {
18%e 2 Node *Q iop = rightMostChild(cRoot->left);
38 3 cRoot->key = iop->key;
4 zeroOneChildRemove(iop);
el Si)
R T —r
el Node * & BST<K>::rightMostChild(Node * & cRoot) {
if (cRoot->right == NULL) return cRoot;
} else return rightMostChild(cRoot->right);
Limmﬁ, }




o |

ADT dictionary supports the following:
void insert(kType & k, dType & d)
dType find(kType & k)
void remove (kType & k)

B iy S_eond T vee
dictionary incurs running time __8(h)

implementation of a
for all of these.

dict<int> myT;
myT.insert(2);
myT.insert(7);
myT.insert(15);
myT.insert(22);

@% e

myT.insert(28); LP

How many “bad” n-item trees are there?
n-l Rorl chozex |, 5"

The algorithms on BST depend on the height (h) of the tree.
The analysis should be in terms of the amt of data (n) the tree contains.

So we need relationships between h and n:

h > f(n) (what is max # of nodes in tree of height h?)

ng2"o) [ pertedt bee).

ne Zh-i—l

L"jz" <h+!
h2Lle4.1)

h<g(n)
L\i h-1 &—yoom ’FV" ""f"""m :

Good news,




Announcements: A, 4
PA2 due 03/09. MT2 03/04. s ryrl’
Today: AVL https://cs22 1viz.netlify.com/src/bst ¢ 2

The height of a BST depends on the order in which the data is inserted.

ex: 1324576 VB 42367
A:f )\52

How many different ways are there to insert n keys into a tree? p!

Avg height, over all arrangeegr_m}s of n keys is _f2( loj")
A

something new. .. which tree makes you happiest?

Sred

. (pubbee)
The "height balance” of a'free T is:

|

operation avg case worst case sorted array s |sorted Iisi b =/7€/'gflf(7',,} -he/_'q/?t(TJ
find B( legr ) pln) pUA") - o) Atree T'is “height balanced” if:
o™ 9((,;”) ) Q(n)}s)u%};g(n). - =11 ekr*j tree
QRCCSRPTSER TR T CToin T ] ad 1HSH £ b=o
traverse ) e L) QgL = |, S : |
& : o T\ we height balarced | | " pertettree. |
operations afgm%;Tg_ﬁota%jogs bl operations QP_BST - rotations
(500" 49 50 1% notr Vtlowced 5 ﬁ bt
IW‘ PIG"T 70
20 a
\ ® b £
bo

)
Qpmeion yolateRigH¥
S xstefty g
X7lett = i
ﬂah‘j\t:'?()
X=\,




operations on BST - rotations

Wt Rotadon .
oS rodel Croob > ledt) 7

Votate Rk croot ) |

--3h<.1_‘,’»’-"
\\ U L@‘(’pr‘

Y'VM'
go POt /4/
77»»(04){ 20
7010”1 \i"

-m.‘fih{ =X

A=Y

&V

\70

& ¢

loigh

balanced trees - rotations summary:
+ there are 4 kinds: left, right, left-right, right-left (symmetric!)
* local operations (subtrees not affected)
*  constant time operations

*  BST characteristic maintained
GOAL: use rotations to maintain balance of BSTs.
height balanced trees - we have a special name: AVL brees .

Three issues to consider as we move toward implementation:
Rotating

Maintaining height

Detecting imbalance d‘\a@nosl'j m‘ﬁd’ e \

Maintaining height upon a rotation:

13

-

AVL trees: rotations (identifying the need)

t if an insertion was in subtrees t4 or t5, and if an
imbalance is detected at t, then a
rotation about t rebalances the tree.

We diagnose this by noting that the balance factor at
t=>right is

If an insertion was in subtrees t2 or t3, and if an
imbalance is detected at t, then a
rotation about t

rebalances the tree.

We diiagnose this by noting that the balance factor at
t->right is




Announcements: :

. = — ¢ : :
PA2 due 03/09. MT2 03/04. oicl> O QRIS el AV l;.t.rﬁi fnsen'
Today AVL insert and ana|y5|5 https://cs22 1viz.netlity.com/src/avi p Tn:e:; #

AVL trees: rotations (identifying the need) Sttt s

mh +% . ‘ ' : : )2

if an insertion was in subtrees t4 or t5, and if an

An=1
W badance =2  imbalance is delected at 1, then a _

2| <hel-| rotation about t rebalances the tree.

k.}—L.

We diagnose this by noting that the balance factor at
hl Orghtis L. (per=h) Insert:

insert at proper place o]
If an |.nsemon wgs in subtrees t2 or t3, and if an check for imbalance
/12 / imbalance is detected at t, then a .
\/ N rotation about t rotate if necessary
rebalances the tree. update height
- L@,jhﬂ’a\) =h#] Jotngnak (n Hl' rht ?,
g on .,/g e d gnose at the balance factor at
W”myt M MM[‘)flghllS’i ( -“”))
g : ) . o "
insertions: 4ime =©(") ,
AVL tree insertions: 4 AVL tree removal:
N\ 1
1 Template <class T> ;We A It
| 2| void AVLTree<T>::insert(const T & x, treeNode<T> * & £ { y
| 3 if( t == NULL ) t = new treeNode<T>( x, 0, NULL, NULL); Bag e caee LeUd J{Lﬂ (74 /\
[ else if( x < t->key ){ Z‘ﬁ i
1 5 insert( x, t->left ); ~
6 int balance = ht(t->rt) - ht(t->left); 2. '
7 int leftBalance = ht(t->1eft->rt - ht(t—> left-> ef l/
8 if( balance == -2 ) / f
9 1 if( leftBalan == =T
10 a) rotate K‘§ ; &l _4
11 else w e
12 rotate ( t ) )
13 else if( x > t->key ){ h
14 insert( x, t->rt );
‘ 15 int balance = ht(t->rt) - ht(t->left);
| 16 int rtBalance = ht(t->rt->rt) - ht(t->rt->left);
| 27 if( balance == 2 ) ;
18 if( rtBalance == 1 )
19 rotate ]elf {459
20 else s
211 rotate_ [ “f it
22 }
23 t->ht=max (ht (t->left ), ht(t->rt))+ 17} )




Announcements:

PA2 due 03/09. MT2 03/04.

Today: AVL ana|y5i5, BTrees hltps://csZZIviz.netlify,com/asﬂavl
we

AVL tree analysis:
Since running times for Insert, Remfive and Find are O(L). we'll argue that h = O( ['ng" ).

Putting an upper bound on the height for a tree of n nodes is the same as putting a lower bound on

knaw h is n(h"'b

AVL tree analysis: prove your guess is correct.
Thm: An AVL tree of height h has at least 2" nodes, b>4 0 -

Consider an arbitrary AVL tree, and let h denote its height.
Case 1: 20 Yo)2l_2 2=l vV
Case 2: _h=! MD=2 > Z-J;:Li v

Case 3: L_ then, by an Inductive Hypothesis t ’&t say
Wodléx

the number of nodes in a tree of height h. )= 0 {
*  Define N(h): least # of nodes in AVL tree of ht h /Cfi)i ' li_;ik_muze ﬂphaMl h‘ ﬂf [@S‘L— and since ‘
*  Find a recurrence for N(h =1+ N(L +N ll’l) /VU) 37 R W’.NU"L) , we know that \
*  We simplify the recurrence: /t/Ul) 72 2 s \
N2 2Mh-2) iGN 43 e ﬂ«e ,,,,,,/ H ot vedec Fan AL bee |
Punchline: d he‘d ht h. L
Solve the recurrence: (guess a closed form) ﬁ/“) nz2* A o ( 5 :

2 pre=- Log n .
NI=2" hyo hs2lo, M ynz | h=0Clf
Classic balanced BST structures: B-Trees

* Red-Black trees — max ht 2logn.
Constant # of rotations for insert, remove, find.

