Differential Forms

This is mainly from introductory level Youtube Video by Michael Penn https://www.youtube.com/watch?
v=PaWjOWxUxGgklist=PL22w63XsKjqz(Z2tDZ0_9s2HEMRJIJna0TX7&index=2.

1 Introduction

Definition: 1.1: Tangent Space

Suppose C' C R? is a curve and p € C. The tangent space to C at p T,C is the set of all vectors
tangent to C' at p.

Example: y = /(x), p = (a, /(a)).
The tangent vector is v = (1, f/(a)). T,C = span{(1, f'(a))} = (¢, f'(a)), c € R.

To distinguish between points on C C R? and vectors in T,C C R2, we use the following coordinate
systems:

Definition: 1.2: Coordinate Systems

On CCR? (z:y):C—R? (2,9)(p) = (x(p),y(p)). Herez: C - R, y: C — R.
OnT,C C R?, (dx,dy) : T,C — R?, (dz,dy)(v) = (dz(v),dy(v)). Here dz : T,C — R, dy : T,C — R.

Example: y = 22, (z,y)(p) = (a,ag), (dz,dy)(v) = (1, 2a).
Notation: (z,y) = (a,a?) € C, (dz,dy) = (1,2a) € T,C.

Example: R? = span{(1,0),(0,1)} = {(z,y) : #,y € R}
T,R? = span{(1,0), (0,1)} = {(dz, dy), : dz,dy € R}
T,R? = span{(1,0), (0, 1)} = {(dx,dy), : dz,dy € R}
We can use subscripts p, g to show the base points.

Definition: 1.3: 1-form

A 1-form is a linear function w : T,R™ — R. i.e. w: (T,R™)* (dual space of the tangent space)

Example: For R? and Tp]RQ, w: Tp]R2 — R and linear.
Then w((d:r, dy)) = adz + bdy = <a7 b> ) <d$7 dy> = H(av b>HprOj(a,b) <d$, dy>
Example: On R", w: T,R" — R gives w({dx1, ...,dzy,)) = a1dz + - - - apdzy,.

Remark 1. A 1-form is a multiple of the scalar projection of (dz,dy) onto some line (a,b). A line integral
is an integral on a 1-form.


https://www.youtube.com/watch?v=PaWj0WxUxGg&list=PL22w63XsKjqzQZtDZO_9s2HEMRJnaOTX7&index=2
https://www.youtube.com/watch?v=PaWj0WxUxGg&list=PL22w63XsKjqzQZtDZO_9s2HEMRJnaOTX7&index=2

Example: Define w((dz,dy)) = 3dx + 2dy.w projects vectors onto a line with direction (3,2), i.e. dy =
2

zdx.
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Example: Suppose w scalar projects onto the line dy = 2dx with length 3. Find w.
w((dz,dy)) = (a,b)(dx, dy), and we need (a,b) || (1,2), so (a,b) = (a,2a).
Also, [|{(a,2a)|| =3, so a = %, b= %. w({dz,dy)) = %dx + %dy.

1.1 Wedge Product and m-forms

Now we want to define a wedge product of 1-forms wy Awe, which is a linear function w1 Awg : TpR"™ x T, R™ —
R that has a meaningful geometric interpretation.

Let vy, v9 € T,R", if we have w; act on v1 we just get a scalar. Similarly, wy acting on vo gives a different
scalar. We can now create a vector (wj(vi),wa(v1)) using these two scalars. We can also create a vector
(w1(ve),wa(v2)) using ve.

Definition: 1.4: Wedge Product

Define wy A wa(v1,v2) to be the signed area of the parallelogram spanned by (wi(vi),wa(v1)) and
(w1 (v2), wa(v2)). i.e.,

w
w1 Awa(vi,vz) = det [w1(v2) wa(v2)

1(v1) wz(vl)]

Example: w; = 3dx — 2dy — dz, we = dx + 4dy, vi = (1,2, -5), va = (0,3, —2).
wi(vi))=3-1-2-2—(=5) =4, wa(v1)=1+4-2=9
wl(?}Q):3'0—2'3—(—2> = —4, L«JQ<’U2):OO+4-3:12

wor A wa(vn, v2) = det [Ziiﬁii;% gzm _ det [_44 192]:84

Theorem: 1.1: Properties of Wedge Products

Let wy,ws,ws,w be 1-forms.

