Intro and background

20228F9813H 13:55

Data fitting problem
e Given a set of data points (xi, yi), i €{1,2,..,n} = [n], Find a, b that defines a line y = ax + b that best
matches the data.
o (a,b) € R? are optimization variables.
¢ Define an error function
o z;=y;— (ax; +b),i € [n]
¢ Aim to minimize squared error.

o ming Z?zl(yi —ax; — b)z'

of _ n
o L — ¥, 2(y; - axi —b)(~x) = 0,
. Slmpllfy Y xY; = (Zl 1x2)a+(2 1x)b
o L=yn 20y —ax;-b)(-1)=0.

= Simplify: X1, y; = (X, x)a + (X, 1)b.
o In matrix form

(Z?ﬂ xi)’i) _ < ?:1xi2 Xitq xi) (a)
Z?:lyi Z?:1 Xi n b

= |finvertible, we get a unique (a*, b*).
e Least squares
o Has an analytic solution
o Convex problem
o Quadratic form in terms of (a, b).
e Linear algebraic approach

Y1 x 1 z
o=l )G
Yn Xn 1 Zn
= y=Hv+z

o We want to minimize |z|? = |y Hv|.

o min,|y — Hv| = min, (y"y — 2yTHv + vTHTHv).
o Take derivative with respect to v.

» —2yTH+2vTHTH = 0.

» HTHv =HTy.

» v = (HTH) 'HTy.
o (HTH)_1 is a pseudo inverse of H.

MLE (maximum likelihood estimation) gaussian
e Gaussian noise model
o y; =axi+b+zl~.
o z; =y; —ax; — b~iid N(o o?).

" je.z;~ P(Z) —_— xp(—f{%).

* Problem:
o Pick (a, b) to maximize probability of observed data

o (a*,b*) = argmaxP(x,y;a,b) = argmax]_[l 1\/_ p( 2—12( — ax; — b) )
n
* = argmax (\/—5711_72-) exp( Y " (yvi—ax; - b) )
® = argmax exp (— 5(17—2 |y - Hv| ) (here |y - Hv| is the 12-norm).

= j.e. minimizing |y - Hv|2.
¢ Unconstrained QP
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MLE exp
e Model
o y;=ax;+b+z.
o z; =y; —ax; — b~iid double-sided exponentials.
= ie.z~P(7) = -exp (=2 ¢]).
e Problem:
o Pick (a, b) to maximize probability of observed data.

o (a*,b*) = argmaxP(x,y;a,b) = argmax]'[ln:lf; exp (—% lvi — ax; — b|)
1\" 1an
" = argmax (Z) exp( i=1|yl- —ax; — b|)

Cc
® = argmaxexp (—% |y - Hv|) (here |y - Hv| is the 11-norm).
e To express I1-norm as an LP, introduce auxiliary variables (t4, ..., t;,).
o minY, t; suchthat |y; — ax; — b| < ¢, i € [n].
o Equivalenttomin)X, t;, suchthaty; —ax; —b <t;,y; —ax; — b = —t;.
¢ Single-sided exp noise

1 ¢
o P(¢) = {zexp(—z)'f 20
0,{<0
¢
o Log-likelihood log (P(()) = {Const _{;:602 0
—o0,7 <

O MLE for 1-sided exp noise
* min)},y; —ax; — b, suchthaty; —ax; —b > 0,i € [n].

MLE uniform
¢ Uniform noise

1
OB

0, otherwise
__ | const, |(| <c
> log (P({)) B {—00, otherwise’
e Problem
o maxlog([TL, P(y; — ax; — b)) = max Y- log P(y; — ax; — b).
e An ML solution is any solution that satisfies |yl- —ax; — b| <¢, Vi€ [n].
o |P-feasibility

Feasibility problem
e mind, suchthaty; —ax; —b <d,y; —ax; —b > —d, Vi € [n].
e Ifd* < c,thenfeasible. If d* > c, infeasible.
e Prioron (a,b): (a,b)~N ((ya,ub),Z).
o Where u are the means, X is the 2 X 2 covariance matrix.

o Instead of max P(x, y;a, b), will max P(a, b | x, y).

= Bayes:P(a,b|x,y) = P(xy|ab)P(ab)

= P(x, y) is fixed by data.

= P(a,b) is the prior.

= P(x,y|a,b)is the likelihood of the given model.
¢ Reduce the problem to max P(a, b) such that (a, b) feasible.

1 1 L {a—u
¢} (a,b)~§£t—zexp<—5(a—ua,b—yb)z 1(b—,UZ)>.

a —_—
o So, we want to minimize (a — Ug, b — ub)Z‘l (b _ ZZ)

» Suchthaty; —ax;—b<c,y;—ax;—b = —c.
o This a quadratic program (QP)
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Vector space
e Def: A set of elements (vectors) closed under addition and scalar multiplication.
¢ Normed vector space: a vector space with a notion of length of any particular vector and a measure of
length or norm
¢ Inner product space: a normed vector space with a notion of angle between any pair of vectors specifics
an inner product space
e Norm:a normis a function ||-|| : R™ — R such that Vx,y € R™.
o positivity: ||x]| = 0and [|x]| = 0 if and only if x = 0 (add identity).
o Scaling property: ||tx]| = |t]||x]|, t € R, x € R™.
o Triangle inequality: ||x +y|| < |lx|| + ||y||
e examples

o Euclidean norm: ||x|| = \fﬂ;lxﬁ.

1
e
o Ly-norms,p = 1: ||x]|,, = ( "%l )p.
* [;-norm: ||x||; = Z?:lﬁci_l'_
* l-norm: ||x|l, = [XT, xa.
O Itis not only familiar from Euclidean space, but can also be induced by an inner
product
= [o-norm: ||x]|e = maxie[n]|xi|.
= Unit norm balls
O Norm balls must be convex sets

&k
NP

ITnorm

e Inner product

o (xy)=x"y =3, xy;.

o Angle: (x,y) = ||x||||y|| cos 9.

o x and y are orthogonal (x L y) if (x, y) =0.
¢ Cauchy-Schwartz inequality: |(x,y>| < ||x||2||y||2.

Matrices
e Set of m X n matrices with elements from R is denoted as R™*",
Rank of the matrix: rank(4) = min{m, n}.
Inner product of matrices: X,Y € R™*", (X,Y) = ?ilzj-‘:l)(inij = tr(XTY).

o Induces the Frobenius norm: || X||r = \/(X,_XS = Z{ﬁlz?:lXizj = ﬁr(XTX).

e Matrices as transformations R™ - R™,
o Rangeof A: R(A) = {Ax : x € R"} c R™.
o Nullspace of A: N(4) = {x : Ax = 0} c R™
Singular value decomposition (SVD)
o A=UzVT.
o A€ R™™
o U e R™™M orthogonal.
» UTU =UUT = 1,,.
= Orthogonal means that UT x preserves the length of x.
O ||UTx||2 =xTUUTx = xTx = ||x||?.
o X € R™™,
= Rectangular matrix with singular values along the diagonal
= Number of singular values = rank(4) = r.
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- 0'120-22"'20'r>0.

g 0 O
.0 .. 0 O
0 0 o,

0 0

o V € R™™", orthogonal.
» VTV =vVT =1,.
e Operation of A onany x € R™,
o Ax =UzVTx.
o VTx isalength-preserving rotation
o X is ascaling: scale each of the first r components of (VTx) by o;.
o U is again a rotation.

Symmetric matrices
e A matrix A is symmetricif A = AT.
o Let S™ be the set of real symmetric matrices, S™ c R™™,
e If A € S™, can diagonalize (spectral decomposition), A = QAQT.
o @ isn X n orthogonal matrix.

A4 0 O
o A=[ 0 .. 0 |, whereA,; are eigenvalues of A.
0 0 2,

o Note: real symmetric matrices have purely real eigenvalues.
e Areal symmetric matrix A € S™ is positive semi-definite (PSD) if vT Av > 0 for all v € R™ and is positve
definite (PD) if v Av > 0 forall v € R™ — {0}.
o Set of PSD: S}.
o Setof PD:ST,.
e Consider A € ST, can write A = QAQT.
o ThusvTAv = vTQAQTY = wTAw = ¥, A,wi.
o Since Q is invertible, vT Av > 0 means wTAw > 0 for allw € R™.
So Y™, A;w? meansall 4; > 0.
A symmetric matrix A is PSD if and only if all its eigenvalues are non-negative.
A symmetric matrix A is PD if and only if all its eigenvalues are positive.

O O O

Square-root matrix (of a PSD matrix)
e AE ST, s0A=QAQ".

A 0 0\ , (AP 0 o0 B -
e A=(0 . 0 |A=( 0 . 0 |=diag(JI,..\In)
0 0 4 0 o0 AY?

1 1
e Then Az = QA2QT.
1 1 1 1
o Since A24z = QAzQTQAzQT = QAQT = A.

Partial derivative and gradients

e Letf: R™ - Rand fix a point x € R", consider lim,_,, wagﬂx—) where e; is the ith unit vector. If

the limit exists, it is called the partial derivative of f at x and is denoted :—£; (x).
o7
o, )
of
* If all partial derivative exists, the gradient of f at x is Vf(x) = | 3%, (x)

Cae

0xn
¢ Directional derivative

o Foranyy € R", the one-sided directional derivative of f at x € R™ is f’(x, y) =
lim,_, —
o Gateaux differentiability: Iff’(x, y) exists for directions y € R™ and is a linear function of y, then
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f is differentiable at x.
o A function f is differentiable at x if and only if the gradient V£ (x) exists and satisfies Vf(x)Ty =
f'(x,y) forally € R™.
e Terminology
o fisdifferentiable over a subset U c R" if f is differentiable at all x € U.
o fis differentiable if differentiable at all x € R™.
o fis continuously differentiable over U c R", if it is differentiable over U and Vf is continuous
over U.
o fissmooth if it is continuous differentiable over all R™.
fe+y) —f@)=Vf )Ty _ 0

vl
o What it means is that f'can be arbitrarily well approximated by an affine function of y as y — 0.

o An alternate definition of differentiability: can you approximate the function arbitrarily well with
some affine approximation (Frechet differentiability)

e If fis continuously differentiable over U ¢ R™, then lim,,_,

Little o notation
e Given 2 semi-infinite sequences {xk}, {yk}, write x;, = o(yk) if limg_, o0 Xk = 0.
Yk

RO _ 0 for al sequences {yk} such thaty, — 0.

Tyl
- _ T
e Forany sequence {yl,yz, } such that lim;_,,, yx = 0, lim,,_,o flcty) SfCOVI) y 0.

vl

_ _ T
o Ve >0, 3k, such that Vk > k,, f(x+7i) ﬁ}(]x)” /&) v
k

o e |[f(x+yx) — F(x) = VF) Tyi| < €|lvl|-
o flx+yr)=fx)+V ) "y + o(llykll) is the affine approximation.
o Drop theindex: f(x +y) = f(x) + Vf(x)Ty.

e For functions, h(y) = o(||y||) if lim,,_,o

<e€

Scalar function approximation
e 1storder: f(u) = f(uo) + f’(uo)(u - uo) + o(u — uo).
 2ndorder: f(u) = f(uo) + f'(uo)(u —up) + %f”(uo)(u — uo)z +o0 ((u - uo)z).