* AVL trees — max ht 1.44log,n.
0(log n) rotations upon remove. o YM”" m ﬂ.'ﬁ t’
A votaton on inse”

Balanced BSTs, pros and cons: 0l /ﬂ‘r‘) Yolawhon on YOnE -

* Pros:
- Insert, Remove, and Find are always O(log n)

- Animprovement over: EST, Lt‘nédu/ MS

- Range finding & nearest neighbor

Cons:
- Possible to search for single keys faster g ° hw”ﬁ

If data is so big that it doesn’t fit in memory it must be stored on disk and we require a
different structure.

The only “out of core” data structure we'll discuss.

Implementation of a dictionary for BIG data.

Can we always fit data into main memory?

L.

So where do we keep the data?

Big-O analysis assumes uniform time for all operations.

Youde obta access i Sloug .




The Story on Disks

2GHz machine gives around 2m instructions per mil“sewu( :

Seek time around _Sm¢ __for a current hard disk.
Imagine an AVL tree storing North American driving records.

How many records? 200, 0949°*
=2
How much data, in total? 220 X | #e =278,

How deep is the AVL tree? [pjl),oom ~3b.

How many disk seeks to find a record?

The Story on Disks, continued.

Suppose we weren't careful. ..

ot AUL, adld 3% .

B Tree of order m Bb

123

Goal: Minimize the number of reads from disk 4_4 =2 07

.

Build a tree that uses 1 disk block per node

— Disk block is the fundamental unit of transfer

205280 300 «|7 bro.
750 .

Nodes will have more than 1 key

Tree should be balanced and shallow

— In practice branching factors over 1000 often used

Definition of a B-tree

B-tree of order mis an mway tree

* Foran internal node, # keys = #children -1

* Al leaves are on the same level

¢ Allleaves hold no more than 71 keys

* Al non-root internal nodes have between [m/z] and m children
*  Root can be a leaf or have between 2 and m children. ‘

* Keysin a node are ordered.

2 ] [s 7 J[2]afie]os o) [29fas | [52 [s3]ss Jes]




Announcements:
PA2 due 03/09. MT2 03/04.
Today: BTrees

BTree of order m

12 |18 |27 |52 S8 |63 |77 |89

Goal: Minimize the number of reads from disk o TOATE @
Samces. -

* Build a tree that uses 1 disk block per node

— Disk block is the fundamental unit of transfer

B Tree of order m: Nodes
1 %

child ohid

Every node has capacrty m-1, but Mmﬂ_d_ [agé (4 "]~l
ﬂvm’h the root can /wu Fouwor W

If there are i keys, then PRl child pointers.
56[!’%] [, m-1] (oods 4 o chiliven {or 4 '«u--/m‘naé
bl 151 |

May also maintain sibling pointers.

*  Nodes will have more than 1 key #-' m
+ Tree should be balanced and shallow w/d OVJQ' fm"‘b" af”‘k Yemoyad, .
— In practice, m over 1000 often used!! Note: mk& W m d% p&- m‘h& -
o Search
Definition
bool B-TREE-SEARCH (BtreeNode & x, T key){
B-tree of order ;Fis an m-way tree Ui int ¥ =10}
«  For an internal node. # keys = #children -1 T Whlii+( (i < x.numkeys) && (key > x.key[i] ]‘G j
o Al leaves are on the same level M{n 2( :") RN s S s D = ka1

« Al leaves hold no more than 71 keys
« All non-root internal nodes have between [mlz] and m children
« Root can be a leaf or have between 2 and m children.

&"”tk Ofdsz bew-‘e '# m'/é
Then 3,% 17, 20 ¢

Keysin a node are ordered.

Chould be inone ol

N

return true;

koq I
geto it (x.leaf == truel. 4 l,.;?amh&ahdt' hae ﬂek&j

i<k~ return false;
i< | ofow: w"felse(
taclor.  BtreeNode b=DISK-READ (x.childii])
- - H(b,k x
\\ ; return B-TREE sa;;c (b, key) Soudh ‘TR,_&T)




Insertion

1. Insert key in leaf node X
2. While X has m keys:
Split X into two nodes:
orig has m/2 smallest keys
new has m/2.largest keys >
Insert middle key into-parent=& attach new node
(If X is root, create new.nbde and attach both)

Set X to be the parent. =

~

17




Announcements:

PA2 due 03/09.
Today: finish Btrees, start something new!!

B-tree of order mis an /m-way tree
«  Foran internal node, # keys = #children -1
* Al leaves are on the same level

*  All leaves hold no more than m-1 keys

« Al non-root internal nodes have between [m/Z] and m children
«  Root can be a leaf or have between 2 and / children.

»  Keys in a node are ordered.

/0' Y]

order b -

}\0‘31‘17 A B-bee’ '%’)'
- lﬂkn
o{)skzd:;;g_

{{— 0«& e '&w”t«!k
\:( we %vvh'.t”"dk

Analysis of B-Trees (order m)

The height of the B-tree determines the number of disk seeks possible in a search for a key.
We seek a relationship between the height of the structure (h) and the amount of data it
contains (n).
« The minimum number of rodesin each level of a B-tree of order /. (For your
convenience, lett = [";‘

root p 8

level 1 2
level2 2t
levelh 2"

« The total number of nodes is the sum of these:
iz -2t
[+ 2 Eo” t-1
« So, the least total number of 4eysis:

h
nzt™1 .
4 2(Ey (e 2t &

h gD
W' W= OLlA"

l
|
\

) |

Summary s
B-Tree search: 0”’1”‘) "“W with m‘j - a_VA -
0(m) time per node ,b;{:,‘d kgi or “ﬂ?iﬂrh‘aﬁ Mlé(

0(log, n) height implies O(m logy, n) total time

BUT: % Constant « Serrnth :‘spfhj”).
Insert and Delete have similar stories.
What you should know:

Motivation

Definition

Search algorithm and analysis

What you should not know:
Insert and Delete

=0

Hashing - using “hash tables” to implement&M !

Structure of a dictionary: Associative Array:
Key -> Value Dictionary with a particular interface
Locker # -> student Overloads operator(] for insert and find

Course Number -> Schedule info myDict[“Miguel”] = 22;
Vertex -> Set of incident edges

URL -> html page

int d = myDict[“Miguel”];

dice roll -> payoff amt

BUR
§|V‘¢€MU;) is]
Lowstaud .

) P

&)

(defn) Keyspace — a (math) description of the keys for a set of data. K

Goal of hashing: use a function to map the keyspace into a small set of integers.
hk=>Z

What's fuzzy about this goal?

Problem: Keyspaces are often large...




_.0(&1 )

Hashing - using “hash tables” to implementa&}ﬁ‘@@z : g'fmﬁz
Structure of a dictionary: Associative Array:

Key -> Value Dictionary with a particular interface

Locker # -> student Overloads operator(] for insert and find

Course Number -> Schedule info myDict[“Miguel”] = 22;

Vertex -> Set of incident edges int d = myDict[“Miguel”];

URL -> html page

dice roll -> payoff amt

i ¥ i 158
arv] |

(defn) Keyspace — a (math) description of the keys for a set of data. K

Goal of hashing: use a function to map the keyspace into a small set of integers.
Mmk-> 7,

What's fuzzy about this goal?

Problem: Keyspaces are often large...




Overview:

client code

class dict (implemented with a hash table)

declares an object of ADT dictionaryj

dict<ktype, vtype> d;

A qeradorCICEY

ex:insertisd[k] = v;

A Hash Table consists of;

2 )\ﬂgl’t ﬁl’l&‘él'on :

.mm
: CRS

A perfect hash function:

(Ann, black cat)
(Ben, HP)
(Cory, spy)

(David, bball player)
(Ellen, butterfly)

(Finn, cereal killer)
(Gus, ghost)
(Harmony, bee)

A contrived example:

e, HP ';
ZaBis| |

3 |

N|O|lUVn|Id|IWIN|I=|O

pash fucton =4 bijet

these keys have a fabulous hash fn. ==
a. each key hashes to a different int Injebie .