1. w1 Awg = —wao A wr

2. w1 A LUQ(’Ul,’UQ) = —wq /\WQ(UQ,Ul)

3. wAw=0

4. Distributive: w1 A (w2 + w3) = w1 A wy + w1 A ws.

Proof. 1. Suppose v1,v2 € T,R™, wi A wa(v1,v2) = det [

wi(vr) wa(vr)| _ g (w2(v) wi(vr)
w1 (v9) wg(vg)} N dt[wz(w) WI(U2):|
—wo A wl(vl, ’02)

2. w1 A wg(vl,vg) = det [:125;; Zigz;i] = —det [515533 ZEEZii] = —wq /\LL)Q(UQ,U1>

3. By 1, we know that wAw = —-wAw, so wAw = 0.

4. Suppose v,w € T,R"

w1 A (w2 + ws) (v, w) = det [M(U) (w2 +w3)(U)} — det [m(v) wa(v) + ws(v)

wi(w) (w2 +ws)(w) wi(w)  wa(w) + ws(w)
— de wi(v)  wa(v) o w1(v)  wa(v) (o A o) (o N
= det L’l(w) W2(w)] det [wl(w) wg(w)] (w1 Awa) (v, w) + (w1 Aws)(v, w)



Theorem: 1.2:

For all 1-forms, wy,ws : TPRQ — R, w1 Aws = cdz A dy for some ¢ € R.

Proof. Let wi = Adx + Bdy, wes = Cdx + Ddy.

w1 Awe = (Adz + Bdy) A (Cdz + Ddy)
= ACdz Ndx + ADdx N dy + BCdy A dx + BDdy N dy
= (AD — BC)dz N dy

Since dx A dx = dy A dy = 0 and dz A dy = —dy A dx by Theorem
And AD — BC is a constant ¢ € R. O

Definition: 1.5: m-form

An m-form on T,R" is a function w : (T,R")™ — R s.t. w is multilinear and alternating.
1. Multilinear: Let u; € T,R", v,w € T,R", a,b € R, w(uq,...,ui—1,a0 + bw, Ujt1, ..., Up) =
AW(UT y eeey U1y Uy Uig Ty oey Uy ) F D0 (UL weey Uiy Wy Ui 1y oeey U
2. Alternating: Suppose o € S, (Symmetric group of order m, i.e. all permutations on m
elements.). Then w(ug(1), .-, Us(m)) = (=1)8 D (uy, ..., um)

Example: dz A dy is a 2-form.
dz(v) dy(v)

v .
dz(w) dy(w)] = det [w} = signed area of

Suppose v = (a1,a2), w = (b1,b2), dx A dy(v,w) = det[

parallelogram defined by v and w.
Note: dz({a1,a2)) = a1, dy({(a1,az2)) = ag for any vector (a1, as).

Example: (Alternating) w(ug, ug,u1) = —w(uq,uz,us), because (1,3) € S3 is an odd permutation (trans-
position).
w(ug, us, ur) = w(u,ug, us), because (1,2,3) € S3 is an even permutation (3-cycle).

Theorem: 1.3: Construction of m-forms

Let wy, ...,w, be 1-forms. We can construct a m-form by

wi(vy) - wm(vy)
(Wi A Awm)(v1, .., Up) = det :

wi(vm) o wm(vm)

Example: w = 2dx Ady ANdz, v = (2,—-1,0), vo = (1,2, —1), v3 = (0, 1, 2)
w = wi A ws Awsg, where w; = 2dz, wy = dy, w3 = dz

4 -1 0
Then w(vy,vo,v3) =det |2 2 —1| =4-5—(-1)24+0=24
0 1 2



Example: w; = dz + 2dy, we = dx — dz, ws = dx + dy + dz
v = <2, 1,0>, Vo = <—1,3, —2>, v3 = <1,0, 1>

2421 2-0 24+1+0 4 2 3
w1 Awa Aws(v1,vg,v3) =det |—-14+2-3 —1—(=2) —1+3+(-2)| =det |5 1 0
1+2-0 1-1 1+0+4+1 1 0 -2

=1(0—-3)+24-10)=-3—12=—15

Note: The distributive rule from Theorem still holds.
Example:

(dx + dy + dz) A (2dx — 3dy) A (dx + 2dz)

= (2dx Ndx + 2dy N\ dx + 2dz A\ dx — 3dx A dy — 3dy A dy — 3dz A dy) A (dx + 2d=z)
= (=5dx N dy — 3dz Ndy + 2dz A dx) A (dx + 2dz)

= —bdx ANdy Ndx — 3dz N dy N\ dx + 2dz A\ dx A dx — 10dx A dy N dz

—6dz ANdy ANdz +4dz Ndx Ndz

= —Tdx Ndy N dz

Theorem: 1.4:

Every m-form on 7T,R" can bet written as

w= E Giyeiy ATy Ndzig N - Ndxy,,
1<; < <im<n

Sometimes, we write I = (i1, ..., 0m), dx;, A---dx;, = dxj.