1st order approximation for f : R? - R:

e f(u,v)= f(uo,vo) + fu(uo,vo)(u - uo) + fv(uo,vo)(v - vo) + o(||(u, V) — (uo,vo)”).
u—u
o fwv) =~ f(ug vo) + fulto, vo)(u —uo) + f, (o, vo) (v — v) = f(ug,v0) + Vf(uo,vo)T (v _ vg)‘

o = f(uo,vo) + <Vf(u°'v")‘ (1; - Zs»

1st order approximation for f : R™ = R:
o )= f(x0) + i fr, (%0) (x = x0) = F(x0) + Vf (x0) (x = x0) = £ (x0) + (VF (), (x = x0)).
o Affine approximation f : R™ — R.
* Rewrite Ax = x — X, it defines a direction, we can scale by 4 to get a line xq + AAx, 1 € R.

o f(xo+28x) = f(x0) + A (Vf(xo) Ax).

o For any centers x, and directions Ax, same form as first order Taylor approximation for a scalar
function, i.e. some affine f : R = R.
Inner product Vf(xO)TAx plays role of slope.

o A parametrizes distance from x.

o Often take Ax to be a unit vector so ||Ax|| = 1.

1st order approximation for f : R™ - R™:
e Can seeif as m mapping f; : R™ - R.

i@\ [filxo)\  [VA®T o([lx —xo[)
o feoy=| 20| = | falxo) | 4| VRO | (- i) + [ olllx = oll) |
£®) \fx)) \ThT o(lx ~ x)
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T
ggggT 3 f1x1(x0) flxz(xo) flxn(xo)

= = Df(xo) = J(xo) is the derivative (Jacobian)
anIEX)T frx, (xo) frx, (xo) fnxn(xo)

matrix.

* () =f(x0) + Df (x0) (x = x0) + o({[x — xol]).
2nd order approximation for f : R" - R:

o ) =f(x0) + V(x0) (x —x0) +3 (x — x0) V2 (x0) (x — x0) + 0 (Jlx = xo]|*)-
fxlxz (xo) fxlxz (xo) fxlxn (xo)

o (1) e, (50) oo i)
o Whenn =1, V%f(xy) = f"(x0).

o Symmetry: (sz(xo))T = V?f(x,), because freie; () = foejey ().
e Approximationalongalinel = {x x =x9+Au, A € ]R{}.
o f(xo+ ) = f(x0) + Vf (x0) (Aw) +3 (Aw)TV2f () (Aae) + o || — x| *).
o = f(x0) + A(Vf(x)Tu) + %AZuTVZf(xO)u.
o Along any line (choice of (xo,u)), get familiar 2nd order Taylor.

o Offset, the slope and the curvature all depend on x, and w.
o 1st order approximation is a plane and 2nd order gives a quadratic surface

e Hessian of f at xo € R™ V2f(x,) =

Examples of gradients
e f(x)=(a,x)=a"x,Vf(x) =a.
L4 f(X) = XTPX = ’-1=12§-l=1xiijij = 2? 1x-2Pl-i + .- +xx](PU + P]l)

© Ea_k x'Px = 2x Py + 2% i<i X i_'__; = 2x; (Puctpug) + 2 i<k Xi (Plkzpk—L).

o =¥Lix (Pki +(PT )ki)'
o V(xTPx)=x"(P +PT)=(P+P")x.
o If P is symmetric, V(x"Px) = 2Px.

Chain rules:
e Gradients for compositions of functions
e f:R">R,g:R->R,h(x) =g(f(x)).
o Vh(x) = g'(f())Vf ().
e fR">R™ g:R™ >R, h(x) = g(f(x)).

on) g o 29 0f , . 09 0fm
oxy 0f1 0x  0f, Oxg Ofm axk'
Oh Oh Oh
dx; 09x, T 0xp
¢} Df(x) = (Jac0b|an)
m  fm fm
0x,y 0x, 0xp

o Vh(x)" = Df(x)TVg(f(x))
o Function of affine function of x:
» f:R®" > R™, f(x) =Ax +b.
* h(x) =g(Ax + b).
» Vh(x)" = Df(x)"Vg(f(x)) = ATVg(Ax + b).

Gradient of log det function
e f:S" >R, f(x) =logdetX, dom(f) = S}, (positive definite detX > 0).

af  of af
0xq1 O0x15 = 0x1p
0xp1 O0xpz  Oxpn
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* Consider logdet(X + AX), X € S},,AX €S, X+ AX € S},.
BTANEINE 1 IR (A
e logdet(X + AX) = logdet\Xz\I + X 2AXX 2)Xz) =logdet\\I + X 2AXX 2)X).
1 1
e =logdetX + logdet (I + X_EAXXE) = logdetX + log(IT,(1 + 2;)) = logdetX + %, log(1 +
20).

1 1
o M =X 2AXX z, A; are eigenvalues of M.
e If Ax is small, then all the 4; are small and log(1 + 4;) = 4;.

1 1
e Thenlogdet(X + AX) ~ logdetX + Y-, A; = logdetX + tr(M) = logdetX + tr(X_EAXX_E).
o =logdetX + tr(X~1AX) = logdetX + (X~!,AX) (since tr(AB) = tr(BA)).
e This means that Vf(x) = X~ 1.

For 2 X 2 matrix A = (a b), A1 = _1_< d —b>.
c d detA\—c @
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Basic concepts

September 9, 2022 8:21 PM

Mathematical program (optimization)
* Objective function f, : R" = R.
e Optimization variable x = (xl,xz, ...,xn) € R™.
e Constraint f; : R" » R, i € {1,2,..., m} = [m] is the index set.
e Constrained problem
O minyegn fo(x).
o Suchthat fi(x) <0,i € [m].

Solving a problem
* Anoptimal x denoted x* is an x that yields smallest f;(x) among all x that satisfies constraints
¢ Could be unique, not unique or does not exist

Convex problems
* foand f; will be convex functions

Affine sets
e AsetC c R"is affineif Vx;,x, € C,0x; + (1 —0)x, € Cforany8 € R
e Note: can rewrite as x, + 9(x1 — xz).
O X, isthe offset.
o @ isscaling.
0 Xx; — X, is direction in R™.
o Is a subspace + offset
e eg.
o Alineis an affine set
o Solution to a set of linear equations {x : Ax = b} is affine
* An affine combination of points xy, ..., X, is X.je; 0;x; where §; € Rand /%, 0; = 1.
¢ Affine hull contains all affine combinations of points in the set

Convex sets
e AsetC € R"isconvexif Vx;,x, € C,V0 € [0,1], 0x; + (1 — 0)x, € C.
» Convex combination of x4, ..., X, is X7%; 8;x; where 6; = 0 and /%, 6; = 1.
e Convex hull of a set C is the set of all convex combinations of points in C.
o Notation: conv(C) = {¥%, 0;x; : x; € C,0; = 0,Vi € [m], X2, 0, = 1Vm € Z*}.

Conic sets
e AsetCisaconeifvxe(C,0x eC,v0 = 0.
* Conic combination of points Xy, ..., X, is 7%, 6;x; with 6; > 0.

Hyperplanes and half-spaces

e Hyperplanes: H = {x cal’x=b,a+# 0}.

o b is the offset of the subspace from origin.

Solution to set of linear constraint
Convex and affine
Dimensionn — 1.
Otherreps: H = {x : a"(x — x) = 0} = xo + a* wherea* = {v : a"v = 0}.

» Withalx, =b.
* Half-space: {x talx < b} = {x : aT(x - xo) < 0} = {x : (a,x — x0> < 0}.

o alxy=b.

o O O O

Polyhedral
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e P= {x : a]Tx <b,jE€ [m],clx =dy, k€ [L]} ={x:Ax <b,Cx =d}.
e Polyhedral are convex

Balls and ellipsoids

e Euclidean balls: B(xc,r) = {x : ||x - xC”z < r} = {x : (x - xC)T(x - xc) < rz}.
o Convex

e Ellipsoids: E(x.,P) = {x t(x - xC)TP‘l(x -x.)<1PE€ SL}.
o ST, is positive definite (symmetric and has spectral decomposition P = QAQT, with A =

diag(Aq, -, An), 4; > 0).

o l,-ballis ellipsoid with P = r?].
o E(x., P) is the image of unit [,-ball B(x,, 1) under affine map f(u) = P%u + x..
o Geometries

A 0 0
» ConsiderP=Q| 0 .. 0 |QT,
0 0 2,
. A4 0 0
. eIIipseisdefinedby(x—xc)Q 0o .. 0 QT(x—xc).
n

T . L .
= (x - xc) Q is a projection of x — x. onto each orthonormal eigenvector of Q.

» Let¥ = QT (x — x.), then ¥A™'x = 2?:12,1_?2' <1.
L
* Volume of the ellipsoid: Vdet P.
e Unit norm ball: {x : ||x —xc|| < 1}.

Cone of PSD matrices
e PSD:S} ={x €S": v Xv > 0,Vv € R"} eigenvalues are real and non-negative.
e Stisaconebecauseif X € ST, 60X € ST, v6 = 0.
e Shorthand: X €St X>0,Xe S, ©X>0.
o Slisaconvexcone.letA,B € St, 6,,6,>0,0,+6,=1,0,A+6,B €S

Generalized inequalities

e Aproper cone K c R™
o is aclosed, convex set.
o Has a non-empty interior
o Contains no lines (pointed)
o e.g. half-space is a not-pointed cone

* A proper cone K defines a generalized inequalities denoted <y (less than or equal to w.r.t. K).
o x<gy& (y—x) EK,x<gxy& (y—x) € int(K).

 For standard scalar inequality, the cone Kis K = R, = {x : x = 0}.

Operations that preserve convexity
e Take the (possibly infinite) intersections of sets S,,.
o IfS, is affine for all ¢, then N, S, is affine.
o IfS, is convex for all &, then N, S, is convex.
o IfS, isconic for all &, then N, S, is conic.
¢ Affine functions preserve convexity
o Affine function: f(x) = Ax + b, x e R", A € R™", b € R™, f : R" > R™.
o If S c R™is convex, then f(S) = {f(x) = S} is convex.
o IfS € R™is convex, then f~1(S) = {x 1 f(x) € S} is convex.
e Examples
A polyhedron is a convex set P = {x : Ax < b} as intersections of m half spaces.
{y ty=Ax+b,|x| < 1} is convex, because ||x|| < 1is convexand y = Ax + b is affine.
{x : ||Ax + b|| < 1} is convex as pre-image of norm ball under affine map.
Linear matrix inequality - LMl is convex.

O O O O
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» {xeR": x4, + -+ x,4, < B,A; € S™,i € [m],B € S"}.
» R > St f(x) = B — XL x;4; is an affine map.

{x: B—Ax >0} = {x :B—Ax € Sl"} and RHS is convex.

= Then pre image is convex.

Separating & hyperplanes
e Separating: if S,T < R™ are convex and disjoint (S N T = @), then there existsa € R", a # 0,
b € R,suchthata’x > b,Vx €T,a"x < b,Vx €S.
o Ifinequalities are strict, it is a strict separating hyperplane
e Supporting: if S is convex, Vx, € 35S, then there exists a € R", a # 0 such that aTx < aTxO,
Vx €S.
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Convex functions

October 31, 2022 11:23 AM

Convex functions
e Suppose a function f : R™ — R is defined on a convex domain (dom(F) is convex set), then f
is a convex function if Vx, y € dom(F), v6 € [0,1], f(9x +(1- 9)y) < O0f(x)+
(1= 0)f(y).
o fisconcaveif f(6x+ (1—0)y) =0f(x)+ (1 —0)f(y).
o fisstrictly convexif V8 € (0,1), x # v, f(@x +(1- Q)y) <O0f(x)+(1- Q)f(y).
o fisstrictly concaveif VO € (0,1), x # v, f(@x + (1 - H)y) >0f(x)+(1— B)f(y).
e Remark:

f(),if x € dom(f)

o Extended value function of a convex function is f (x) = {

o, otherwise
e Example
o Linear and affine functions are both convex and concave
o Parabolais convex
o logx withdom = R, is concave
o ||x|| is convex since ||9x +(1- 9)y|| <0O|x||+(1- 9)||y||.