O s Vefé‘c
e\ in
r% lpul‘PoSe haZth :

olfection of keys hash to a seq of ints

Swr J&ﬁ“ﬁ .
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Announcements:
X What charactenzes d hash
PA2 due today! PA3 out soon! AL \ go ol PrObablhty
Today: Hash functions, continued iRk veKs )k(k) h(h) ; /
] W
General Purpose Hash Functions k\ ‘H(;_ P l\(h)~= ')) =N P(OM"MM spudodk bi et ) 555 =1- ‘ZZ"
KeSpace YVARS 'be-lable sine . What's the probability that someone in this room has a birthday today?
/ s |- P (noone Mﬂb”ﬂ‘éﬂb@
/ N asy, |
| KeySpace| ~ N = |- (’%} #'f'm/e .
What's the probability thaj there are 2 people with the same blrthd%y
KeySpace |- PW( d g.fpéj kis the W om. ber P@P/e Fnte oo,
. keyss l’ G% Z'F; ‘ e i
‘ s o 0 |1 N-1 o] 194 géf' sy
‘ l o )
\'@ i Al i
\\’ » Devise and analyze an algorithm to find the people wrth the same bday. ..
Collision definition: indéx on 02"‘1 M-P efa?/e e g
o =
Expected Value disarote, Expected # of collisions
wed Wﬂaf/a{ possible vl
How many pips do we expect to set on a die? What is expected # of people who share a bday w someone else? 2
Definitions that will help us: Definitions that w! ||I£he|§> ”i g e 45 St . 0 Oherwise .
# % < - ﬂ’éﬁ 2, 3 45}7 e 4 XI] i )"7"#\1
3T Eld=Z P &) = fit v
EX): £ 142+ +#b=25 N EXi): P (A 2l has <omgbivtpidg) 11 P -0 = ~.
13 T Sum ovar gl Xq are {he number of shared bdays: |
How many pips do we expect to see on 2 dice? X g 8
XY I‘MJ i : EX] = gé E[n] - F'E platjharethe same bitrelog ) ii
(XY= ge2+ Zpate 1= | i = o Gan |
, : o 3 *
l 1[2s]e]s]e] Lmeﬂvﬁa('&yﬂilwbecﬂ %so-vf:;tl '\
1 2 3 4 S 6 7 _+ L _.l)
s o5 67 s Eix+ 1= ED] > 2'}6%& L Jelk=) |
|2 R 8 e Collisions: if we randomly put k items into m bins, we expect 2~ Né,}?“
L‘_ z j : : 190 j‘: pairs to collide. Implication: _U' ‘k")/'
Z 78 @ Apiar 42 $0 )F# k@ﬂgk/ﬁ/ ’ﬂf@’é w‘"be 460”1901 5

R S



Announcements:
PA3 out soon!
Today: Hash functions, continued

Mapping strings to integers
How can we map ‘Andy’ to a number?
256° 12 +2562 _1b0 +256' |10 + 2567 bt

1 A

n
2xbtx %j b-jﬁ. ;

Is this a good mapping scheme?

Nes for Shirgs of bﬂﬂ\ < 25482418 chmactens)

We'll rewrite it... Hornark Rule. .
25b( 256 ( 256 )+ A )+ n)+A.

Hashing Strings (an example)

Given: 8 character strings are easy to hash

The idea: Select 8 random positions from long strings and hash that substring.
A bunch of strings:

Lookyhere, Huck, being rich ain't going
Nol Oh, good-licks; are you in real dead
Just as dead earnest as I'm sitting here
nto the gang if you ain't respectable, y
Can't let me in, Tom? Didn't you let me
Yes, but that's different. A robber is m
irate is -- as a general thing. In most
Now, Tom, hain't you always ben friendly
ut, would you, Tom? You wouldn't do that
Huck, I wouldn't want to, and I DON'T wa
ay? Why, they'd say, 'Mph! Tom Sawyer's
t!' They'd mean you, Huck. You wouldn't
uck was silent for some time, engaged in
Well, I'll go back to the widder for a m
can come to stand it, if you’ll let me
All right, Huck, it's a whiz! Come along
Will you, Tom -- now will you? That's go
he roughest things, I'll smoke private a
hrough or bust. When you going to start
Oh, right off. We'll get the boys togeth

Hashing Strings (an example)

Given: 8 character strings are easy to hash
The idea: Select 8 random positions from long strings and hash that substring.
A bunch of strings: ;

org/wiki/Le$C5%9Bna_Grobla
org/wiki/Blow_the Man Down
.org/wiki/Swen K¥C3%Bénig

a.org/wiki/Rlice High_ School
a.org/wiki/Beautiful, Dirty, Rich
2.org/wiki/RFA_Sir Bedivere_(L3004)
.org/wiki/Birthright (band)
a.org/wiki/Jacky Vimond
.org/wiki/Vachon
.org/wiki/McCarthy $26_Stone
.org/wiki/Salisbury, New_ Hampshire
.org/wiki/R_Line of Deathless_Kings
.org/wiki/Newfoundland_ Irish
.org/wiki/Beatrice Politi
ki/Bona_Sijabat
ki/Sour_sanding
xi/Dr Manmohan_Singh_Scholarship
i/Religion_in_Jordan

AR R

Hashing strings

a.org/wiki/2/7th_Cavalry Commando_Regiment_(Australia)
a.org/wiki/Salman Ebrahim Mohamed Ali_ Al Khalifa

1 | int hash ( string s, int p) {
2 int h = 0;
3 for (i = s.length-1; i >= 0; i--)
4 h = (256 * h + s[(i]) % p;
5 return h;L
[Horno® Ree
Running time?

Problem: Supoge. asai{ A)=41
hash('A, 6B); = .

hash(‘AA, 69); = pabxvtrb) Zo=2. o
hash('AAA, 6§); :é?:’b"élf xbbl #l)%bl -

Solution:

kegp M5 A function cocrob by cravbiny A Vandan hash fuscoon . \

———




Universal Hash Functions Hash function summary
A set H of ha ions is sai i if:
sh functions is said to be Un“{ersal if: We can only avoid collisions if the size of keyspace is less than equal to the size
s of our hash table and we have a perfect hash function,
P(h(x) == h(1) S —,  mishe falk e
When h is chosen randomly from H. Lsgl‘a SUHP() Se . We have to deal with colllsuoni even with only _J21 Jom ™ keys wedwil/expect::
| : =1g,000, W/
Example: let p be a prime # larger than any key. We need a collision resolution strmategy % W “? -
* Choose a at random from {1,2, ... p — 1} and * Separate chaining
* choose b at random from {0,1, ... p — 1} then let * Open addressing
h(ic) = ((ax + b) mod p) mod m ¢ Other strategies we won't talk about
Flnd the largest set of keys that collide: ) & ot hedels
(3x -:% @’gdg,, i Observations: Geam il m(%M
2:58] keye 4o h-eg... ingf
Oxplves tieedie ¥ i %
©h(x) = (3x+ 2 *rE?dJJL w ool o i“‘ =168 x4 410 xl
2 B 3 ». 3 I ' 4’;7 ' /01 2ol

Collision resolution —

Separate Chaining: (an example of open hashing) ﬂ[lp w a,[lt?(‘au;

sGimple wnivasal hashing
SUHA p’;;* o

S=1{16,8,4,13,29, 11, 22} |S = k%7
by
0 Load factor
e =_0 [#kes
1 okl / bl Ea a m (m)
2| w7
feous S

; Worst case Under SUHA
¢| A EZ

: J Insert ﬁ[n) O(

!: . Remove/find 9 LI") O( >
& PPl —E—IZ)

A2 O . nconsbaint; -
/ Amfedﬁd't'f*f :

mv{ets@

Collision Handling - Probe based hashlng (example of closed hashing) |

S ={76, 14,42, 83, 11,22 S| = _k%7
{ } IS| =n ﬂ} lod ot \)
Try H(k0) = (h(k) + ) % 7. I full..
Yl = o try H(k 1) = (00 + 1) % 7. (Ffull.. |
42 try H(k2) = (o + 2) % 7. Iffull. \
try... 1
2|83 Jd: bogp leokig unhl an ompt Lk
; i remove (42) tia Bnd (83) it camnt
4 ﬁyJ \‘f A W{N&/ ‘T
5 “Us@‘ﬂ/{-‘[n‘cgac \‘QJ’WH‘:’
el 2
17b &83. ‘F‘M{ S 5

https://cs22 1viz.netlify.com/sr¢/linearhashing.html




Announcements:
PA3 out, due 03/30!
Today: Hash functions, fin. Something new!!  https://cs22 1viz.netlity.com/src/linearhashing.html