Definition: 1.6: Space of m-forms

The space of m-forms has a basis given by {dz;; A---dx;, 11 <i3 < -+ <ip < n}
The space is denoted as A" R™.
dzr(v®M, ... ™) = detfv

(4)

i 1< k<m-

Theorem: 1.5: Dimension of Space of m-forms

n

The dimension of the space of m-forms on T),R" is (m) = =)l

Proof. The basis of T,R" is {dz;}. To construct an m-form, we choose m elements from {dz1,...,dx,}.
There are exactly (") ways. O
Example: On T, pR4, there are one 0-form, four 1-forms, six 2-forms, four 3-forms, one 4-forms.

0-forms: R

1-forms: {dz1,dxe,dxs, dzs}

2-forms: {dx1 A dzo,dz1 A dxs,dxy A dxy,dze A ds, dxg A dxy, dzs A dzg}

3-forms: {dx; A dxa A dzs,dz) A dxe A\ dxg,dzy A des A dzy, dzs A dxs A dxg} (dual of 1-forms)

4-forms: {dxy A dxe Adxs A dxs} (dual of 0-forms)



Theorem: 1.6:

If a is a k-form and f is an l-form. Then B A a = (—1)¥a A B.

Proof. Any permutation on {1,...,m} can be written as a product of transpositions (j,j 4+ 1). Consider the

following swap of j with j + 1.

o M
i1 Tj+1
dziy N+ Ndzi, /\d:z:i],/\-~~Ad:pim(v(1),...,v(m)) =det | : : :
o™ M)
i1 41
WD
11 7 1541 tm
= —det : : : : : :
R I I
11 2 1541 tm

= —dzjy N+ Ndzi; Ndzig N A da;, (v, ... 0™

For the k-form, o = Z @i, i dzi, A - Ndxg,
For the I-form g = ijl"'jldle A Ndxj,

ORI
J m

oo
J m

We need to move k elements each passing 1 elements. And passing 1 elements gives a (—1)’. k times makes

it (—1)k
B/\a:ZZaledxﬁ A-e-dxy Ndxg, N---dagy
I J
= (=)' agbydzi, Adag, A+ dx Adai, A - da,
I J
= (_1)kl ZZa]deacil A --dxg, Ndxj, N ---dxy,
1 J

= ()M np

Corollary 1. If k is odd, o AN a = 0, but for k even, not necessarily true.

Example: v() = (1,-1,3,5), v® = (0,1, -1,4)

da A dy(vV,0@) = det (1) =1
M @ — et | 3 5] —

dz A dw(v\W,v'?)) = det 1 4 =17
M @) —aet |1 3] 2

dx N dz(v'W,v'?)) = det 0 —1 =-1

Let w = 2dx A dy + 3dz A dw — 5dx A dz, then w(v™® v?)) =2.143-17 - 5(—1) = 58



2 Integration on Forms

2.1 Differential m-forms

Definition: 2.1: Differential m-forms

A differential m-form on R” is given by w = Zf]da:[, I = (i1,...,%m), where f; : R" — R are

Ji
differentiable.

Example: w = 2%dx A dy — 232dy A dz. For full evaluation, we need three inputs:
e 1 base point p € R?
e 2 vectors v(l),v@) € TpR3

Suppose p = (2,1, —1), w, = 4dx A dy + 8dy A dz.
Now, suppose v1) = (1, -2,3), v(® = (2,0,1),

1 -2 -2 3
1) @)y = —4. —9) =
wp(v', v1¥) = 4det [2 0]+8det[0 1] 4-448(-2)=0

Remark 2. Generally, a differential m-form on R™ w takes in m vector fields on R™ and outputs a function
R™ — R.

Example: w = z2dz A dy — 23dy A dz, p = (z,y,2), vV = (z,2yz, zy), v = (y, 22, y?).
wp(v(l),v@)) = 22 det [m 2yz} — 23 det [2yz a:g}
Yy xz xz Yy

= 22(2%2 — 2y%2) — 232932 — 2?y2)

Example: w = xydx Ady AN dz — 2dx A dy N dw,

1)(1) = (a:,y,w,z>, U(2) = <1’2y,y2’,(£,$2>, 0(3) - <’LU,Z,.Z',Z/>-
T Yy ow T y =z
w®,v@ v®) = gydet |22y yz x| —2det |22y yz 2
w oz X woz Yy

2.2 Integrating 2-forms

Let ¢ : D — R"™, D C R? be a smooth C* function parametrizing a surface S in R”. We want to calculate
Jgw where w is a differential 2-form on R™.