1.
o ~isconvexon R, ,, concave on R__.

e Useful facts
o fisconvex = af is convex, foralla = 0.
o fi1,f, convex= f; + f, is convex over dom(fl) N dom(fz).
o If fis convex, g(x) = f(Ax + b) is convex Vx such that Ax + b € dom(f),x e R", A €
R™*™ b € R™.
o fi,f, convex = max(fl,fz) is convex.

The epigraph of a function f: R" - Ris epi(f) = {(x, t)eER"1:x € dom(f), t> f(x)}.
e fisconvexif and only if epi(f) is a convex set

Sublevel set
* The sub-level set of a function f : R"® - Ratlevel a is C(a) = {x € dom(f) : f(x) < a}.
e If f is convex, then all its sublevel sets are convex sets
o C(a) is aconvex set forall a.

o Let epi(f) = {(x, t):x € dom(f),t > f(x)], H={(xt):t=a}, Cla)= Hx(epi(f) n
H).
= j.e. C(a) isthe projection of a convex set to x.
¢ A function is quasi-convex if all its sublevel sets are convex sets

Super level set:

e C(a) = {x tf(x) = a}.
e A function is quasi-concave if all super level sets are convex sets.
e If fis concave, then all its super level sets are convex.

Convexity along lines
e fisconvexif and only ifg(xo + tv) isconvexint € R, Vxg € dom(f), direction v € R™.
. f(xo + tv) can be seen as g, ,(t), where x,, v are fixed parameters.

Differentiable functions & convexity
e 1st order condition: a differentiable function f (dom(f) is open and gradient exists
everywhere) is convex if and only if dom(f) is convex and Vx,y € dom(f), f(¥) = f(x) +
V@) (y - x).

o f is strictly convex if the inequality holds strictly Vx # y.
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o Scalarcase: f(y) = f(x) + f'(x)(y — x).
e Connection to epigraphs
o The epigraphs must lie in the same side of a hyperplane H.

o H= {Cj) (VAT -1) (1;) +(f() - VF)T™x) = 0}.
e Second order condition: a continuously twice differentiable function f is convex if and only if
dom(f) is convex and V2f(x) = 0 (PSD) for all x € dom(f).
o IfV2f(x) > 0 (PD), then f is strictly convex. Reverse doesn't hold
» f(x) = x* convex, but f'(0) = 0.
o Scalarcase: f"'(x) = 0.

* eg.
o f(x) =x%isconvexon R, fora = 1ora <0.
o logxisconcaveon R,,.
o xlogxisconvexonR,,.
o e* jsconvex Va.
o f(x)=xTPx+2q"x+71,P € S™is convexif P > 0, concave if P < 0.
= Vf=(P+ PT)x + 2q, note: xTAx = xT G (A + AT)) x, A € R™™,
= V2f =2P.
o f(x, y) = x2 + y? + 3xy is convex along any horizontal/vertical line, but not convex in
general.
o f(x) = \x1%3, V?f < 0 negative semi-definite, concave.
o f(x) = max; x; is convex.
o f(x) =max ) X + X[j] + X[x] is convex.
o f(x) =X, —log(b; — al x) is convex.
o f(x)= supyEC”x - y|| is convex (C doesn't have to be convex).
o f(x)= innyC”x - y|| projection onto C, not convex in general.

= fis convexif C is convex.
o f(x) =log(e*t + -+ e*n)is convex on R™.

» Vif(x) = (T—)— ((1Tz)dlag(z) —zz )wherez = (e*1,...e*n),

= VTV f(x)v = T ((Z z)(Zviz) - (T vizi)z) > 0 by Cauchy schwarz.
o With a; = v\/z;, by = \/z;.
o Cauchy-schwarz: (a’a)(bTh) = (aTb)Z.

= Or from the basic definition:
o 0f(x)+ (1 - G)f(y) =0log) e i+ (1—6)log) e’

— log ((2 exl-)9(2 eyi)l—e)'
= log <(Z(et9xi)%) (2(3(1-9)yi)1:1§> )

> log(Y, e9%i+(1=6)i) (by Holder's inequality).
1
o f(x)= (H?ﬂxi); is concave on R%,.
" V2f(x) = — =L (n dlag(xl s Xn?) — qqT) where q; = x;*
. TY2 __H_?=1_’i ﬁ_< Zt;)z
v Vef(xo)v = — (nzx? in <0.

o a= 1, bi = Ui/xi.

Consequences of convexity for differentiable functions
e From 1st order condition, if 3x* € dom(f), such that Vf(x*) = 0, then f(y) > f(x*) forany
y.
o i.e.if f convexand Ix* € dom(f) such that Vf(x*) = 0, then x* is a global minimum.
o Converse: if x* is a global minimizer of f and f is differentiable, then Vf(x*) = 0.
o Can be used for unconstrained optimization
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Local optimum
e Def: x* is a local optimum of f if 3e > 0 such that Vx such that [|x — x*|| < €, we have
fx) < f(x).
e Thm: suppose f is a twice differentiable function, then
o Ifx*isalocal optimum, then Vf(x*) = 0 and V2f(x) > 0.
o If Vf(x*) = 0and V2f(x) > 0, then x* is a local optimum.
e eg f(x)=x3 f"(0)=0,0isnotan optimum.

Summary
* For continuously twice differentiable functions, if x* is a local optimum, then Vf(x*) = 0 and
V2f(x) = 0.
« Ifin addition, f is convex, i.e. V2f > 0 Vx € dom(f), then Vf(x*) = 0 gives x* a global
optimum.

e For convex and C? functions, local optimum is global optimum.

Projection
o |If h(x, y) is convex in (x, y) € R"P?, x € R", y € RP, then f(x) = inf), h(x, y) is convex in x.
e eg. f(x) = innyC”x — y|| is convexif C is a convex set.

Composition of functions
o f(x) =g(h(x)), :R" > R, g:R > R, dom(f) = {x : g(x) € dom(h)}. Then f is convex if
o g and h are convex and h is non-decreasing.
o g concave, h convex and h is non-increasing.
e f(x) = g(h(x)), h:R™ > R¥, g: R¥ - R. Then f is convex f h; is convex for each i € [k] (or
affine), g is convex and non-decreasing in each argument.
e f(Ax + b) is convex if f is convex.

Examples
o f(x) = exp(g(x)) is convex if g(x) is convex.

flx) = g—éc—) is convex if g is concave and positive.

1. . .
o h(w) = — s convex and non increasing on R, ..

fx) = (g(x))p is convex if p = 1 and g(x) is convex and positive.
o h(w) = wP is convex and nondecreasing.
flx) = —Zlelog(—fi(x)) is convex on {x : fi(x) <0,Vi € [k]} if all f; are convex.
o dom(f) is convex as intersection of convex sublevel sets.
o logx is concave, so —log x is convex.
o Each terminthe sum is — log(—fi(x)), g(x) = —fi(x) is concave and h(x) = —logx is
convex, non-increasing, thus convex.
o Sum of convex functions is convex.
f(X) =logdet(X™!) is convex where dom(f) = STy, f : S}, - R.
o Check alongaline, let X, € St,,V € S™, consider X, + tV, t € R.

o f(t) =logdet ((XO + tV)_l) is well defined as long as X, + tV € ST, .

o

1 1oy o\t 1 B A N
zlogdet<xg (1+tX02VX02>Xg> = log det X02<1+tX02VX02> X, 2).

0
R
o =logdet(Xy') + logdet (I +tX,2VX, 2) .
1 1

* LetM = X, ?VX,?, with eigenvalues 4;, then I + tM has eigenvalues 1 + t4;.

= Proof: let u; be eigenvector of M, then (I + tM)u; = u; + tAu; = (1 + tA;)u;.
o =logdet(Xy") +log(IT, (1 + 4;£)) .

] i -1 _ —1— — n .

Since detA™" = ——, det(X) = [[iL; 4;.

o =logdet(Xy') — X log(1 + A;t).
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o 14 Ajtislinearint, —logx is convex, sum of convex functions is convex.
e f(X) = (detX)/™is concave on S7,.

e o) = (detx)r = detz + s = (det (23 (4 ez3vz7D) 22)),

B

_(getz2 (et (r 4 ez2vz)) deezt)”,

1 1 1 1
= (detZ)ﬁ(]'[ln:l(l + t/li))" where 4; are eigen values of Z 2VZ .
* f(X) = Apax(X) (max eigenvalue of X) is convex on S™.
o Amax(X) = Sup|y|<1 v Xv.

By spectral decomposition X = QAQT with QQT = QTQ = 1.

* Thenv'Xv = vTQAQTv = BTAD (with ¥ = QT v, ||#]| = ||v])).

T A N2 N2
viXv=9"AD = Z?=1/1i(vi) S Z?:l/lmax(vi) = Amax-
O Inequality is tight, proof by checking ¥ = e,.

o vTXvislinearinX, sup(vTXv) is convex as supremum over set of convex functions.
e f(X) = 0pmax(X) (largest singular value of X) is convex on dom(f) = R™™M,
O Omax(X) = SupllwllslllXW”-

o Since ||| is a norm,

oqg 0 O
Consider single value decomposition X = uXv” =u| 0 .. 0 |vT,withr =
0 0 o
rank(X), u € R, v € R™", yTu =vTv =1,.
1 1
Ixwll = |[uzvTw| = (WTvETuTusvTw)?2 = (WTE2W)z2,

o uTu=12%TE =32 letvTw = w.
1

1 1 1
Since = € S™, (WT'Z2W)2 = (Z{zlaﬂv‘fz)z < (Zf:l Umaxwfz)z-

= OmaxlWll < Omaa-
Equality can be achieved by setting w equal to max right singular vector.
O e.g letoy = Oy, St W = v, Wherev = (vl,vz, ...,vr).
vl 1
o Thenw=viw=|[ .. |lw={ ..
vf 0
[(6X1 + (1 — O)X,)w|| = [|6Xaw + (1 — 0)X,w]|.

= <O|xw|| + (1 - O)||Xow].
= So || Xw]| is convexin X.
o Supremum of a set of convex functions is convex.
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Convex optimization problems

October 31, 2022 11:23 AM

Optimization problem
e LetfiRM >R, i€{0,12,..,m}, hiR% > R,i€ [p]
e Objective function: min,, f,(x).
e Such that (Under the constraints):
o Inequality: f;(x) <0,i € [m].
o Equality: h;(x) =0,i € [p]
o Each f; has dom(fl-) and h; has dom(hl-), x €N, dom(fi) n]’.;l dom(hy).
e Feasibleset: C = {x : f;(x) < 0,Vi € [m], h;(x) = 0,Vi € [p]}.
e Optimal value: f* = inf,¢ fo(%).
o fC=0,f"=oo.
e Optimal pointis an x* such that f* = fy(x*) and x* € C.