COHISIOn Handlln% PrObe bgﬁeg Shl?g (another example of closed hashing)
(20

{76, ?’4 42, 83, 11 22} ME h( H(ki) = h, 7.»%’4‘&("
[ @) =3. k)= K% [
0|14 | &R hl( > bt }IVU‘)-—(S kySH3q -
1 @3, "'ZP
: Try H(KO) = (h(K) + 0*h,(K)) % 7. If ful..
try H(k,1) = (hk) + 1 *ny(k) %o 7. I full...
&2, try H(k2) = (h) + 2 *hy(k)) % 7. If full..
4l ! &\ 1\ try... P,%Mr‘m
18 p is thetbles -
6| 76 | & 83 hal@3)=2. 2¢9<P-

STig ol 18) =2

Hash table performance: expected # of probes for Find(key) under SUHA
e

Linear probing -

successful: % (1 + 1/(1-x)) f
unsuccessful: % (1 + 1/(1-o)*) ‘ 1}, 4 i ‘
Double hashing - e g :
successful:  1/e¢ In 1/(1-x)
unsuccessful: ~ 2/(2-et)
Separate chaining - % o8 X
successful: 1 +ot/2 Do not memorize!

n
=
unsuccessful: I +ot Observe: A=

A an b W pand, As « increases, running times increase!

* If at is held constant then running times are constant!

ReHashing:
Lolol & Gty F we oo [ tallesize -

What if the array fills? M,e/ e ﬂm( ooy De M

what 4 e lood {ackr occeeds 0.6
FRE «ERL . 22 & Resize to fist prime me«.Me

HM):}W‘)%“ Wﬂﬂ‘d oand vohach b‘eo(a{ﬂ

H' () .

—7[ 1.4 1.4 | -

| Hoo=heotM.

Hashing Miscellaneous Discussion —

Which collision resolytio rat y is better?
AR

V‘jﬁat strnturZS dk hash tabl es repla e,for us? D\Of’m oae
AVL © g (lAn) for 49 bwe_ Hach Table: D7) W
4]
There is a constraint on Keyspaces for BST that does not affect hasr?mg) o tn

Keys for AVL/BST must &
Why do we talk about balanced

o
More resources: &"’f AYIS!

if, hashin |ssogr?at7 T - exadt
""%.,M et i

Applications of hashing?

Area of active research in mathematncs to develop general purpose hash functions.

jon'hm,/, @lve the Dmp Lo éafeﬁ*e
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Priority QUCUC: another implementation option

PA3 out, due 03/30! Yomowe Mit '9
Priority Queue ADT; woyities Tell wme everything 30»{ can about this structure:
g B g + biromt e ~Complete
insert _removeMin implementation ",,506 3 e M udy‘ s £ Matl'b CA

‘l 3
ow  ofn) CEseal a3 + oi| pabs o me b ot \
. unsorte I'Shon — ensi ;

(AR H&Pm :
7 e AR o el

an “%: j sorte *
O(}M (1) 2 ] : n

pLr) e’

o Bueue
(mln)Heap mplememanon r/&k ‘ﬁ%—%@d (mln)HeameQ:rﬂt

m/\

o o el
t / _BE . e )

smlé“(/( 0{6{5' M 04 Qno-ray )Msefﬁm/‘é‘ﬂo(

+ ‘hewpi ) Rinnivg e & lhn)

C&HCM{( N=abezi. ertat(:sot/'@‘f"’\cg’e"? hubble it (4orrd msbzﬁw*"“ﬁz*d
Q| 0/ 2041, h < log n| https://cs221viz.netlify.com/src/heap.html = ,{;wa/‘év’ﬁ'?
4 S|4, 1 heayfy v i3 prep
pﬂ/w“‘ ) = L] hgght -




1 | void heap<t>::insert(const T & key)(

|

‘1 2 if (size == capacity) qrmncy(n, I‘SM
3 size+s;

| 4 items[size) = key;

5 heapifyUp(size);

level 40 pe
growArray/() Mewfwﬂ'\/ﬂ?j 4-;w{o(d hew 6/

oA

(min)Heap: removeMin

AN

y
4l
ﬁ/ : o reot
< (ast e
&Mﬁz m{? bﬂ su/aﬁw\j Hoad .

Code:
‘KTrvold heap<t>::insert(const T & key)(
2 if (size == capacity) growArray();
3 size++;
4 items[size] = key;
5 heapifyUp(size);
61}
1 :MC heap<t>::heapifyUp(int cIndex)(
216 af et s 4 ) 1
3 if (items([cIndex] < items[parent (cIndex)]{ |
sl awap ; .J(cﬁ&ﬂ
5| heapi fyup Lchdler)
6 [ |
L7
Code:
E' mtwﬂ
e ‘ T minVal = H-u}:

, tt-ut - xtc-uu. a-i"ﬁ’ 60'&
--nun-c L. @€ ‘Or ;
return minvVal; ]

» i

vold heap<t>::heapifyDown(int cIndex){

if (hasachild(cIndex)){ ) CM@" £ Sizﬁ

minChildIndex = ltnchild(c!ndo:) // d&ls ,“4‘ e a{,é/
if (items[cIndex) _2 items[minChildIndex){ Q<€

v O P W N> (ﬂmthNH

ex) |

T RtER).



'Announcements: PA3 due 03/30. 11-to,
e or e What have we done? Abspaction (ath

b IS R LT &
This jmage reminds us of a H@Q , which is one way we can implement ADT
Ni=cion )
i Y\QY\@ Quele . whose functions include mggd and __Ygmpye mn,
Max |

with running times Bl (ng n).

v

(min)Heap: buildHeap

% H@P\‘ DV“'H B‘”‘#A( (min)Heap: buildH - 3 alternatives
/‘\ ing Une 1. Sort the array:
u 4 g )

f olnlAn)

l\. yneljeécrt
EZ. vl i . P

g g T o o v B alls auod
‘H—Yg‘bcd’( 41104'(/ w &“F W Zla?fi&d hea)‘pig:lzbuildaeap()( 1] QLM) o

. 1 | void heap<t>::buildHea é_// b ‘ ﬂm
H - 50«?«/ M% ?09( i’ Qéh[ﬂn) 2 for (int i=2;i<=size;i++) for(i::.i=parex];t(si‘z>::);i>0;i--) ' .
;\ Wﬁ up {”M hqu"‘,.,j Wl\n%. i : heapifyli;é(i;‘;w) i heapifyDown(i); AO
. “ \ P 5 St SRR Ne= AN € ST | ‘ }‘
2 Sort the dota : “"{7‘4] g ﬁ&? eﬂ’j’ j soppee (b, fom rot-blod) is oo soted. Olnleg¥) 0 need 40 Gl Ao

T e apaiady ko,
+tne g is <o, o [onx




(min)Heap: buildHeap

Thm: The running time of buildHeap on an array of
sizenis _2LA). 0(”) bbﬂyﬁue -n’(").

Instead of focusing specifically on running time, we

8 R observe that the time is proportional to the sum of
\ the heights of all of the nodes, which we denote by
S(h).
sw = 2Sth-D+ h

S(0) = 0 .
Soln S(h) = 2’!‘” bR ;

Proof of solution to the recurrence:

% A=0 =0 .<(v)= 20*-!_0_25 v,

indudive Shep. :

Sthy= 2%5(h-D+h = 2 2 =(h= N=2)+h
— 2)\‘}""1 P

But running times are reported in terms of n, the number of nodes...