Consider three points (u;,v;), (wit1,v;5), (Ui, vjy1) € D.
We can get a point p = ¢(uj,v;) € R™ and two vectors ¢(uit1,v5) — d(ui, vj), d(wi, vj41) — d(ui,vj) €
T R™.

b(uiv;)

Ui,V

Let Au = Ui41 — Usg, Av = Vj41 — Uy



Au,Av—0 “—
/1’7.7

/Sw = lim We(ug ;) (B(Wit1,v5) = duiy v5), d(ui, vit1) — Pui, vj))

B d(uiv1,vj) — d(us,v;) dlug,vie1) — d(ui, v;)
B AuhArilﬁxo w‘b(“i’vj) ( Au ’ Av Aulv

e (2 )

Example: w = zydr A dy + 22dx Adz. ¢(u,v) = (u,v,u? +v2), D = {(u,v) : u® +v* = 1}
99 — (1,0,2u), 22 = (0,1, 20)

/ w= // uvdz A dy((1,0,2u), (0,1,20)) + u?dx A dz((1,0,2u), (0, 1, 2v))dV
S D

_ 1 0 9 1 2u
—//Duvdet [0 1] + u“ det [0 21)] av
:// wo + 2u?vdV

D

27 1
= / / (7“2 sin 6 cos 0 + 2r3 cos® # sin O)rdrdd =0

Example: w = yzdz Ady + 2dy Adz, S = {(z,y,2) : 2* + y* = 1,0 < z < 2} a cylinder.
We can parametrize S by ¢(6, z) = (cosf,sin6, z), 6 € [0, 2x], z € [0, 2].
% = (—sinf,cos0,0), 5 8¢ = (0,0,1).

37¢ 37¢5  winds det —sinf cos6
wo02) \ 99> 9, ) T OMUE 0 0

do t[cos& 0] _.

cos 9 0 1

2 2
/w—/ /w(bgz)(g(g gd))dde / /zdzd9—47r
2.3 Integrating m-forms

Let w be a differential m-form on R", w = ijdx], where I = (i1,...,%mm). Let ¢: D — R, D C R™ be a

I
smooth C'*° function parametrizing a m-dimensional hypersurface in R"™.

o9 99
foo= [ s (G )

Example: w = z1dz; + (22 + x2)dxs + x374dT4. ¢ [0,37] = R, ¢(t) = (cost,sint,t, —t).
% = (—sint,cost,1,—1), dry = —sint, drg = cost, dry = —1.

3T
/ w= / cost(—sint) 4 (cos?t + sint) cost + (—t?)(—1)dt = 97°



Example: w = xgdxy AdesAdzy. ¢: D = [0 12 = R4, é(uq,uz,uz) =

gzﬁ <UQ,2'LL1,0 1>a 8u¢ <U1,0,U3, >7 au <071>u2> >

/w:/// uzu;;d;rl/\dxg/\du(&b&éa(ﬁ) av
S [071]3 Bul 8“2 6U3

u 0 1

—/// tugu;;det up ug 2| dV
0.1 0 1

u2

= ///[0 " u%u% — 2udus + uyuduzdV =0

2.4 Change of Variables
Example: Integrate w = z2dx over [0,5] C R

1. ¢(t) =t,t€0,5],

b b > 125
_ 1Y 2 _ 2, _ 149
/[075]w —/0 we(¢'(1)) —/0 t*dz(1)dt —/0 t4dt = 3

2. ¢(t) =5t —5,te[l,2],

/1 2 /1 / (5t = £)da(s)dt = 5/12(575 — 5)%dt

2
(ugug, uy + us, ugug, u1 + 2ug +ug)

This example shows that u-substitution is just a change of parametrization in a differential 1-form.

Consider ¢ : [a,b] — [¢(a), p(b)], w = f(x)dx

1. Trivial parametrization:

#(b)
/ w= / f(x)dx
[#(a),(b)] ¢(a)

2. ¢-parametrization:

/[¢(a)

Example: Calculate fol \/11_7dm with differential 1-form.

W = ﬁdxv [¢(a)7¢(b)] = [07 1}
Let ¢ : [0, 5] — [0,1], ¢(t) = sint, ¢'(t) = cost

)

)

w/2
w = w ))dt = / x(cost)d /
/[0,1} /0 ¢(t) VA 1 — sin® 0

We can apply the same technique to 2-forms and m-Forms

To integrate wf(z,y)dz A dy over D C R?

b b b
™ / W& (1)t = / F(6(0)dex (& (£))dt = / o) (D)t

/2 cost T

—dt = —
cost 2



1. Trivial parametrization:

/w—// Wi (‘M M) // F(z,y)dz A dy((1,0), (0, 1))dA
://Df(x,y)det [O J dA://Df(x,y)dA

2. ¢-parametrization: Let ¢(u,v) = (z(u,v),y(u,v)), aﬁ <g%7 %)7 %f _ <%’ %>
0¢ 0 ox 0 oxr 0O
/ W= // We <6(5 8¢) dA = // fz(u,v), y(u,v))dx A dy <<8i’ GZ> <6i aZU)) dA’

://Df(x(u,v),y(u,v))det [%; %ﬂ A’

Example: Compute [[},(z? + y*)dA with D = {(z,y) : 2* + y* < 4}

Let w = (22 + y?)dz A dy. Define ¢ : [0,2] x [0,27] — D with ¢(r,6) = (rcos®,rsin@).