Feasibility problems
0,if xecC
° fO(x) - {Oo,ifx e C

Convex optimization problem
e min f,(x).
e st fi(x)<0,i€[m],
e ajx+b; =0,i€ [p], equivalently Ax = b.
o They are affine and not generally convex, since level sets of convex functions are
generally not convex set
o eg. {x:x?—1=0}={1,—1}is alevel set, not convex.
e And f,, f;, i € [m] are all convex functions.
e C=N%, {x tfilx) < 0} nnf;l {x : Ax = b} is convex.
e eg.
O Linear program: min ch + d,,
= suchthatc/x+d; <0,i € [m]
= Ax = b.
o min||Ax — b]||.
» Suchthatl; < x; < u;, i € [n] (box constraint).
" Cx =d.

Local optimality and constrained optimality
e Def:x € Cislocally optimal if 3¢ > 0 such that Vy € C and ||x - y|| < €, we have fo(y) >
fo(x).

e For a convex optimization problem, a local min is a global min.

Differentiable functions with constraints
e For unconstrained optimization, if can find point where Vf,(x) = 0, then x is global minimum.
e For constrained convex optimization, if f; is differentiable, then x* € C is optimal if and only if

Vio(x)T(y —x*) = 0.

Quasi-convex minimization
e min f,(x) (quasi-convex, all sublevel sets are convex sets)
o Such that f;(x) <0, i € [m] (convex functions).
o hi(x) =0, i€ [p] (affine, Ax = b).
* Basic idea: introduce a surrogate function 6,(x), such that fy(x) < t © 6,(x) < 0.
e Solve a sequence (int t) of convex feasibility problems.
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o ¢:(x) <0 (for6:(x) <0).
o fi(x)<0,i€[m].
o hi(x) =0,i€|[p]

e Eg folx)= 2%, p(x) = 0 convex, g(x) > 0 concave.
s ), .p® — _
o Level sets: {x Ffo(x) < t} = {x e < t} = {x p(x) —tqg(x) < 0}.
o ¢i(x) =p(x) —tq(x)is convex witht = 0.
e Linear fractional programming

o A special case of the example above
T
o fox) = %T—;E;, dom(fy) ={x: c"x +d > 0}.
o Here p(x) — tq(x) is linear in x and always convex.
e Norm optimization
o min||x|| s.t. Ax = b (min of a convex problem, easy to solve).
o max]|x|| s.t. Ax = b (min of a concave problem, harder).
e Linear object with quadratic constraints
o mincTx,
st.xTPx+q'x+r<0,P=0
Is convex.
o mincTx,
st.x"TPx+q'x+r=0,P>0
Is not convex.
e Linear program
o mincTx,
st.Ax=1b
Is convex.
o mincTx,
st.Ax = b, x € {+1}
Is not convex (integer program).

Linear programs (LPs)
e minc’x + d, (d doesn't affect the program)
s.t. Gx < h,
Ax = b.
o Affine objective, affine equality and inequality constraints
e Feasible sets are polytopes
e Level sets of objective functions are hyperplanes {x icTx+d= 0}.

/wcecaiUe Seﬁ

e Problems that can be formulated as LPs
o min,||Ax — blle,
st.Fx < g.
= Recall W]l = maxie[n]|wi|.
" S ming,t,

Ax — b < 1t,
Ax — b = —1t,
Fx <g,

(x,t) € R™1 with x € R™,
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—

o miny||[Ax — bll4,
st.Fx <g.

» Recall ||w]||; = ?=1|Wl-|.

" ©ming, Yisg b,
Ax —b <t,
Ax —b = —t,
Fx<g,
(x,t) € R*™™ withx € R®, t € R™.

t2

-
o Fitting the largest sphere in a polytope
= letP = {x talx < bj,i € [m]}, x. =center of the sphere, r = radius of the
sphere.
" Xc+u € P means al-T(xC + u) < b;, i € [m], Vu such that ||ul]| < r.
= Look at a single constraint al x, + al u < b;.
O Solve for value of case u that just satisfies the inequality.

0 Direction —— WZE—” luf|| = 7.

llall’
o Need to satisfy: al x, + al u} < b;.
o Note: aj uj = ||a;||r, so the constraintis a x. + ||a;||r < b;, i € [m].
" maxy_,T,
st.al x. + ||a;||r < b;, i € [m],
(xc,7) € R™L,

*_
u; = T,

Quadratic program (QP)
. min%xTPx +qTx+7,
s.t. Gx < h,
Ax = b.
e Convexif P = 0.
e Feasible setis a polytope

e eg.
o min|lAx — b||3,
s.t. [; < x; < u;, i € [n] (box constraint).
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» ||Ax —b||2 = (Ax — b)T(Ax — b) = xTATAx — 2bT Ax + bTb.

Linear programs with random costs (Portfolio optimization)
o letx = (xl,xz, ...,xn), where 17x =1, x; is partition (fraction) of portfolio invested in ith
stock.
o letc= (cl, Cyy eues cn) with ¢; being the return of ith stock after 1 investment period.
e Total return cTx.
e Don't know c; ahead of time, but you have some idea of the distribution c~N(c, X).
o Cis the vector of expected returns.
o X= E((c —0)(c— E)T) is the covariance matrix.
* Expected return: E(cTx) = ¢Tx.

e Variance: Var(c™x) = E ((ch - ETx)2> =E (((CT — ET)x)2> =E(x"(c-0)(c—-0Tx) =

xTE((c —&)(c—&)T)x = xT2x.
e min, —c’x +yxT2x, (y € R,y = 0)
s.t. Gx < h,
Ax = b. (other constraints on portfolio allocation)
e y = 0 meansrisk doesn't matter, larger y means avoiding some risk.

Quadratically constrained quadratic program (QCQP)
. min%xTPOx +qlx + 1y,
s.t. %xTPix +qlx+1,<0,i€ [m],
Ax = b.
e If Py, P;, i € [m] are PSD, then the problem is convex.

Second order cone program (SOCP)
e minfTx,
s.t. ||Aix + bi||2 <clx+d; i€[m], A € R"" b, € R", ¢; €ER", d; €R
Fx =g, F € RP*" g € RP.
e Norm cone
o K={(x1t): x|l <t} c R*"1, K is convex (from homogenity/scaling property and
triangular inequality).

A; . Aix + b;
e Consider fi(x) = <ch>" + <2‘> = < : ‘) € R™*1, f; is affine.
i i

f cl'x + d;
e To satisfy ith constraint, {x s filx) € Ki} = fi_l(Kl-) with K; the norm cone with [, norm and
n =n;.
e IfA; =0,LP.

e If¢; = 0,QCQP.

QCQP/SOCP with an analytic solution
e mincTx,
st.xTAx < 1,4 > 0.

1 1 1
e Lety = A2x, A = QAQT, Az = QAz(QT.
1 1 1
o ¢T"x=cTA z2A2x = éTy, withé = A zc.
1 1
o xTAx = xTA2A2x = yTy = ||y||2 <1

2
e The equivalent problem is: min &7y s.t. ||y|| <1
= 1

f oL C r gy = A
Y E X =AY = g
e whenA ¢ St
A 0 0
o ForxTAx to bevalid, A € S™, it can be decomposedintoA=V| 0 .. 0 |VT =
0o 0 1,

K RAZY
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o xTAx =Y, 4x"ViVx = XL, iyiT)’i, withy; = Vx,y =V'x.

o The constraint is then Y1, 4,7 <

1C)Ty

o The objective is min CT(VT)_ y =min(V ™

Unconstrained QPs
. min%xTPx +qTx +r, where P € S™.
e P not PSD, objective is unbounded below

o

o

o

e P >0, problem is convex.
o V( xTPx +qTx + r) = Px + q, if can find x* such that Px”*

Take v an eigenvector of P such that 4, < 0.
Look along line tv as t — oo, %xTAx = %(tv)TA,,(tv) = étz/lv < 0.

2
%xTPx +qTx+7r= t—z-lv +tqTv +1r > —oo.

= —q, x" is optimal.

o P> 0,Pisinvertible, x* = —P~1q unique.
o P =0, but P has some zero eigen values.
» If g € R(P) (column space of P), then can find x* to write Px* = —q, x™ is zero
slope and global min, not unique.
» If g € R(P), unbounded below.
0 Lletq = g+ q, withqy € R(P), q, L qy.

2
o Takex = —tq, witht > 0,%xTPx +qTx+7r=—t|q.||” +7 > —co.

Robust LP
e minc’x,
st.al <b;,i€[m],
Don't know (a;, b; ) exactly, have some uncertainty.
e Worst case (uncertainty ellipse)
o a;€E; = {cTL +Pu: @ € R", P € RV |lull, < 1}
o = minc’x,al <b;a; €E;.

_ T
o = min ch,sup”u”ZSl(ai + Piu) x < b;.

o

(al+Pu) x=a; x+u'Plx <a” x+< —> =a; x +||Px|

o Equivalently: mincTx, s.t. @;7x + ||PTx| < b; (SOCP).

e Statistical approach
o a;~N(a;,Z).
o mincTx, s.t. Pr(a?x < bl-) =1, withn > %the level of confidence. Take n = 0.95.
o E[aiTx—bi] =Ex—bl- = U;.

o B|((ax-b) - Balx - b)) | = 8 |(al - )| -
@) |x=x"5x > o?.

o With ®(y) = —:—n f_yoo e t/24t, Pr
boelx >~ ().
sax|

This gives minc x, s.t. b; — Ex > d~1(n) |

o Invert @,

o

1
Y2x | (socp).
Least square problems
e Setup: solve system of linear equations Ax = b.
e If Aissquare invertible, x = A™1b.
e otherwise, 2 cases for A € R™*",
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* Overdetermined m > n.
o More constraints, fewer parameters.
No vector x exactly satisfies Ax = b.
Idea: find best x that most closely matches the constraints, min||Ax — b||3.
f=Ax — b||5 = xTATAx — 2bTAx + bTb.
Vf =2ATAx — 2ATb = 0.
o If ATAis invertible (4 is full-rank), then x* = (ATA)_lATb.
o If not, we have linearly dependent columns.
e Underdetermined m < n.
o More parameters, fewer constraints.
In general, many x satisfy Ax = b.
Assume A is full rank.
Idea: min||x||?, s.t. Ax = b.
Note: set of x that satisfy Ax = b, is {x : Ax = b} = xo + N(A)
" X, isone solution Axy = b.
= N(A) = {x: Ax = 0} is the null space of A.
o Claim:x* = AT (4AT) .
= Ax* =b.
= Orthogonality: (x — x*,x*) = 0 for Ax = b.
o Tocalculateit, (b — Ax)TA = 0 gives ATAx = ATb.

o O O O

O O O O

Optimal control example
e Goals: move mass M from 0 to D in KT seconds (discretized time steps).
o Block initially at rest, surface is frictionless
o Want block at rest at position D at time KT.
o ulk] is a constant force applied fromt = KT tot = (K + 1)T.
o Suppose fuel consumption is proportional to (u[k])?.
e Total consumption: ¥ X M(u[i])2.

x[k]
e System state: <5c[k]>'
(0
0)

e Transitions
o x[k+ 1] = x[k] + X[k]T.

o x[k+1] = x[k] + *[KIT + £[k]T2.
o ¥[k] = EIEIL].
TZ
xlk+11\ _ (1 T\(x[k] Py,
) (x[k + 1]) - (0 1) <5c[k]> |7 |k
M
TZ
e So X[k + 1] = AX[k] + Bu[k], with 4 = ((1) D B=(2)
o Using recursion, X[K] = AXX[0] + CU, "
u[K — 1]

o with C = [B,AB,A%B, ...AX"1B]and U =
u[0]
e Problem formulation
o min %St wliD? = |Ul1%,
s.t. X = AKX[0] + CU.
e Optimal solution.

o Ujs = CT(CCT) ™ (X[k] — AKX[0]).
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T
B -1

T ™1 _ : K=1 2jpRT( AT j)
o cT(cc™) A (2120,4 BBT(AT)
BT(4T)
o Zf;ol AjBBT(AT)] is the discrete time controllability Gremmian matrix.
o If C is not full rank, no optimal.