Tin)= Sth) =o' k2 , b we kuaw A<, 1

2%l <2n-logne S 2h =Py

(Given tn wnsortol 2
\ wilda /‘af-gf")-

i, 0
Qlnlgr>2 Ph@awe g

(min)Heap: heapSort

» o Wiy i

bon ><i2e.
P“l "t’

Running time? 9 {n Lﬂ ") .

Why do we need another sorting
algorithm?

i M’je&ré, ot stakle — relatve

bocatiaes ot Jied vadies are
woly meirizinad |



Announcements A Disfoint Sots exarmple:
PA3 available, due 03/30, 11:59p M% A %vﬁb mu«mdﬁ""j SM
> ! ' ' ; y it o Let 7 be an eguwalen.Ye relation on the set of students in this room, where (5,¢) € R if sand
t have the same favorite among {FN, FB, TR, CC, PMC, Ad..
C—C’”lenm

g _
@D @i

whare nis
|t

Operations we'd like to facilitate:

1. Find(4) —>yghun inwhich 4 S 6;';&&»0/ (gﬁmgsa-a / I
—— T e e ¥ & e inspme ;
If this structure were a E@qz , we could build it in time QU’\Z , and use it to iy T CrAsAW s | SAmE
\(Find(7)==Fi o ' '
support b@fzﬁﬁ’ which runs in time O(MM") .("("59?“) y oLl |nd(7)-—-F|nd(2))ther&on(ﬁnw,ﬁnd(zn g
7 Lowé;)awd'"{"bj- hot in He <ome P ﬁmawwﬁé@%‘j%ﬂn_
a[gowa"‘ . ﬂ{b« URIOH, a,(( M “{'ﬂe YesdH'jd
:I/\ have B <ame repesoRrtive.
Disjoint]Sets ADT Wil
: Ju S Al ter @fﬁ"“ *SW"“ | be g { o irdgrzacton 207, petter data structure for Disjoint sets: UpTrees
e will implement a data structure in rt t Set:
P‘ . . ure in support o 'SJ‘."T" = + if array value is -1, then we've found a rodt, o/w value is index of parenudu(ﬁ is e W S@t
« Maintains a collection S = {s;, sy, ... s;} of disjoint sets. « xand y are in the same tree iff they are in the same set. as W X
* Each set has a representative member.
5 N i 2 : 0 K
« Supports functions: void MakeSet (kType k) mwkr 2 Sketch: ‘ ‘ ‘ 6 2 U”IW\ [Flni’( )r Fbld( )&dk {e
void Union(kType k1, kType k2) 0 1 2 3 : : ?‘bx
kType Find(kType k) Memory@ ' \’ .

A first data structure for Disjoint Sets: Fad (1) =) MW"( F,yd (o) Fﬁ‘/( ')) é% (3

aﬁe 0 1 23 2[3] u,;,,,(l:y‘.d{(:!’),wm)

M2 (3 4|56 7] Find Yohms @ Tl > O0) 0 ioss 13 .
0| AL 2| tion Finds) UFid (8-> O(n). y <§ (§

c




Example: partition of elements into disjoint sets

UpTree implementation of Disjoint Sets ADT:

int DS:sFind(int i) {(
if (s[i) < 0) return i;
else return Find(s[i]);

S W -

}

Running time depends on jﬂﬁ}d]_ﬂﬁb@
Worst case? QUI) ‘ é £ bvo ex{;asfve
What's an ideal tree? ; -

(;ons{'aoé ile«qhﬁ
L | int DS::Union(int rootl, int root2) e g
-(tooezx = rootl; :

N

Ru nmvﬁ {ime b l)




ouncements

available, due 03/30, 11:59p. GS submission this evening.

all, Disjoint Sets example:

se the members of each set below have the same favorite among {AC, FN, FB, TR, CC, CR}.

014

& 0

&

0 1 2 3 4 5 6 7
17 B A LD NS RS BT Y
are the results of the following statements?

8 = L} (Ve%u’ﬂ ttqg ;nu‘EA SZ

(0)==Find(8) Tme

M)AVT - Fond

Smart unions:

oo wdlies
Union leeﬂ}‘{,

liniom W ¢ 2e |
o0

e /
%Hﬂ time In¢reace

ney bl ingars itis a | LJ s hea >
y i 0f112]3 ) Keeps overall height of
\ U""’; by ’i&'gm) STititeL ; 5 L) : : 1‘0 151 trupas small as possible.
T wrmman sbre—(enj« A
5

(/n?m g

éuﬁd(7)==Find(9))then Union(Find(7),Find(9)) rp,‘méj 7 «67 2 ke?; bee s‘)ﬂé.

art unions:

int DS::Find(int i) {
if (s[i] < 0) return i;

else returr;ﬁ]=r (§0i1);
) isx‘ljpbe Mmﬂ

eaps

the me .

D/ 4

1 v b""J

yelhm the valut.

int DS::UnionBySize(int rootl, int root2) {

int newSize = s[rootl] + s{root2];
if (isBigger(rootl,root2){
s[root2] = rootl;
s[rootl] = neySize;
) Fesulbnet.
else {
s{rootl] = root2;
s[root2] = newSize;

} QW\{T’.’“@ pL).

J

) ,‘mymld ‘fw"‘ bn).
woling Lurion mere opEX)
bp‘:l,@ yﬂe rwmhjh"f of i

L’fgaiw woguitudyy

lmg;slzoel:.
5)0005-101- 7(7|4|58

store - (def »
oot vk .

Increases distance to
root for fewest nodes.

oj1/2|af4|s|ef7[a]o]10]1

R

Both of these schemes for Union guarantee the height of the tree is (&( @ n)

Path Compression:

A

Fird*)

BU1) agces from ardq

gromile ead’

-

e ESSESERE



Analysis:

Something we'll need - lterated log log® n := { fn<l;
L+ log*(logn) if n>1

wfb'fh@ hua bOF of hme |
Exefniple‘/"@‘fW take M#ﬂmlér betme ve it 1.

265536,3[755%@;/6@4’ 25} bszémé:f.

Relevant resuit:

In an upTree implementation of Disjoint Sets using smart union and find with path

compression...
any sequence of@un on and f£ind operations results in worst case running time of

O(&%;_ﬂ W.),whgre nis the n;n.]ber of items. | M a w M "

http://research.cs.vt.edu/AVresearch/UF/




JOUNCEMENtS PA3 avallable, due 03/30, 11:59p.

»hs!! 6 = (V,E) e i e
- v - "
& -. - & - o +
®e . X L) 'y ¥
.‘0 -’.. " i\ > ik ; R a“ (V, )6
. 0
. ‘h\ . ¢ v 8y b v $A4 S 1"‘? \"AM
B e . \‘\\.“ N * e 2, . (/E VeV, ECE éV
TN ¢ e=vdéE) then vEV, U

, TOWT W g oo ke’ i, g e b b bepele

ph: WW Adjacent Vertices, N(v) ~(¢l0',u)e£—1 i} ok "”1“”‘ ) : ' gt o

Incident Edges, Ifv) = { {uv) | LWEEL. '“I(\/B °“""M‘/ﬂ % hside: forp 1< 4 ?&d for
8,08 Y § o Dl trs me — BFS -

Aside: Verites ae |abelled wo pair of WSW lorbies s Ve Sane :

This graph is used to calculate whether a given number is divisible by 7

1.Start at the circle node at the top.

2.For each digit d in the given number, follow d blue (solid) edges in successmn
As you move from one digit to the next, follow 1 red (dashed) edge.

3.If you end up back at the circle node, your number is divisible by 7. ( U, V)# ( v
O EIEY )

14
Walk: uoce a@@%f@ Wjﬂos Vi kig feed 7.
Tealylk it v repesid edpps (2§54 .
Suple Path: Ol wth o reported \orbces | >
Circuithyas| Hat bayis tnd enctcat sane plae nota path
bt i sa P

Cycle: W ot },‘j,u,g ad ends ot be
Ay F{

mwa/ one 1T ).