% = (cos 0, sin b)), g—‘g = (—rsinf,rcosf).

2 27 8(25 8(]5)
w = w dfdr
/D /0 /0 ¢(a 100
2 2T .
:/ / r? det [ COS.Q sin 0 ] dédr
o Jo —rsinf rcosd

2 27
= / / r3dfdr = 8w
0 0



3 Exterior Derivative

The goal here is to define a derivative d that takes differential m-forms on R™ and outputs differential
(m+1)-forms on R™.

Starting point d : 0-forms — 1-forms. i.e. Given a 0-form (a function f(z1,...,x,)) on R", what is df?
1. df is a 1-form

2. To evaluate df, we set a point p € R", v € T,R",

(df)p(w) = Dof(p) = Vf(p) v = gf e 5‘;‘ - (ffldxmv) vt )

Thus df = %dl‘l + - %dmn.

Definition: 3.1: Exterior Derivative

Given a differential m-form d(fdxy) = (%fldxl ANdxp+---+ %dwn ANdxy.

Define dw = g E gf[dxj A dxy. This is a differential (m+1)-form.
-
I j=1 "

Example: In R?
O-form: a function f, df = fydx + fydy + f.dz
1-form: o = fdx + gdy + hdz,

do = fpdx Ndx + fydy A dx + f.dz A dx + gedz N dy + gydy N dy + g.dz N\ dy
+ hedx N dz + hydy N dz + h.dz N dz
= (92 — fy)dz Ndy + (hy — gz2)dy Ndz + (hy — f.)dz N dz
2-form: 8= Fdx Ady + Gdx Ndz + Hdy N dz,
dB = F.dz Ndx N dy + Gydy AN dx N dz + Hypdx A dy N dz
= (F, — Gy+ Hy)dz Ndy N dz
3-form: v = Rdz ANdy Adz, dy =0

Example: w = 23dx + 2zydy + zyzdz

dw = 3z2dx A dz + 2ydz A dy + 2xdy A dy + yzdz A dz + zzdy A dz + zydz A dz
=2ydx ANdy + yzdx ANdz + xzdy A dz

Example: w = 22y?dz A dz + 223yzdy A dz
dw = 2zy’de A dx A dz + 22ydy A dx A dz
+ 62%yzdx A dy A dz + 223 2dy A dy A dz + 223ydz A dy A dz
= (22%y + 6zyz)dx A dy A dz

Theorem: 3.1: Product Rule

Given w a m-form, p a k-form,

d(w A p) = (dw) A p+ (=1)"w A (dp)

10



Proof. Let w = ijdxj, = Znga:J, where I = (i1, ...,0m), J = (J1, -, Jk)-
1 J

WA p= ZZfngdxl Ndx g
I

J

)
d(w A ) :ZZax (frgs)dz, Ndxyp Adzxy
J T

0
_ S 8f[ " 8gJ
= Z(%Tng:cr/\dxz/\d:cJ+ZZf18dexmde/\de

) S
= LN 0" SN 5 dey A day A day

Oz,

Proof. Set w = fdxy, dw = Z gdxj Adxy.
j=1 "
n n 92
d*w = / dxy Ndxj ANdxy
- a$k6$j
k=1 j=1
n k—1 n
o f °f
= drp Ndz; Adxr + dry Ndx; Ndxg
1 \j=1 6mk6xj J jz;-l 8xk8xj J
n k—1 n k—1
0% f 0% f
= dwk/\d:cj/\dx[fzz dxy Ndxj ANdxp =0
pe 01,0 P 01,0z,
For the general m-form w = Z frdzxr, by linearity, we have d?w = 0. O

1

Example: Given a 2-form w = fdx A dy on R*.
dw = f.dz Ndx N dy + fudw A dz A dy
d’w = fopdw Adz Adz + fu.dz ANdw Adz Ady =0

Note that for gradients, curl and div, we have the following relationship:

) rad | di .
Functions on R3 225 vector fields on R3 <% vector fields on R3 2% Functions on R3

curl(grad(f)) d’f
2

pu— 0 p—
div(curl(F)) =0 =d°F

11



3.1 Hodge Operator

Recall that A\™(R") is the vector space of m-forms on R”. The dimension is dim A™(R™) = (). Note that
(M) =1(,",,)- We want to know if there is a relation between A™(R") and A"~ ™ (R")

m n—m

Definition: 3.2: Space of Differential Forms

The space of differential forms is a module over the space of forms
n m
D A®
m=0
Definition: 3.3: Hodge Operator

The hodge operator is x : A" (R™) — A" "(R").
*xdry =dxy s.t. dey Ndxy =dxi N ---dxy,

Example: On R2.