Geometric programs(GP)

 Monomial: h(x) = cx;x,% ... xy", ¢ = 0, a; € R, dom(h) = {x : x; > 0} = R%,.
e Posynomial: f(x) =Y ckxf“‘xgz" ...x,‘f"k, ¢, = 0is the sum of monomials.

e Problem:
o min fo(x),
st fi(x) <1,i € [m],
hi(x)=1,i€ [p]
for f1, - fin all posynomials, h; all monomials.
* Get the convex form
o Lety; =logx;.
o For monomials:log h(x) = logc + a1y, + -+ + a, V. (affine in y)
o For posynomials: log f(x) = log(Z creY1k eyﬂ“nk) = log (Z eZi=1 yl'“ik*'ﬁk).
* B =logcy.
= Convexiny.
o The problem becomes: minlog f,(e”1, ..., e¥n)
s.t. log fi(e¥1,...,eYn) < 0,i € [m],
logh;(e”,...,e¥n) = 0,i € [p].

Example: wireless transmission
e ntransmitters TXy, ..., TX,,, nreceivers RXy, ..., RX,,, mutally interferring, Gij the gain
between TX;, RX;, a? receiver noise.

e Signal to interference and noise ratio: SINR; = —————.

e Rate of communication: R; = log(l + SINRi).
e Typel:maxp p min; SINR;, s.t. P; < PBpgy.

o Equivalently, maxt (same as min%), s.t. SINR; > t, Vi € [n], P—Pl— <1,ie€[n].

max
G (nginGji*‘Uz)f -1 2 -1
1.
o The GPis: min%,
s.t. P—Pl— <1,i€[n],

[(2)20P,Gi) (PiGu) ™ +0%(PGy) |t < 1.
o Type2:max)i-; Ry, s.t. P; < Ppay.
o Assume high power ratio, SINR; > 1, R; = log(SINRl-).

. . -1 -1
arg min log( =1 __PEE__> = arg min log [(Zjii PjGﬁ) (PiGii) + Uz(PiGii) ]
o And product of posynomials is a posynomial.

A .. 2
o WhenR; = log(l + SINRl-) = log <Z__P?£;>' not a GP.
j=i £jUji

Optimization with generalized inequalities
e min f5(x), (fo : R" > R)
s.t. fi(x) <k, 0,i € [m], (f; : R* > R¥i, K; is a proper cone in R¥i)
h;(x)=0,i € [p] (h; are affine).
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f; are K;-convex, i.e. f;(6x + (1 — 6)y) <k; 0fi(x) + (1 - 0)f:(v), vo €[0,1],x,y €
dom(fl-).

o A function is K;-convex iff it is K;-convex along all lines.

o Sublevel sets are convex, hence feasible sets are convex.

o Local optimum=global optimum.

o Optimality condition: objective non-decreasing as move into feasible set from x*.

Semidefinite programs (SDP)

Special case of generalized inequalities
min cTx,
s.t. fo +x1f1 + - xnfn <psp 0, (can have many of them, f; € S™)
Gx = h.
o Note: f(x) = fo + fixqs + -+ + frx, is an affine function of x.
o {x f(x) < O} = {x :—f(x) € SI_”} the preimage of SI* under an affine map, thus
convex.
Standard form: min Tr(CZ),
s.t. Tr(4;Z) = b, i € [m]
Z =0,
ZeS™C Ay, ...A, €ES™
o To transform the above into standard form
= |ntroduce slack variables, to turn < into =.
* Write each x ininitial formas x = x* — x~ wherex* > 0,x~ > 0.

Z 0 0
» 7=-Fy—-Yx;F;,Z=(0 diag(x™) 0
0 0 diag(x™)
0 0 O
» 4;,=(0 G; O
0 0 -G
0 0 0
» C=|0 diag(c) 0
0 0 —diag(c)

Portfolio design

X = (xl, ...,xn) allocations of stocks.

P = (P,, ..., P,) expected returns.

T=E((x-0(x-x)T7).

If we don't know X exactly, what is the worst X for fixed investment strategy x?
Maybe Vi, < 24 < Uy, k € [n],L € [n].

max xT 2x,

s.t. Vkl < Zkl < Ukl' k,l € [Tl],

2=0.

xTZx = tr(xTZx) = tr(ZxxT), so this is a SDP.

Relaxation of homogeneous QCQPs

minxTPyx + qfx + 7,

s.t. %xTPL-x +qfx+1r,<0,i€ [m].

Convex if P; = 0, Vi.

Homogeneous means q; = 0, Vi.

Problem non-convex if any P; not PSD, or if replace < with =.

e.g. minx’ Cx,
s.t. xTFix > g;, i € [m], if F; not negative semidefinite, then not convex.
xTH;x = 1;, i € [p], not convex.

xTCx = tr(xTCx) = tr(CxxT) = tr(CX), with X = xxT.
o rank(X)=1,X = 0.
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e Equivalently, min tr(CX),
st.tr(FiX) = g;, i € [m],
tT(HiX) = li' i € [p],
rank(X) =1,X > 0.
o Linear constraints
o The only non-convex constraint is rank(X) = 1.

SDP relaxation:
e drop the only non-convex constraint (rank(X) = 1) to get a convex optimization problem
¢ Objective value may be lower
e Now can compute some X™ for relaxed problem. Hope it tells something about solution to
original problem
e Calculate the rank(1) approximation to X* using SVD

e.g. two way partitioning problem
e Setup: n items, partition into 2 sets
e Costs: W;; cost/utility of i, j € [n] being in the same partition.
o —W;j is the cost if they are in different partition.
o Wij =W
e Problem: minx"Wx,
s.t.x; € {—1,1},i € [n] ©® x? = 1 (non-convex).
xTWx = Zi,j xiijij.
e Equivalently:
o mintr(WX)st. X; =1,i € [n],X =0, rank(X) = 1.
e Relaxrank(X) = 1 to get SDP
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Duality Theory

September 12, 2022 12:56 PM

Start with a (not necessarily convex) optimization problem in standard form
min f, (x),

s.t. fi(x) <0,i € [m],

hi(x) =0,i € [p].

With optimal value p*, optimal variables x*, x is called the primal variables.
Domain D = (n?;o dom(fi)) N (nfzo dom(hi)).

The Lagrangian function: L(x, 4,v) = fo(x) + X%, Aifi () + Zfﬂvihi(x), where 4;, v; are the Lagrange
multipliers or dual variables, dom(L) = D X R™ x RP.

The dual function g(4,v) = min, L(x, 4,v)
e x may be feasible or infeasible.
¢ Minimization removes dependency on x.

Dual optimal problem
o max;, g(,v),
st.A=>0.
¢ Dual optimum: d*, optimal variables 1*,v*, (4, v) are dual variables.
* g(4,v)isconcavein 4,v even if the original f is not convex and h; is not affine.
o gliv) = minx{fo )+ XM Aifi(x) + Zlevihi (x)} = min{affine functions} is thus concave.
e g(1,v) < fy(x)if (a) x is primal feasible and (b) (1, v) is dual feasible.
o Set of points satisfying (a)(b) are {x ED:fi(x) <0,h; = 0] X {A,v:/ll- > 0}.
o fo)+ X Aifi(x) + Z?zlvihi(x) = fo(x) + negative < f,(x) for x primal feasible, 1 > 0.
o g(A,v) = min{fo(x) + X2 4;f;(x) + X7_; vihi (1)} < fo(x).
o Remarks
» fo(x) = g(4,v) for primal feasible x and dual feasible (4, v). i.e. dual problem provides a
lower bound.
= Best lower bound is to max g(4,v),s.t. A = 0.
» Bound holds for x*, i.e. p* = fo(x*) = g(A*,v*) = d".
* For primal and dual feasible (x, 4,v), fy(x) — g(4,v) is the duality gap.
o Weak duality: p* —d* = 0.
e Strong duality: for convex optimization problems (f; convex, h; affine) and under certain constriant
qualification conditions (not all possible constraints are allowed), then p* —d* = 0.
o Convexity + constraint qualification is sufficient condition for duality to hold, but not necessary
conditions
e Pricing interpretation
o min fo(x),
s.t. fi(x) <0,i € [m],
h;(x)=0,i€ [p]
o Reformulate as an unconstrained problem using two penalty functions I and [ .

_{0,ifx<0
I(x)—{ o, else
. _(oifx=0
I = o, else

= minfo(x) + X2, 1(fi(0) + X I(h ().
= Note: this is not nice mathematically.
o Basicidea in Lagrange duality is to relax I and [ to make it mathematically nice.
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o A;fi(x) gives a lower bound for I(ﬁ-(x)), vih;(x) gives a lower bound for f(hi(x)).
o Sominfy(x) + X% I(f;(x)) + XF_, I(hi(x)) = min fo(x) + T2 Aifi(x) + XF_ vihi (x).

Dual problem
e Start with original problem
min f, (x),
s.t. fi(x) <0, hij(x) = 0.
¢ Replace with lower bound, minx(fo(x) + X Aifi(x) + Z?zlvihi(x)) = L(x, A, V).
 Solve for dual function g(4,v) = min,¢p L(x, A, v),
o Provides lower bound on any primal feasible x if (A, v) dual feasible
e Maximize lower bound for all dual feasible (4,v).
o maxg(4,v),
st.A=>0.

Remarks
e Can consider A; and v; for violating constraints (cost per unit violation)
e InL(x,A,v) are allowed to consider non-primal feasible x € D and pay linearly

e In problem for which strong duality holds, can replace I and I with linear bounds as long as set A} and v;
correctly

Slater's conditions

e Thm: a set of constraints f;(x) < 0, i € [m], Ax = b satisfies Slater's conditions if 3x € D such that
fi(x) <0,i € [m]and Ax = b.
e e.g. convex constraints not satisfying Slater

1 0\[x+1

O (xl + 1;}71) (O 1)( 1y1 ) S 1.
1 0)\(x1—2

O (xl —2;}’1) (O 1)( 1y1 >S4‘

o Intersection has no interior

* If we have affine inequality constraints f;(x) = giTx + h; < 0, we only need to satisfy with equality, not
necessarily strict (not part of Slaters)

Strong duality
e Thm: if primal optimization problem is convex and Slater's conditions are satisfied, then p* = d*. (i.e.
duality gap is 0)
* Consider only a single inequality constraint
o Primal: min f(x), s.t. f; (x) < 0 with optimal p*.
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o Lagrangian: L(x, A1) = fo(x) + 1f; (x).
o Dual function: g(4) = minyep L(x, 1) = mingep(fo(x) + Af1(x)).
o Dual problem: max g(4), s.t. A = 0, with optimal d*.
* Resource tradeoff: G =U,ep {(f1(x), fo(x))}.
e Shadow of G (solutions dominated by G): A = G + R2 = {(u, t):u=fix)t=flx),xe€ D}.