R



ouncements pa3 available, due 03/30, 11:59p.
(V,E)

yhs!l G

Tree: Lonnesteol: acjoéc 5%171’

rﬁwe

Simple (sub) Gra
f Mﬂ« ho 5@( ‘75
Uv v
[gannlng su ésrg”p;ﬁ‘e u?

46
_,(U 6) 5! (‘jfﬂ#‘ ‘FV V

are ¢ comneotel. - ,
gfeeogd(SUb)gr\?z%szganSpannm Sﬁe?m'j boe AG
ected component:, fere is apah .. G’;sd Famnre

acina] Govected Solgraph - iLibis atrg ted V=V
f‘( wgﬂadﬂ“j”‘"ﬂbo%%
ben itis. k* ladar &

Vhat's left?

How do we get from here to there?
Need:
1. Common Vocabulary
2. Graph implementation
3. Traversal
4. Algorithms. L

= hodweer o Pavwﬁl/évﬁ(a thore’

///"W//‘[”/“bﬁ ’#; = (V,E)
Graph Vocabulary: Use the graph G to answer the ,
List the edges incident on vert hi( b’a/) ( b&)l (b/e)(w)y /g@

2. What is the degree of vertex h? 5

2 question

List all the vertices adjacent to vertex i:
{ h 4 'l

4. Describe a path from ptoo:

p/hl L'jl l/v 4

5. Describe a path from 6 to g:

DUE oM wodle 1 ﬂwf’[//g/,

6. List the vertices in the largest complete % ?apmn G:
. ( r /Cl l@
7. Describe the La'ﬂ“ connected subgraph in G:

Tie betweenthe §,0) 4d0-11.

Describe the leu dmponents in G:

8.
3 ¢on Lo
9. How many edges in a spanning forest of G?
p=24 .
10. How many paths fr%n 0to9?
@\cadvg* by ) Conyeded Subdragh i's
11. Can you, draw G wnh no cro sing
.not Possube Fv’ (j IOFW not neceslytma omédtd
)agdk;w‘m,ﬂvnlt'(mf €. @"@'S connotest

Faan
Gra is theory that will help us in analysns sgéjmﬁ b wot: 4 compted

Running times often reported in terms of n, the number f -
of vertices, but they often depend on m, the number of

How many edges?

@
At least:
=(GE) connected — 1—\
::: B WE con Wmove. Ao inaside 4o rote thatee.
=m
not connected - )
0~ At most:
. 7 + ’\ g snmzle )\[ ”"2 / /"‘Z\
+ DeETat,
hWVﬁC&s, .‘- l not simple - @ no lfff )ygu,v{
\eﬂ&‘;&@ {}\") - Z‘_({-‘/ Relationship to degree sum: howe """(ﬁfk d?‘ S&# 1077’(
1Y

Y deg(v) = 2 m
h(h\) <

= Ml odges ”



nouncements PA3 available, due 04/09, 11:59p.
phs!! G = (V,E)

Suppose n = 100,
—am Give a lower bd for the number of
edges:
£, 9= fra
y h\vm\hﬁlﬂ MW@VM

A o¥ Give an upper bd for the number of

A _," ea ( ,l!
[ 7;;9 m<Yfw = M

“\\'\figuppose the average qiaree is 22.
How many edges? helent

xi\_h of a \arbex .
veV {z{%(, )

raphs: Toward implementation...(ADT)

Functions: (merely a smattering...)
insertVertex(pair keyData)
insertEdge(vertex v1, vertex v2, pair keyData)

removeEdge(edge e);

removeVertex(vertex v);

ita: :
Verticos— Msl«ﬁu A incidentEdges(vertex v); Jg@(/' 0{’ h&jhbﬂ%
UJGS rnnb iw(o areAdjacent‘v%\” oéenex

Edges

+ some ﬁwhat o fiets origin(edge e);

the connec;vnyﬂ&ig graph . destmatleon(edge e);a’%. ‘)-?U
=y Jetle)” Y

L) R

> Mm — 2200 >IW°0(‘J“
o Méﬁﬁelﬁmhc&.

Thm: Every minimal connected graph G=(V,E) has |V|-1 edges.

Proof: Consider an arbitrary minimal connected graph G=(V,E).

emma: Every connected subgraph of G is minjmally connected.
@) Aeasy proof by contradiction) it Mﬂ"f’! _Miﬂ'bl / s
IH: For any j < |V|, any minimal conne!cte?eraph fj veﬂces has

j-1 edges. M M 15 A ”,,,,M Lonn MA

Supp se |V| = 1: A minimal connected graph of 1 vertex has no edges, and 0 = 1-1.

Ve -
Suppose |V| > 1: Choose any venefén'd let d denote its degree. Set aside atsg[

incident edges, partitioning the graph into + components, Co-(l i Z ) & CI (VIIEI)

Ca=( !ﬂ ), each of which is a mlmmal connected subgraph of G. This means

tha_tlEkl ||Zgl—l by IH . M W @ ”ﬂ{‘f lxauseﬁeﬂ (&mmd,
bg S'\;g M Ck % Smlb ﬂ‘né
Now we'll j

ust add up edges in tiwe original graphl
[El=A + [E|+E+~ +1E
=d+ EGVK"‘)
£ 10k = [vl-1 sn-1 Uledbites ot w.

Graphs: Adjé‘ééncy Matrix 3418 1”1;:

Some functions we'll compare:

c insertVertex(v v 2) 0 3 ‘gWﬂC
\ d Jeﬂwgw::?a) 9’” [ o .

£ boa

@ @ remove\)er(ex(verte Wil LOrd
n)tv remo® w«/af 60[
are 1acem(venex v, Cz‘r’t?x u)
mcndentEdges(\;\ertex v & MX
\ anpatix. W@

u w|z ( HW‘WCWK

g Fnead "0 “4M#1
| 2 asjwpﬁb““ﬁ st/ n*.
4l | e, my g

P
)
.
>
1~
"
3
™™




Announcements PA3/HW3 av, due 04/09, 11:59p.

Some functions we'll compare:

Graphs: Adjacency List
insertVertex(vertex v) 9( | ) 0” or & Sd

removeVertex(vertex v) \" ) /

areAdjacent(vertex v, vertex u‘) 9( MV) M (U-))>

v ; ; incidentEdges( ertex
M w.o‘vzge"‘"b %@ (/Jﬂ
. EEIE

:ME- =2 Tl om- 0.
JEEETTY o) | sy

B PE k)

o #‘iﬂ/ no/é; )
cdorade i B(ntm ) = Oln
oot 1 wa)

Graph Traversal
Objective: Visit every vertex and ey,

while honon the tovechiity ﬂrgdge 3 m‘%‘v}/m a@g; ”{'ﬂ’“ﬂ'

Purpose e can search for interesting substru ture in the graph 5

‘F'M&zrrwf lo
Lt of ltwa/%
Contrast graph traversal ST traversal:

*Ordered
*Obvious start 04_

‘ 9o

[encrens #hgn Hovg

M"ﬂ or ﬂﬂ”w?« /W :
. i{;gyﬂ ol l""&‘&&»é’a@&(

© wwk profress

Graphs: Asymptotic Performance

« n vertices, m edges
o ::'rfa-a'l(l)ec:pesdgesj simle | Edge Adjacency List Adrs: cte'ncy
+ Bounds are big-0 + L-;it;/ et

Space % ; n+m n’
incidentEdges(v) m deg(v) n
areAdjacent (v, w)| m | min(deg(v), deg(w)) I |
insertVertex(o) l l o g P ‘
insertEdge(v, w, 0) ] ] 1 |
removeVertex(v) | m deg(v) V4 52 oed '
removeEdge(¢) 1 1 1 |

Graph Traversal: Breadth First Search (by example
> ( V;%csbtpdf)/w(j’ list d“é‘

cCBD
ACE
BADEF
ACFH
BCG
CDG
EFH
DG

I|O(MmMmO|O|w|>»

G vqm e wfhs /Lkg up{me)



Graphs: Traversal — BFS

Visits every vertex and classifies each edge 2

either “discovery” or “cross”