0-form: x1 = dx A dy

1-forms: xdz = dy, since we need dz A (xdz) = dz A dy
*dy = —dz, since dy A (xdy) = dy A (—dz) = dz N dy
2-forms: xdz Ady =1

Example: On R?, «: A'(R3) = A%(R3) and * : A(R3) — A'(R3).
1-forms: xdx = dy A dz,

*xdy = —dx A dz, since dy A (xdy) = dy Ndx AN dz = —dxz N dy N dz,
*dz = dx A dy, since dz A (xdz) =dz ANdx Ndy = dx ANdy N dz.
2-forms: by symmetry, xdz A dy = dz, xdx N\ dz = —dy, xdy A\ dz = dx

Example: «: A\*(R%) — A*(R%), w = day A dzg + 2das A day + Tdxy A das
*w = dxg A drg A dxs + 2dxy A dro A dxs — Tdxo A drs N dxy

Remark 3. f w = Zf[dxj, then xw = fo(*dxf).
I I

Definition: 3.4: Grad, Curl, Div

For f:R® — R, grad(f) = (fa, fy, f2)

For F = (P,Q, R),

curl(F) = (Ry — Q,, P, — Ry, Qz — Py)

div(F) = P, + Q, + R-

Identity: F' = (P,Q, R) = Pdx 4+ Qdy + Rdz = wr

Theorem: 3.3:

1. grad(f) =df
2. curl(F) = xdwp
3. div(F) = *d(*wp)

3
Proof.  1.df =7 gjdmj = fodx + fydy + f2dz = (fo, fy, f2) = grad(f)
j=1 "/
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*xdwp = x(Ppdx A\ dx + Qzdx AN dy + Rydx A dz 4+ Pydy A dx + Qudy A dy + Rydy N dz
+ P.dz ANdx + Q,dz Ndy + R.dz N dz)
= «[(Qz — P,)dx A dy + (R, — P,)dx Adz + (R, — Q.)dy A d2]
= (Qz — Py)dz+ (Ry — P.)dy + (Ry — Q.)dx
=(Ry — Q., P. — Ry, Q, — Py) = curl(F)

*d(*w) = *d(*x(Pdz + Qdy + Rdz))
= *xd[Pdy N dz — Qdx N dz + Rdx A dy]
= x(Ppdx ANdy Ndz + Qydx N dy N dz + R.dx A\ dy A dz)
=P+ Qy + R,
Also, since d? = 0,
curl(grad(f)) = xd(df) = »d*f =0
div(curl(F)) = *d * xdwp = *xd*wp = 0 O

3.2 Hodge Product via Inner Product

Definition: 3.5: Hodge Product via Inner Product

Let (-,-) : (A¥(R"))2 = R be a bilinear form (inner product) on the space of k-forms.
Define xa by the unique (n-m)-form s.t. Vg € A" ™(R)",

B A (xa) = (o, B)dxy A - -+ ANdxy,

L,I=J
0,1 #J
Let xdx = Adx AN dy + Bdy N dz + Cdx A dz.

Example: Assume (dz,dz;) = ,dr,dy,dz € /\1(R3) 1-forms on R3

Adx Ndx Ndy + Bdx Ndy ANdz + Cdx ANdx AN dz = dx N\ (xdz) = (dx,dz)dz A\ dy A dz

Since dx A dx =0, (dz,dz) = 1, we have B = 1.
From dy A (xdz), we get C' = 0. From dz A (xdz), we get A = 0.
Thus xdz = dy A dz.

Definition: 3.6: Matrix Representation of Inner Product

aip - Qip
On A'(R") = span{dx1, ..., dz,}. The inner product can be given by | : .. : | where By =

Gp1 - Qnpn

<dxi,d§cj>.