Golx)

‘6()‘\

o Boundary of corresponds to set of interesting designs
o A contains both feasible and infeasible designs.
o Boundary of A is some function p(u)

* p(w) = min f,(x),

s.t. f1(x) < u.

o Note: p* = p(0) by definition
o Will show if fy, f1 convex,

® pis non-increasingin u.

= pisconvex, implying A = epi(p) is convex.
o If nonconvex, may have:

K5

(

7 U

* Prove convexity of p.
o Thm:p is convex, i.e. Vuy, u, € dom(p), 1 € [0,1], p(Auy + (1 — Duy) < Ap(uy) + (1 —
Dp(uy) .
o Setup:
* p(uw;) = min, fo(x), s.t. fy(x) <u
= x; = argmin, fo(x), s.t. 1(x) < u,i.e. fo(x1) = p(uq).
= Similarly, let x, be fo(xz) = p(uz).
* LookatX = Ax; + (1 — A)x,, 1 € [0,1].
" fi(®) = fi(Ax; + (1 = Dx3) < A1 (x) + (1 = D f>(x) (convexity of f;),
< Auy + (1 — A)u, (since x4 feasible for p(ul)).
° P(Au1 +(1- A)uz) =fo(®) <o)+ A -Dfp(x) = AP(M) +(1- A)P(uz)-
¢ Consider the following optimization problem with 1 > 0.
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© ming,H(4,1) (1:), s.t. (u,t) € A, A convex.
o Let(4,1) (1:) = const, thent = const — Au.

o Optimum point is on boundary, corresponds to some x*(4) s.t. (u*,t*) = (fl(x*(/l)),fo(x*(/l))).
o All other points are no better
. u* u u
1) (t) <@ 1) () foral (}) e a.
= (A1 (“_“)20.
@Dt
o i.e.(u* t*) defines a supporting hyperplane of epi(p) = t, touches at point (u*, t*).
o This is non-vertical, since (4, 1) cannot be horizontal, unless 1 - oo,
o Tangent point: (fl (x*(A)),fo(x*(/l))).
o Extrapolate back to get y-intercept, (O, fo (x*(/'l)) + Afi (x*()l))).
e Connection to dual
. u
o ming,(4,1) (), st (wt) €A
o =t"+ " = fo(x*) + Af1(x™) = minyep fo(x) + 1f1(x) = g(4) (dual function).
o Dual optimal: d* = max; g(1), 1 = 0.
= Maximize y-intercept to get as close to p* as possible

o If non-convex, A might not be a convex set.

{
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o If Slater's condition doesn't hold, the supporting hyperplane at p* may be vertical.

Sensitivity analysis
» Consider the problem p*(u, v) = min f,(x),
s.t. fi(x) < wy;, i € [m], (u; < 0 tighten constraint, u; > 0 relax constraint)
hi(x) = v;, i € [p] (v; # 0, switch operating point).
* This is the generalization of p(w) function.
o p*(0,0) = p*is the primal optimal value for unperturbed problem.
e Assume convex optimization satisfying Slater's.
o p*(0,0) = g(1*,v*) by strong duality.
= min, L(x, A*,v*), p* achieved at some x*, 1*,v",
< L(x,A*,v*) for any x € D. Furthermore, pick x primal feasible for perturbed problem.
= fo() + E2y A fi(x) + TP vihy(x).
< fo() + X% Aju; + XF_, viv;, since x is feasible for perturbed problem and 1} > 0.
= fox) + )Tu+ (v9)Tv.
» Also holds for x € D, optimal for perturbed problem for which f,(x) = p*(u, v).
« p"(w,v) 2p*(0,0) — (AN u— ().
e If 2* > 1, a small change in constraint changes the optimality greatly.

Lagrange method
* min f,(x),
s.t. fi(x) <0,i € [m].
e Steps
o Form Lagrangian, L(x, 1) = fo(x) + X%, Aif; (x).
o Find dual, g(1) = min, L(x, 1).
o Find A" = argminys, g(4).
o Recover x* (primal optimal) using L(x, A*) by finding x to minimize L(x, 1*).
e Remarks
o Attractive framework if there exists structure in dual problem that makes it easy to solve (1%, v*) for
numerically or analytically.
o Given A%, the x that minimizes L(x, 1*) may not be unique when p(u) is convex but not strictly
convex.

Lagrange method for least squares.
e min|x||?,
s.t. Ax = b, A € R™", m < n, underdetermined.
« x"=AT(AAT) b,
o L(x,v) = IxII? + T2, vi(al x — b;) = |Ix||I> + vT (Ax — b).
o g(v) = min,(||x|[* + v"(Ax — b)),
9

9L _ Ty = 0 gi — _Iyr
o ax—2x+A v =0givesx = 2A V.

e glv) = i ||AT1/||2 - %VTAATV —vTh = —ivTAATv —vTh,
o g'(v)= —%AATV —b,v* =argmaxg(v) = —Z(AAT)_lb.
o x*=—1ATv" = AT(4AT)'b.

Consider the dual problem

o max, g(v) = min, GVTAATV + va).

o Equivalently, min

2
%ATV + xo ” where Axy = b (overdetermined).
2

o ||%ATV + xg ||z = (%ATV + xO)T (%ATV + xo) = %VTAATV +vTb + const.
o Note: no constraints in over determined dual problem.
O Re-express: min||y||2 sty = %ATx + Xg.
e Dual of the dual
o Lagrangian L(x,y,v) =y Ty + v (%ATx + xo — y).

ECE1505 Page 28



o g(v) =miny, L(x,y,v).
. O
0x

1 oL 1
. IfEAv =0, L(x,y,v) = yTy + vTxO — va, > =2y—v,s0y = V.

= %Av, hence g(v) = —oo, unIess%Av =0.

: —o0, if AV # 0
o glv)= :
—%VTV + vTx,, if%Av =0
o Dual problem: max,, —%vTV +vTxgs.t. Av = 0.
o1 T T —
© < min, (v 2x0) (v 2x0) X Xg, s.t. Av = 0.

o & minvi”v — 2x |2, s.t. Av = 0.

2
o letz=v—2xy Av = Az + 2b, so min ||§| ,s.t. Az = —2b.

o Letz= —g, min||Z||?, s.t. Az = b.
o Dual of the dual is the primal for convex problems

Duals of LPs

mincTx, s.t. Ax < b.
Lagrangian: L(x,4) = ¢c"x + AT (Ax — b) = —=ATh + (T + 2T A)x.
_ _(=ooif T+ ATA£O

Dual function: g(1) = {—ATb,cT tTA=0"
Dual problem:

max —ATb,

st.1>0,cT+2TA=0.
Dual of an LPisan LP
LP satisfies Slater's so strong duality holds

H#variables | # constraints

Primal |dim(x) |dim(b)

Dual dim(b) |dim(b) + dim(x)

Dual of dual
o Rewrite minATh, s.t. ATA = —c, -1 < 0.
o L(Azy)=2ATb—zTA+y"(ATA+¢) = (bT — 2z + yTAT)2 + yTc.
—00, bT — zT +yTAT %0
o g(zy)=min(b" —z" + yTAT)A + yTc = {ch’ T _ T 4 f/TAT s
Dual: maxcTy,
stAy+b—-2z=0,z=0.
o Equivalently: let x = —y
min, c’x,
s.t. Ax < b.

Game theory

zero sum game with linear payout
Player 1 (P;) plays i € [n], wants to minimize P;;.
Player 2 (P,) plays j € [m], wants to maximize P;;.
Randomized strategies are allowed
o P; plays i with probability u;.
o P, plays j with probability v;.
o Average payout: },; 3 u; P;v; = u’ Pv.
Suppose P; goes first, its strategy u is known by P,, what strategy should P, use?
max, u’ Pv,
st.1Tv=1,v>0.
o Note: (u"P)v is simply selecting j element for PTu , max;e[y; [PTu]j.

o Knowing P, will do this, P; should choose u to minimize this.
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min,, Max;e(m] [PTu]j,
st.1Tu=1,u>0.
o Equivalently.
mint,
PTu <11,
1Tu =1,
u=0(1).
e Conversely, P, goes first, P; wants to minimize the cost.
min, u’ Pv,
st.1Tu=1,u>0.
o Knowing P; will do this, P, should choose v to maximize this.
max,, min;ep [Pv];,
st.1Tv=1,v>0.
o Equivalently.
maxt,
Pv > t1,
1Tv =1,
v=0(2).
e Note: min, max, f(u, v) = max, min, f(u,v).
o Always have 2nd mover (inner) advantage.
o So(1)=(2).
e Here (1)=(2) since (1) is the dual of (2).
o Lagrangian of (1): L(t,u, A, u,v) = t + AT(PTu—t1) — p"u + v(1 — 1"u).

— _T o
o Dua|0f(1):g(l,y,v):{ ©0,1=2"1#00r (PA=p—1) %0

v, else
o Dual problem
maxv,
st.A=>0,u=0,
1TA =1,
PA—u—1v =0.
o Equivalently,
maxv,
s.t.A>0,
11 =1,
PA = 1v.
¢ Note: helped us that inner optimization had explicit solution (select largest/smallest entry)

Constrained game theory

e Strategy of P; constrained to Au < b.

e Strategy of P, constrainedto Fv < g.

e If P, goes first, P, will max,, ulPv,st. Fv < g-
P; solves: min,, max, u’ Pv,
st.Au<bh, Frv<g.

e If P, goes first, P; will min,, ulPv, s.t. Au < b.
P, solves max,, min,, u’ Pv,
st.Au< b, Fv<g.

e Dualize max,, u” Pv to get a min problem for P;.

e Dualize min, u” Pv to get a min problem for P,.

e Then show the min problem is the dual of the max problem

Dualize l;-norm:
e min||x|| s.t. Ax = b.
e Equivalently: min };i-, t;, s.t. x; < t;, x; = —t;, Ax = b.
. AT 4T x)
@)
mln[O ,1 ](t ,
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s.t. ( I _I) <0,

-1 -1
Ax = b.
. —vyn 4 o1 —1) X T _
L, t,Av) =YL t;+ 4 (—I _J (t)+v (Ax — b).
. I —I x —vTb, ifmultiplier is 0
. g(/'t,v)=mfx,t<[0T,1T]+/1T (—1 _I)+(VTA,0T)>(t)—VTb={ fmultip .

eta” = (a0, 27!, )= (- g -ap - a0,
Dual problem
o minvTbh,
st AL —AT +vTA =0,
1T -2 - AT =,
A, 20,1, >0.
Final two lines give A, € [0,1], A, € [0,1], box constraints.
o Combining all constraints vTA = AT — AT = 22T — 1 € [-1,1] (Ionorm).
o minvTh,
s.t. ||1/TA||00 <1

e Dual of lp is lq wherel+l =1.
P q

Generalized inequalities
e fi(x) <k 0 where f;: R™ > R™and K ¢ R™.
fi(x)
o fi(x) < 0 where f;: R™ - Riis a special case : <gm O.
fm (x)
e K isa proper cone if it is pointed, convex, non-empty and closed.
e X<yYifX—-YEK.
e ForSDP,K =S, x,y e S™
o mincTx,
st.x1Fy +xF + - xpFy + G <gm 0,
Ax =b.
o F,..,E,GeS™

Dualizing generalized inequalities

e Key idea of dualization: ¥, 4;f;(%) = (1, f (X)) < 0, % primal feasible, 1 dual feasible.

e For generalized inequalities, need to identify some set that restricts dual variables to keep (A,f(x)) <0
for all x feasible (f (x) < 0).

e |dea: if primal feasibility constraints defined by cone K, the dual variables will need to be constrained to
dual cone K*.

e Def:Let K be acone. Theset K* = {Y : (X,Y) = 0,VX € K} is the dual cone.

o e.g.