" IM"M‘M

| Algorithm BFS(G) queue q;
| Input: graph G setLabel(v, VISITED) 7 W»ﬂm :
Output: labeling of the edges of G q.enqueue(v),
as discovery edges and back edges While 1(q.isEmpty)
q.dequeue(v)

For all u in G.vertices()
setLabel(u, UNEXPLORED) |
For all e in G.edges()
setLabel(e, UNEXPLORED)
"Fsr_éll'vin G.vertices()
| if getLabel(v) = UNEXPLORED
BFS(G,v)

s e e e ]

Algorithm BFS(G.v)
Input: graph G and start vertex v

Output: labeling of the edges of G in the
discovery edges and cross edges

For all w in G.adjacentVertices(v)
if getLabel(w) = UNEXPLORED

else if getLabel((v,w)) = UNEXPLORED

eyt e b

semabel((v.w),mscovsavi’ W M ;
setLabel(w, VISITED) i
g.enqueue(w)

setLabel((v,w),CROSS)

Co-orets o{?mply

Graphs: Traversal — BFS

Visits every vertex and classifies each edge as
either “discovery” or “cross” \_( y1 £ s )

Algorithm BFS(G,v)

While loo p
cediLit | ad ]

or 1G9p 5 P
2 n=ht.
% JQV)SM &=

TOTAL RUNNING TIME:

fhasgsl 10

« JUnm Vi M‘
O e -

. & chortest
B e Foms

L Oyt Gt
koletects wydles

Input: graph G and start vertex v
Output: labeling of the edges of G in the connected component of v as
discovery edges and cross edges

queue q;
setLabel(v, VISITED) (7( 1)
qenqueve(v). (1)
While !(q.isEmpty)
q-dequouo(VOC ')
For all w in G.adjacentVertices(v) V)
if getLabel(w) = UNEXPLORED
setLabel((v,w),DISCOVERY) a |)
setLabel(w. VISITED)
g.enqueue(w)
eise if getLabel((v.w)) = UNEXPLOR!

setLabel((v,w),CROSS)




BFS rusdme B(ntw) .

Announcements PA3/HWS3 av, due 04/09, 11

(1! aphs: Traversal - DFS

Ariadne, Theseus,

[«
2

% J
http://www.cs.duke .edu/csed/jawaa2/examples/DF S.html

http://www.student.seas.gwu.edu/~idsv/idsv.html|

http://www.youtube.com/watch?v=8qrZ 1clEp-Y
77.‘;@1/'“;7::?s
SFMA nj

rlof

A
b
o]
o
b

AW Mﬂn setting/getting labels:
Tayo/o?l cal S Guleriar ’mﬁt&

General observations: ,

e
¥ V\\SwVﬁﬂe’(% %’m ;w"l
.2 convonod Usit tres.

Mm«
Grerou

(’E«iry vertex labeled twice
every edge is labeled twice

querying vertices: (ﬁ;r &!17)

each vertex

TOTAL RUNNING TIME:

0 (nim)
ww”i gt

fia

f ;(,0.49~:1/L>«>1oé
V) (4

total over aIgonthm 7 dq

querying edges. U) Pal‘ 61\4]'/

nth§Mino‘t/ r

vsik a W V
o endh r&

,{I u um;rM

marks () 45 Ao
DF{(_(«).

else arks (u» as badk.

BCDE

AC

BADE

AC

AC

g
unof 6(

lg)
V) =am-

n
n*.

Q(n%n’) 9(" )
Al ot

DFS:

e’ae
©

Algonthm DFS(G)
Input: graph G

Output: labeling of the edges of G
as discovery edges and back edges

For all u in G.vertices()

setLabel(u, UNVISITED) IMW”‘

For all e in G.edges()
setLabel(e, UNEXPLORED
For all v in G.vertices()

"visits” each vertex, classifies each edge as either “discovery” or “back”

Algorithm DFS(G,v)
Input: graph G and start vertex v

Output: labeling of the edges of G in the
connected component of v as discovery edges and
back edges

setLabel(v, VISITED)
For all w in G.adjacentVertices(v)
if getLabel(w) = UNVISITED
setLabel((v,w),DISCOVERY)
DFS(G,w)
else if getLabel((v,w)) = UNEXPLORED

if getLabel(v) = UNVISITE% W:&

DFS(G,v)

setLabel(e, BACK)

Minimum Spanning Tree Algorithms:
* Input: connected, undirected graph G with ur;nstramed

e .
edge weights

* Qutput: a graph G’ with the following characteristics -

*G' is a spanning subgraph of G
*G’ is connected and acyclic (a tree)
*G’ has minimal total weight among all such spanning trees -

%ﬂwm the wrbices inko 2506
and lock ﬂead@%bd/% theu loacty
weind dge isput ol some MST.
W don't e about wotal path byt

betueen ! %ea'ﬁo Pw'r.

%mt
CF 9t ¢ wl z@eﬂeMST(Drv‘an

(2




Kruskal's Algorithm

eiﬁan‘n fmaﬂ"ﬂ%f ;
ion&f Guexe (m o) . Kryskal's Algorithm (1956)

j‘;f J/ increnan codl .
Yol

ot

ot

o™ |4h) ﬂghdre.'n‘h.e Lo
o | Pwpodt. Yh) gratn
(o) ﬂ‘gfde ;

‘(’ﬁ:, y} t'nw qm‘#'

; he shuchut

ﬁfjf & A collechin

(c,d)

@h

@h

XXy
XXX

1. Initialize graph T whose purpose is to be our output. Let it consist of
,4 all w vertices and wo edges.

S\)m‘,.,ff -~ 2. Initialize a disjoint sets structure where each vertex is represented

bg a set.

3. RemoveMin from PR If that edge comnects 2 vertices from
different sets, add the edge to T and take Lunion of the vertices’ two
sets, otherwise do nothing. Repeat until 1—| edges are added to T.

(ad)

(e.h)

(f.g)

(a,b)

(b.d)

(g.e)
(9.n)

(e.c)

(c.h)

(ef)
(f.c)

(d.e)

(b.c)

(c.d)

(a.n

(d.f)
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Kruskal's Algorithm - analysis

&)
(o)
)
(976
d)
(T
(b,c)
(ba)
(c.f)

m a@gs _
U:'Zlqesﬁiree 64"{

Kruskal's Algorithm - preanalysis

(Algorithm KruskalST(C) |

disjointSets forest;
for each vertex v in V do
Sorest.makeSet(v);

priorityQueue Q
3 Inst,rt edges into Q keyed by weights

graph T = ( E) with E 9("
while Thas kwcr !hdn.ﬁ

W (n >dyg 3
edges (F ) e
— edge e = Q.removeMin()

Let u, v be the endpoints of e
|f Sforest.find(v) :F[orm %d{y) (hen
}PAdd edge e to ‘

j’oresl.smarrb nion
(forest.find(v) forest.find(u))

|

St DI
To:uiI: am. | B ! nollAF m’%‘ A o licke OL1) :
remove:lcin Q(Lﬁn) 9(“) : } v U i ):

POps oY

yectrehef

Algorithm KruskalMST(G)
[:lisjoinlsas Jforest;

gin) -
?Cmbﬁh) .

for each vertex v in ¥V do
Jorgst.makeSet(v);

u%% . SH"

m<21‘ﬁ

ot ,‘);9((13") .
] o

E ‘priorityQueue Q; M V$ N
Insert edges into Q, kcyc by weights { . . N
&raph T=(V,E) with E = 0; o) - 5 >: % -
Wﬁlle T has fewer than u-1 edges do ) zégy ‘\ -’;,.0
edge e = Q.removeMin() é( )VS owm. 2 /1 i \
9 Let u, v be the endpoints o .F 2 . /. 3
= if forest.find(v) # forest.find(u) then 9 ( |)  EE ’\ 4 *y »
. ooy k| Tt 19l a2 7
no :Saf:,(; ppﬁ;%{ i ' (forest.find(v) forest.find(w)) @,rqz’l I d It : % ,\ . :\..
= £ return T
=>F | e e,
Priority ﬂd WIX
Queue: Total Running time: ") How would you characterjze,the g|ﬁerencigwe these two ‘far ﬂl;s‘? 9(!")
| Dt man+ M [egn tm) =G nimtme) = & (mt- mlof jb‘a. CW;'W”“ rajorye
- com B
orted Array (n+m(0?nf'}'l+7"‘) Q-[ﬂ'f‘m-f"'l” )»p(;«{’m%k ML&H’M‘F@/W 9}\)
we W choose grfdﬂrﬂj Sinte e qrap W':! have Maw(u 1% 40!19(7( :

=) We L

e ‘,«PWM on (m

%azzwj Lists,




Prim’s algorithms (1957)
is based on the Partition
Property:

Consider a partition of the vertices of G
into subsets U and V.