Example: \'(R?) = span{dz, dy}
(Adx + Bdy,Cdx + Ddy) = AC(dz, dzx) + AD(dx,dy) + BC(dy, dz) + BD(dy, dy)

~ 4 5[ {indi] [C]
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Definition: 3.7:

Suppose we know (dx;,dx;), 1 <i,5 < n. We can list to an inner product (-, ) : (A"(R™)? = R,
I = (ila "'7im)7 '] = (jl? 7-7m)

(dxp,dzy) = Z sgn(o)(dzi,, dzj, ) - - {dTip,, dTj, )
0ESH

1 3 -2
Example: Let (-,-) : (A'(R®)2 = Rgivenby | 3 2 0
-2 0 -1
1. Compute (2dzy + dzg, dx; + dx3):
<2d$1 + dxg,dxy + dl’3> = 2<dl‘1,d$1> + 2<d$1, dCL‘3> + <d$2, dl’1> + (dl‘z, d$3>
=2-142(-2)+3+0=1
2. Compute (dzy A dxa,dxs A dzs):
Here I = (172)7 J = (273)7 1 = 17 g = 27 jl = 27 j? = 37 52 = {(1)7 (1 2)}

(dxr,dxy) = (dz1,dxe){dTe, drs) — (dX1,dx3)(dX9, d2s)
=3.0-(-2)2=4

1 2 3 4
Example: Let (-,-) : (/\1(R4))2 — R given by ; _01 (1] _22
4 -2 2 3

Note S35 = {(1), (1 2),(1 3),(2 3),(1 2 3),(1 32)}, where (1),(1 2 3),(1 3 2) are even permutations with
sgn = 1, and (1 2), (1 3), (2 3) are odd permutations with sgn = —1

<d.1‘1 AN dxo A dxs,drs N\ drs A d.l‘4> = <dl’1, d$2><d£€2, d.%’g) <d$3, dl’4> — <d£L‘1, d.%'g)(d.%z, dl‘2><d.7}3, d$4>
— <d$1, d$4> <d33‘2, d.CL‘3> <d£L’3, dZL‘2> — <dl‘1, d.fL‘g) (dxg, dﬂ:‘4> <d.CL‘3, dl‘3>
+ (dz1, dx3)(dxg, dxg)(dxs, dxe) + (dx1, dzs)(d2e, d2o)(d3, dXs)
=2-0:2—-3(-1)2—-4-0-0—2(-2)1+3(-2)0+4(-1)1
=6+4—-4=6
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4 Applications

4.1 Maxwell’s equations

Definition: 4.1: Minkowski Inner Product

The Minkowski Inner Product (Metric) on 1-form is defined as diag(1,—1,—1,—1). i.e. (dt,dt) =1,
(dz,dz) = (dy,dy) = (dz,dz) = —1, and all other entries as 0.

We can compute the 2-forms to be diag((dt A dx), (dt A dy), {(dt A dz),{dz A dy), (dz A dz),{dy A dz)) =
diag(—1,-1,-1,1,1,1)

Proof. (dt A\ dx,dt A\ dx) = (dt, dt)(dz,dz) — (dt,dx){dx,dt) = —1.
Similar for (dt A dy, dt A dy) and (dt A dz,dt A dz).

(dx N dy,dx A dy) = (dz,dz){dy, dy) — (dz,dy){dy, dx) = 1.
Similar for (dz A dz,dx A dz) and (dy A dz,dy A dz).

For the off-diagonal elements. e.g. (dt A dx,dt A dy) = (dt, dt)(dz, dy) — (dt,dy)(dz,dt) = 0. O

The 3-forms can be computed as
diag(dz A dy A dz,dt N dz A dy,dt Adx Adz,dt Ndy A dz) = diag(—1,1,1,1)

The dual of dt is xdt = dx A dy A dz

The electromagnetic 2-forms is E = (E1, E9, E3) (electric field), B = (Bj, By, B3) (magnetic field).
The EM-field can be defined as

F = Eidxz Ndt + Exdy A dt + Esdz AN dt + B1dy A dz + Bodx A dz + Bsdx A dy

The current 1-form is p (charge density), j = (Ji, J2, J3) (current density),
J = pdt — Jidx — Jody — J3dz

The Maxwell equations can be defined in the following 2 equivalent ways:

V-E=p
V-B=0 N dF =0
VxE=-9 *xdxF =J

4.2 Integrals of m-forms over m-chains

Definition: 4.2: m-cell

An m-cell, o, is the image of a differentiable map ¢ : [0, 1] — R™ with a specific orientation.

Definition: 4.3: m-chain

An m-chain is a linear combination of m-cells

D) = Zniai
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Example: 0-cell: ¢ : [0,1]° — R" is a single point.

l-cell: ¢ :[0,7] — R2?, ¢(t) = (cost,sint) is a curve

2-cell: ¢ : [0,27] x [0,%] = R?, ¢(u,v) = (cosusinv,sinu, sin v, cos v)
3-cells: 22 +22 < 1,23 €[0,1], 24 =2, ¢:[0,1] x [0,27] x [0,1] — R?,
(1,0, x3,24) = (rcosf,rsinb, xs, 2).