* K =RZ, then K* = R2 (self-dual).
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= When a > 90, K* reduces to 0.
o To show K* is cone.
= TakeY € K*,Va > 0,X € K*,(X,Y) > 0,(X,a¥) = a(X,Y) > 0.
o K*isconvex:
" letY,Z€K*,1€[0,1],X EK".
s XAV +(A-DZ2)=24XY)+ (1 —-2A)X,Z) = 0.
e ForK =S K* =K = S[is self-dual.
o Inner product for matrices: X,Y € R™™ (X,Y) = tr(XTY) = Z?zlzylleinij.
o K*=(SP) ={r:tr(xy) =0,vX € S7"}.
o AnyY €S™, Y & STisnotin K".
* Toshow, foreachY, findasingle X € ST s.t. (X,Y) < 0.
» IfY & ST, then3dqg € R™,s.t. q"Yq < 0.
» letX =qq” € S™.
= (X,Y)=tr(XY) =tr(qq"Y) = tr(q"Yq) = q"Yq < 0.
= SoY ¢ K"
o AnyY € ST'isinK™.
* To show, show that VX € ST*, s.t. (X,Y) > 0.
* ForX € ST, X = QAQT =Y™, 2;,q;q7, Q orthogonal, A > 0.
= (X,Y)=tr(XY) = tr(Z, 4iqiq] Y) = X Atr(qiql Y) = 0, since Y € ST

Dual of SDPs
e mincTx,
st.x Fi+ - +x,F, +G<0,F;,G€S™
e Primal variable: x € R™.
e Dual variable: Z € S™.
e Lagrangian: L(x,Z) = cTx + (Z,x,Fy + - x,Fy + G) = c"x + X x(Z, F;) + (Z, G).
o =Y xi(c; +(Z F)) +(Z,G).
tr(ZG),c; + tr(ZF;) = 0,Vi € [n]

e Dual function: g(z) = inf, L(x,Z) = { l .
—o0, else

¢ Dual optimization problem:
maxtr(ZG),
st.c;+tr(ZF;)=0,Z=0.
e Dual of SDP is SDP
e SDP can also satisfy strong duality if Slater's conditions are satisfied.

General approach to dualizing generalized inequalities
e If cone defining inequalities is K, find dual cone K*.
e Constrain dual variables to K*.
e Weak duality will follow from analogous step.

o g(z) =inf, L(x,z) = inf(cTx + (Z,%,F; + - x,F, + G)),
=infy(cTx = (Z, = (. Fy + - x, By + G))),
<cTx.

o If x primal feasible, —(xlFl + e xy Fy + G) > 0.

o |If z dual feasible, then Z € (.S'Ir")* =S

e For 2 cases of interest, the cones are self-dual.

o (RT)* = R

o (s1) = s,

Motivation: SDP relaxations
e Original problem
o minxTAx,
st.x; €{—1,1},i € [n]orx? = 1.
e 1st relaxation
o minxTAx,
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st.-1<x< 1.
If A € St,, get x = 0, not helpful.
If A ¢ ST, still not convex.

¢ 2nd relaxation

o

mintr(XA), X = xx7,

Xi=1,

X=0,

rank(X) = 1 (dropped to get SDP).

¢ Dualizing original problem:

o

o

@)

Lt v) = xTAx + Ty vi(xf — 1) = x"(4 + diag(»)x = 17v.
1T :
9() = inf, L(x,v) = { 17v, 4 + diag(v) = 0

—oo, else
Dual problem (SDP):
max —17v,
s.t. A+ diag(v) = 0.

¢ Dualizing 2nd relaxation:

o

L(X,Z,v) = tr(XA) + X1y v (X — 1) +(Z,—X) = tr (X(A + diag(v) — Z)) —1Tv.

. _[-1"v,A+diag(v) —Z =0
g(Z,v) =min, L(X,Z,v) = { oo, else :
Dual problem:
max —17v,

A+diaglv)—Z=0,Z=>0.
Equivalent to dualizing the original problem

Non-convex problem satisfying strong duality
e minxTAx,
st.xTx<1,4€S8™

o

o

@)

o

o

o

o O O

o

IfA € S™ A=QAQT, Q € R™"is orthonormal, rows/cols provide basis for R™.

Canwriteanyx € R"asx = Y1\, a;v; = Qa.

Rewrite the problem:

xTAx = (aQT)QAQTQa = a"Aa = T, a?A,.
xTx =a"Q"Qa=aT’a=3",a? <1.

A€ St sod; =0,thenp” = 0witha; =0,x =0.
A ¢St sodist.A; <0, thenp” > Apin 21ty @ = Apmin achieved at a = ej, j corresponding to App.
Dualize problem

L) = x"TAx + A(x"x = 1) =x"(A+ AD)x — 1.
g(A) = minL(x, 1) = {—A,A +A >0

—oo, else
max —A4,
st.A+ 11 =>0,1=0.
A+ A =QAQT +2QQT = QA+ ANQT,s0 A+ Al >0givesA+ Al = 0ord > —2,,;,(4).
When A € ST*, we getd” = 0.
When A & ST*, we get d” = A,n.
Strong duality holds

e Dual of the dual

o

min A,
stA+A1=>0,1=0.

L, Z,v) = A —{(Z, A+ Al)—vA=Atr (%1 —2r- tr(Z)) — tr(ZA).
1, v _
g(Z,v) =inf, L(x,Z,v) = —tr(zA),tr (Zl —nl- tr(Z)) =0
—oo, else
max —tr(ZA),

st.v=0,Z=20, tr(2)=1—wv.

o Equivalently, mintr(ZA),st.Z > 0,tr(Z) < 1.

Equivalent to the relaxed SDP of the initial problem, with Z = xxT.
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KKT conditions
¢ Consider an optimization problem, for which primal and dual optimal values are obtained (at x*, A*, v*)
and p* = d* (strong duality holds)
* min fy(x),
s.tt. fi(x) <0,i € [m],
hi(x) =0,i € [p]
LAY = fol) + SLAAC) + ST, v
o g4,v) =inf, L(x, /1 V).
o If strong duality holds, then f(x*) = g(1*,v*).
o fo(x?) = g, v*) = infy[fo(x) + T2, A f; () + XE_, vihi(x)],
< fo(x) + X A fi(x) + X vihi(x), (1)
< fo(x").(2)
o We must have all equalities
o Consequences:
(1) = x™* is a minimizer of L(x, A*, v*).
(2) = A fi(x*) =0, Vi € [m].
e Complementary slackness
o Condition that A7 f;(x*) = 0, Vi € [m].
o Ifith constraint is inactive, f;(x) < 0, then 4; = 0.
= No more return if we use more resource (changing from f;(x) < 0 to f;(x) = 0).
o If A7 >0, then f;(x) = 0.
= We have use up all resources, if we want to improve, we go out of feasible set.
e |f problem is differentiable
o conditions
= fo(x), fi(x), hi(x) are all differentiable.
= Strong duality still holds
= Convexity is not considered
o x™ minimizes L(x, A*,v*) without constraints, V,.L(x, 1*,v*

= First order/primal optimal condition.
e KKT conditions

0 VLA )| . = Vfolx®) + I, V(") + 5P, vV (x*) = 0.

o fi(x*)<0,vie[m],hi(x*)=0,Vie€ [p]

o A =0,Vi € [m].

o Aif;(x*) =0,Vi € [m].

e Theorems (necessary and sufficient conditions)

o Necessary: If (x*,A%,v") are primal and dual optimal variables for an optimization problem, for
which f; and h; all differentiable and for which strong duality holds, then (x*, A*, v*) satisfies KKT
conditions.

o Sufficient: start with an optimization problem, for which f; and h; all differentiable, f; convex, h;
affine, then if any (3?, A, 17) satisfies KKT, then.

= Strong duality holds.
= X primal optimal.
» 1,7 dual optimal.
o Proof (sufficient)
= L(x A7) = fo(x) + XLy Aifi () + X7 Tk ().
= Since f,, f; convex, h;(x) affine by assumption, A; > 0 by KKT, L is convex in x.
= Since f;, h; differentiable, L is differentiable in x.
= So, any point of zero gradient is global minimum.
= ByKKT(1), Vo L(x, 4,9)| __=
= g(4,7) =infL(x,4,7) = L(%,1,9).
= By definition, g(4,7) = fo(%) + T2, 4ifi(®) + i, Tihi(®) = fo(R).
o Since A;f;(%) = 0 by CS, h;(¥) = 0.
= So strong duality holds.
= Note, X is also primal feasible by KKT(2).
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o Summary
= g(4,7)isalower bound on f,(x), Vx primal feasible and & meets bound with equality, so % is
primal optimal.
» fo(X)is an upper bound on g(4,v), VA, v dual feasible and (1, 17) meets bound with equality,s
o dual optimal.
e Combine two theorems
Class of optimization problems that are differentiable, so KKT condition exists.
Convex, so have sufficiency via B
Strong duality holds, so necessity via A
If differentiable, convex, satisfies Slater's, then KKT is necessary and sufficient

o

o O O

Water-filling for additive white Gaussian noise channels

|
Xr’;’é =>4,

&
YDA,
4 ZL""N(O,NL').
o N; = 0: noise variance of channel i.
e P; > 0: power over channel i.
 Total power constraint: Py > Y1~ P;.
e Problem
maxp, Yi-, log (1 + gi) (equivalently, min — Y7, log (1 + %)),
st.P;>0,i € [n],

-, P < Prp.
. L(Plu)— —10g<1+ >+A(Z 1P = Pr) = X1 P
e KKT conditions
o Mo 1 1yg yi=0,vie[n]
aP; Ty lNz Hi= !

P, = O,Zl: P; = Pr.
A>0,u; =0,Vi€ [n].
uiP; =0,if P, > 0, then y; = 0.
AZL P —Pr) =0,ifYP; < Pr,then 2 = 0,if ¥ P; = Py, then 2 > 0.
» Since objective is monotone increasing in each P;, will use total budget, ). P; = Pr.
e ByLP,+N, =—

O O O O

/1 —ui
o IfP;>0,theny; =0,P;+N; = % (power+noise=const for active channels).
o If P =0, then Ny = = >~

=2
. % is water-filling parameter.
o IfN; < 1 we add power to channel i.
o If N; = =, no need to make it active.
e For any fixed /1, P; = max {Z - N;, O}.
e By sorting (by noise level), identify n* < n active channels.
S (P N = B 5
o Pr+ 2 -1 N Z*
© ;1; = %(PT +35, Ni)-
e Perturb power budget from Py to Pr + €.
o Assume n* active channel, each gets f; extra power, what's the benefit?

o log<1+P +E/n) log(l +§‘i),
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= log <P#J;—Ifﬁl/i> = log <1 + P;/:—};),

_ e/m”
= log (1 + 1//1*),
~ M
T
o Total rate is increased by eA”.

er” . . ,
=—is the rate increase for each channel i.