Let e be an edge of minimum weight
across the partition.

Then e is part of some minimum spanning
tree.

Proof:
See ¢psc320?

Example of Prim’s algorithm -

Py g K 'Pm:

,dwm« 2 FJ
,%%OM & 12 L/DIEIF] .

A 8 CI !EVF]_}. 1
g ( "7, E ) 5 2

Inm hze riority Sg n) queue VFdCVJ
4. Initia ﬁ: ;E led Zeg?s to 0.

A-distace (st
p- predecesse”

AUXi | SW ¢
Initialize structure: Corvant : ot Lo M‘bddﬂ

“infinity”, plsil_;zuu » ke dﬁ M ?m

Forallv, d[v] =

Initialize source: d[s] = 0

GITM-S W mﬁ. :

N

Repeat these steps n times:

Find & remove minimum d[] unlabelled

vertex:v. PR M on .

Label vertex v

For all unlabelled neighbors w of v,

If cost(v,w) < d[w]
diw| = cost(v,w)
pwi=v

Fmﬂj 50 [t i< iy the Preo/efeSSovs
(no W“f/‘e so/uéa,‘ )

N

*
MST - minimum total weight spanning tree ‘
Theorem suggests an algorithm... ( kke BFS. with P’"wiﬂ Ypene)

e

|/

‘\'»

|
{
2
|
!

go’l/eﬂ(/ Pone 2
*labelled”

%\«f

@

Prim’s Algorithm (undirected graph with unconstrained edge weights):.

PR opoecEn

“Initialize structure:

adj mitx adj list

1. Forall v, d[v] = “infinity", p[v] = null
2. Initialize source: d[s] = 0
=3. Initialize priority (min) queue

heap| O(n2+mlogn) | O(nlogn+mlogn)

4. Initialize set of labeled vertices to 0.

Repeat these steps n times:
L= —Remove minimum d[] unlabeled vertex: v
Label vertex v (set a flag)

For all unlabeled neighbors w of v, \
|

If cost(v,w) < d[w]

plwl = v

Unsorted

2 2
array O(n?) O(n?)

dw] = Cos‘“'“”%r?ﬁjl

Which is best?
Depends on density of the graph:
Sparse

Dense



Announcements PA3/HW3 av, due 04/09 11:59p.
Phm MST : WﬂW’M 0"305

y oath Vodex.
2 Wy “fM //P
(vj times

1"022;;8 v chse fal 0ok il s
=dotal cost)

art,
bl vane & mst [ vabee =

it Sude pld Shuotues
+ poceed ﬂl@w

Single source shortest path

5140056 4n arbr

Given a start vertex (source) s, find

the path of least total cosmoz ;to'blﬂ( *

every vertex in the graph.

. Input: directed graph G with non-
s negative edge weights, and a start
vertex s.

Output: A subgraph G’ consisting of
& the shortest (minimum total cost)

* paths from s to every other vertex in
the graph. Dijkstra's Algorithm (1959)

Repeat these steps n times:

Prim’s Algorlthm (undlrected gra h with unconstrained edge weights):

Initialize structure

1. Forallv, d{v] = “infinity’, pfv] = nulleuj.

2. Initialize source: d[s] = Ogu) .
3. Initialize priority (min) queud-/( A ‘)QU)
4. Initialize set of labeled vertices to @ U) |

oW 7}‘22»1

+ Remove mL-jmum df] un Wd yertex: v
+ Label verr (set a flag

A n = M/ u4
For all unlabeléd neighbors.w of

If cost(v,w) < d[w] eu) lj

d[w] = cost(v,w)
( 1“ pw]=v MK'Q[‘ )
2]
: hask

m 'q’léd) mix adj list
n+ nled #ml.ﬂu d
heap | O Kv log n) O’rnﬂ
Unsg?r:(y’ O(n?) O(n%)
O(n+w)
, Which is best?
Depends on density of the graph
rn)): oap + 1/

MSpam o is ©

Dense un{a/td a’"ﬂ

Single source shortest path (directed graph w non-negative edge weights):

Initialize structure:

1. Forall v, d[v] = “infinity", p[v] = null
2. Initialize source: d[s] = 0

3. Initialize priority (min) queue

Repeat these steps n times:
Find miniv?uj?n d[] unlabelled vertex: v

Label vertex v

For all unlabelledth'\"s
it ol0V] +cost(v st(v “’j%wy)
d{w] =
plw] =v

(vw)

!

A i path
YLV] L0ri&n Pﬂﬁs howscles
Tn reugrse Wé@/

[g,.j‘ﬂ«s
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Single source shortest path (dgirected graph w non-neqati ights). A
g p (directed graph w non-negative edge weights). D’J kS#d’,(

~Pre's Algorithm (undirected graph with unconstrained edge weights).

—
Initialize structure: Initialize structure: adj mtx adj list ®
1. Forallv, dv] = “infinity”, p[v] = null 1. For all v, d[v] = “infinity”, p[v] = null |

- |
2. Initialize source: d[s] = 0 2. Initialize source: d[s] = 0 heap | O(n?+mlogn) | O(nlogn +m logn)
3. Initialize priority (min) queue 3. Initialize priority (min) queue oded | - O(m [0‘1") .:OCML{[ ")g
4. Initialize set of labeled vertices to . !‘
Repeat these steps n times: MS“Z is the same s ?’V;“'S : T U"";'r:'y’ o) ofn?)
*  Find minimum d[J unlabelled vertex: v Repeat these steps n times:
* Remove minimum d[] unlabeled vertex: v
*  Label vertex v e V. & Which is best? ‘
i the graph: l
For all unlabelled neighbors w of v, +  For all unlabeled neighbors w of v, Eop e — = il

If diw] If <d[w Spamk@rfﬂd\)’m- j
W@,fé y ?d[v]#cost(v,w [ Dense Ung '651 ’n’j ¢ !
pw] =v

plw = v 1

Dijkstra’s correctness: Single source shortest path (directed graph w non-negative edge weights):
' 1 st Dijkstra's Algorithm (1959)

1. Assume Dijkstra's algorithm finds the correct
shortest path to the first k vertices it visits (the
cloud). ...

Why non-negatjve edge weights??
"] o Whe Sol pabt (ogh
Mgy ve Ul & iotex Finished

10

2.But that it fails on the k+1%t vertex, u.
\
— R is wot e bext

3. Then there is some other, shorter path from s to

u.Canit_R- ‘F (‘S%MQ,

4. There must be a node_gther than u, outside the
cloud through which é passes. Call it y.

Initialize structure:

5.The path from s to y is at least as long as the
path from s to u, since Q is shortest path opt, of

~

the cloud. ¥ it wererd, we
P is even longer!! Béi that's a Mm .

ssumption that we failed on the k+1*t

Repeat these steps:

1. Label a new (unlabelled) vertex v,
whose shortest distance has been

found
F

b 2 Upaate v's ne

hoors with an

stance

[l (aheled vertles 2¢ j% =" o
Wb o2 7€ teshitS Tan 2

1) > '(‘
A We glo \ WL 1T




	Asymptotic notation and analysis
	Sorting
	Memory and pointer
	Stack, Queue, Mergesort
	Trees
	Hashing
	PQ, heap, disjoint sets
	Graph