Remark 4. The closed rectangles [a1,b1] X - -+ X [ay, by] are diffeomorphic to [0, 1]".

Definition: 4.4: Integrals on m-chain

Given X = E n;o; a m-chain, w a differential m-form,

%
fo=3m [ w
by F o

Example: 0-form f(x,y) = 3z + 2y on 0-cells p = (0,3),q = (5,2)

— _ — _ — — . .2:_
2qu—2/pf /qf 2f(p) — f(g) =2(0+0) — (3-5+5-2% 35

Example: 1-form w = zydr + (2% + y)dy on l-cells o1(t) = (cost,sint), t € [x,0], oo(t) = (t,t — 1),
tel,2]

/f:/ f:Q/ :cydx+(x2+y)dy—3/ zydr + (2° 4 y)dy
> 201—302 o1 a2

0 2
= 2/ costsint(—sint)dt + (cos® t + sint) cos tdt — 3/ t(t —1)dt + (t* +t — 1)dt
™ 1

=11

Example: 2-form w = zzdz Ady+dyAdz on 2-cell ¢ : [0,1] x [0, 7] — R3, ¢(r,0) = (rcos@,rsind,2)

/w—/xzdx/\dy—i—dy/\dz

1 T . .
= / / 2rcosfdet | 0 sin 6 dfdr + det sing 0 dfdr
o Jo —rsinf rcos6 rcosf 0

1 ™
:/ / 22 cos 0dfdr = 0
0o Jo
Definition: 4.5: Boundary of m-cell

The boundary do of an m-cell o is the image:

m

Z(_l)i+l(¢(m1a vy Lj—1, 17 L1y -eey $m) - gb(mla ceey Lj—1, 07 Lit1s -0y $M))
=1

The boundary of an m-cell is a (m-1)-chain.

Example: 1-cell ¢:[0,1] = R™, ¢(0) = p, ¢(1) = q, 0o = g — p is a O-chain.
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2-cell ¢ : [0,1] x [0, Z] = R?, ¢(r,0) = (rcosf,rsin6)

90 = (~1)’[6(1,0) = 6(0,0)] + (~1)°[6(r, ) — 6(r,0)]
= 9(1,0) = 9(0,0) = 6(r. ) + 6(r,0)

This is the counter-clockwise traversal of the boundary of the circle in the first quadrant.

3-cell ¢:[0,1] x [0,27] x [0, 5] = R3, ¢(r, u,v) = (rcosusinv, rsinusinv,r cosv)

Jo = (Qb(lv u, 1)) - ¢(O’ u, U)) - (QZ)(T’ 2777 v) - ¢(T7 07 v)) + (¢(T, U, g - Qb(rv u, 0)))
= ¢(17 u, U) + ¢(T7 u, g)

The first term is the top-half of the sphere. The second term is the disk at the bottom.

Definition: 4.6: Boundary of m-chain

If ¥ is an m-chain where ¥ = Z n;o;, o; are m-cells. Then 03 = Zniaai
j i

7

4.3 Generalized Stokes Theorem

Theorem: 4.1: Generalized Stokes Theorem

Suppose w = fdxa A --- Adxy, is an (n-1)-form on R” and R = [0,1]". Then

/ w:/dw.
OR R

/ w is the integral of an (n-1)-form on an (n-1)-chain.
OR

Ow is the integral of an n-form on an n-chain.
R

n
Note: An (n-1)-form on R™ looks like n = Z fidri A+ Ada; A -+ A dxy, with dx; removed.

=1

Proof. Fix N € N. For [ = (1;1, ey lip), T = (%, ceey ZN”) %ej =(0,..., %, ety 0).
dw = d(fdzy A+ Nday) = Zhdy Ao A day.
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][22 281] ... be a point in the region.
N e e
— i ey (il)
Jm o> e (e
ij=1,j€[1,n]
N
of €1 €n
— i I (x5)day AN d <77)
N Z gy D41 NN
i;=1,j€[1,n]

(By MVT and evaluation of m-forms)

N i . .
— m Z f( 1;1,127...72,1) — f(z1) dxa A - - - dxy, <ﬁ el)
N—oo

ietienm  niF1—in) N NN
N i i in i 1 e
= lim Y <f <12”) —f <02”>> daa A - Aday, (—1—")
NS e NN NN NN

{1}x[0,1]7—1 {0} x[0,1]—1 {0-,1+}x[0,1]n—1 R

Note: OR = {0~,1%} x [0,1]"" ' U [0,1]{0~,1F} x [0,1]* 2 U - - -, but the following terms will contribute
zero to the results. 0
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