Geometric interpretation of KKT
* min fo(x),
s.t. fi(x) <0,i € [m],
hi(x) =0,i € [p].
e Atoptimum x*, some f;(x) < 0 inactive, consider the following problem only
min fo (x),
s.t. fi(x) = 0,{i: f; active},
hi(x) = 0,i € [p].
e For equality constraints
min f, (x),
s.t. Ax = b.
o Perturb x* while staying feasible
= A(x* 4+ Ax) = Ax* + AAx = b.
= A feasible perturbation satisfies AAx = 0.
" eg A=(21),b=1,2x; +x, = 1.

o se=fa( ) een)

aj
Generally, AAx = ¢ |Ax =0givesa; L Ax, Vi € [p], Ax € N(4).
ap
» Apoint x* € C for a convex opt problem is optimal iff Vy € C, Vfo(x*)T(y — x*) > 0.
o fVfy(x*)TAx = 0, VAx € N(A), then —Ax € N(A).
o For optimality, need Vf,(x*)TAx = 0, VAx € N(A).
o Inotherwords, Vf,(x*)T L N(4),i.e. Vfo(x)T € N(A)* = R(4T).
0 Hence, can write Vf(x*) = AT a.
o Optimum criteria for equality constrained optimization problem
» A point x is optimal iff Vfy(x)TAx = 0, Vx, s.t. AAx = 0.
o Connect to KKT
» L(x,v) = fo(x) + v (4x — b).
= VL =Vf(x)+ATv =0, Vfe(x) = AT(—v) € R(AT).

" eg. min%(xf +x2),s.t. (2,1) (2) =1,x"= (i;g)

o Vfo(x*) = G;g), AT = (i), —v = %

¢ The KKT condition represent balance of force
o Vfo(x) = — X1 AVA() — T2, viVhi().
e Why Slater's?
o We need some {1;} to make Vf(x) = — X% 4, Vf;(x).
o e.g.minx + xy,s.t. (% + 1)2 +x2<1, (% — 2)2 + x5 < 4.
= Only one feasible point x* = (0,0), Slater's doesn't hold.

* V00 = (1) VG = <2x21xj 2) = (2), 700 = (2"21,; 4) =
» Cannot pick A to have Vf(x) = —A,Vf; (x) — 1, Vfo (%).
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Algorithms

September 12, 2022 12:56 PM

Unconstrained optimization
e min fy(x), f;is convexand twice differentiable
e Idea: produce a sequence x¥, k = 1,2,3, ... such that cost decreases at each step and
fo(x) = p* = min fy ).
* Descent method:
o xk*t1 = xk 4 tkAxk tis step size, Ax is direction.
o Need fo(x¥*1) < fo(x¥).
e Steepest/gradient descent:
o Pick Ax¥ to align with direction of most negative gradient Ax* = —Vf, (x*).
o Since f(x) is convex, fo(y) = fo(x) + V()T (y — x).
= Set fo(y) = fo(x**1), fo(x) = fo(x¥), (y — x) = Ax*.
o For choice in steep descent, fo(xk“) = fo(xk) — ||Vf0(xk)||z.
o But just picking direction as above and step size t = 1 does not guarantee progress
o Algorithm: given x € dom (fo).
= Repeat:
0 Choose Ax = —=Vf(x).
o Chooset > 0.
0 Update x + tAx.
= until |V, < e.
e Choosingt.
o Exact line search:
» Sett = argmingsg fo(x + tAx).
= 1D convex optimization problem.
o Backtracking line search:
= Parameters:
o a € (0,0.5): used to identify a good step size.
o B € (0,1): multiplicative step size search parameter.
= Algorithm: start with t = %

O Repeat:
¢ Sett = [t (reduce step size).
o Until fo(x + tAx) < fo(x) + atVf(x)T Ax.
* Newton's method:
o Improved direction
* |n steepest descent, fit a hyperplane to f,(x), first order method.
= |n Newton's method, fit a second order approximation to determine direction
folx + Ax) =~ fo(x) + VS (x)TAx + %AxTVZfO(x)Ax.

Minimize f,(x) w.r.t. Ax to find direction.

= 2 (folx + A%)) = Vfo (x) + Vo (x)Ax = 0.

" Ax = —(szo(x))_IVfo(x) if Hessian is invertible.
Algorithm: given x € dom(fo).
= Repeat:
O Choose Ax,; = —(szo(x))_1Vf0(x).
o Chooset > 0.
O Update x = x + tAxy,;.

= Until \/Vfo(x)T(Vz £o0) Vf () <e.
Exit condition: since fo(x + tAx,,) & fo(x) — (t — g) V()T (V2 f, (x))_1Vf0(x).

O

o

O

o
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e Example:
1
o fotx) =5 (xf +yxf), v >1.

o 5= () = () wao- () v~ )
o Axy = —(szo(x))_lvfo(x) - (é 13)’) <Vxxlz) - (z:)

Equality constrained minimization
e min fo(x),
s.t. Ax = b.
e KKT conditions:
o L(x,v) = fo(x) +vT(Ax — b).
o V,L(x,v) = Vfy(x) + ATv = 0.
o Ax =b.
¢ |deais to solve sequentially while continually satisfying primal feasibility
o xk*t1 = xk 4 tAx, Ax**! = b.
o tAx must be selected to satisfy primal feasibility.
e minVf(x)v+ %vTVZfO x)v,
s.t. A(x + v) = b (since Ax = b, we simply need Av = 0).
e Solve forv.
o L(v,p) =Vfe(x)Tv+ %vTVZfO v + u’ (Av).
o KKT gives: V,L = Vfy(x) + V2fo(x)v + ATu =0, Av = 0.

(P8 1)0)-(75)

o The matrix is called KKT matrix.
o Solution:
= |nvert KKT matrix to find v.
» Back substitution if only V2f,(x) is invertible. If not invertible, can still deal with
that by making it PSD. Now consider the invertible case
* Back substitution

o v+ (Vo) AT = —(V2fo () Vfox).
o Av+ A(V2f(0) AT = —A(VEf,y (), (x).

_ -1 _
o since Av =0, 1 = = (A(V?fo()) " AT) AV () Vo ().
o Substitute i back into v equation, v = =V £, (x) "1 (Vfo(x) + ATp).
* Note AT adds the constraint.
* Algorithm: given x° € dom(f;) such that Ax® = b.
o Repeat:
= Compute v as above.
= SetAx, = v.
= Line search for t.
» xt*l = xt + tAx,, (since Av = 0, Atv = 0, doesn't affect feasibility).
o Until Ax,Tlt(szo(x))_lent < €2,
* Infeasible start Newton
o minfy(x°) + Vfo(xO)Tv + %vTVZfO (x%)v,
s.t. A(x% +v) = b.

o [VPfolx) AT (v): —Vfo(x)
A 0 )\ —(4x°-b) )

o If use stepsizet = 1, get a feasible x*.
o Can be used in the algorithm above.
¢ |Interpretation of infeasible start as a primal dual algorithm
o Update both primal variable x and dual variable v in order to approximately statisfy KKT.
o min f;(x), s.t. Ax = b.
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» KKT:Vfo(x) + ATv =0, Ax = b.

o Lety = C), residue (y) = <Vf0£19;)_-l-l;47"v>.

o Goal: drive ||r(y)|| = 0, stop when ||r(y)|| < e.
o Startaty = (i) movetoy + Ay = (i) + (23)

o 1l +ay) =) + Drinay = 1) + (T A7) (45) o

A 0
. <Vf0(x)+ATv> N <V2f0(x) AT> (Ax) — o
Ax—b A 0 /) \Av '
. <\72 () AT> (Ax) _ <Vf0 () + ATv>
A 0 /\Av Ax—b )
o . Vify(x) AT Ax _ (Vo)
Equwalently,( IZ x 0 ) (v n Av) = (Axo— b).

Inequality constrained problems
e min fy(x),
s.t. Ax = b,
filx) <0,i € [m].

¢ |dea (interior point): build a barrier at edge of feasible set so that always stay strictly feasible.

e Log barrier
o Adds a parametert > 0, —%log(—u).

ou<o

o Ast—>00,get{oo’u=0.

e Modify problem using log barrier
o min fy(x) — ;X7 log(—£;(x)),
s.t. Ax = b.
o Oftendomintfy(x) — X%, log(—fi(x)), s.t. Ax = b.
e Algorithm (Barrier method)
o Initialize x° feasible, t° = 10.
o Repeat:
» Solve mintfy(x) — X, log(—fi(x)), s.t. Ax = b using equality constrained
algorithms.
= Update x**1 = x*(tk).
* Increment t**1 = yt¥ (typically y = 10~20).
o Until 7—: < €, where m is the number of inequality constraints.
* Note: 2 loops
o OQuter: update t.
o Inner: solve an optimization problem.
» Requires Newton's method, since both tf;(x) and Yi%, log(—fi(x)) are large.
e Central path:
o Trajectory of x¥, stays in the feasible set, moving towards the boundary.

Log barrier cont
* ¢(x) = —ZJOg(—fi(x))-
* V=YV
\UHEINJACIUED)

o U2 =V __L _
Ve Z(fi(x))z

1
TSV i)
Phase I: find a feasible x°
¢ Solve a feasibility problem
O mins,
s.t. fi(x) <s,i €[m],
Ax = b.
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e s* <0, x*isininterior, use as x°.

e s*> 0, feasible set is empty.

¢ Toinitialize phase |, need a strictly feasible (s, x).
o Pickany x € R™ (actually N} dom(fl-)).
o Sets = max f;(x) + €.

Stopping criteria
» Consider a point x*(t) on central path x*(t) = argming,—p tfy(x) — X log(—fi(x)).
o Any such x*(t) is strictly feasible.
o Ax*(t) = b.
o fi(x"®) <0.
e Llagrangian: L(x,u) = tfy(x) — X log(—fi(x)) + uT (Ax — b).
* Since x* is optimum, must satisfy KKT: tVf,(x™) + X ?%5 Vi (x*) + ATu = 0.
* 1 *
o Vfolr) + L VAGD + 47 () = 0.
e For original problem
o min fp(x),
s.t. fi(x) <0,

Ax = b.
o L(x,Av) = fo(x) + T A:fi(x) + vT (Ax — b).
° * __1__ * = E
i = —tfi(x*(t)) > 0, v = P

o L(x, A% V") = fo(x) + A f;(x) + v*T (Ax — b).
e Note: L(x,A%,v") is convex in x.
e argmin, L(x,A%,v*) = x such that V,.L(x, A*,v*) = 0.
o V,L(x, A5, v*) = Vfy(x) + X A[Vfi(x) + ATv* = 0.
e x*(t) = argmin, L(x, 1", v").
o g(A",v") =min, L(x,A*,v*) = L(x*,A",v*) < max;>o g(4,v) =d* =p”".
P2 @) = LAV = fo(d) + B i) + (0T (A = b) = o) =
« T2 fo()-p 20
e To apply equality constrained Newton to Py, solve
o tV2fy(x) AT (Ax) _ (tVfo(x) + qu(x)).
A 0 \Y Ax—>b

Inequality-constrained SDPs
e minc’x,
st.x Fp+--x,F, +G <0.
o letF(x) =x.F; + - +x,F +G.
e p(x)=-X log(—fi(x)) =— log(— ]_[ﬁ-(x)) = —logdet (diag (—ﬁ-(x))) for ordinary
problems.
» Barriers for SDPs: ¢(X) = —log det(—F(X)).
o VlogdetX = X1
e Start with an F(X) in interior, —F (X) € ST*.
o —F(X)>0,det(—F(X)) > 0.
¢ As an eigenvalue approaches boundary, eig(—F(X)) -0, det(—F(X)) -0,
—logdet(—F (X)) - oo.
e minc’x + ¢(x) = mincTx — %log det(—F(X)).
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