ECE1647 Introduction to Nonlinear Systems

Introduction

e Goal: to analyze (not model or design/control) a nonlinear system

e Caveate: to perform a rigorous mathematical analysis, generally the system has to have a reasonable
dimension and/or be a structured model

Dynamic systems of the form

jjl = f(xla ’in)

j:n = f(xla -'-7$n)a

where z1(t),...,z,(t) € R are the states and each f; : R” — R is a nonlinear map. Each equation is an
autonomous ODE. More generally, &; = f;(t, z1, ..., ) is a non-autonomous nonlinear ODE.

xl(t) fl(t,xl,...,mn)
Introduce the state vector z(t) = o, flt ) = : . Then we write £ = f(z) or

xn(t) fn(tamlv'“axn)
& = f(t,x). At times, we consider & = f(x,u), where u € R™ is the control input.

A special form of nonlinear control system is called control affine system
&= f(z) + g(x)u,
where f: R” - R"”, x € R, g : R — R" u € R™. Even more ubiquitous is LTT systems:

T = Az + Bu.

A third class of models is for mechanical systems (e.g. robotic manipulation):

m(q)d + c(q,4)q + g(q) = u

Note: this model is nonlinear, but not presented as a state model. To convert to a state model, we must

define states. The states for a mechanical system are z = [Z] , ¢ € RV, The system is

i‘l = T2

iy = m(q) " [—c(q,4)q — 9(q) + u] = m(x1) " [—c(z1, 22) T2 — g(74) + 1]

Why nonlinear models?



e Nonlinear models arise in significant applications
e Nonlinear phenomena (distinct from linear systems)

— Finite escape time

Multiple isolated equilibrium

Limit cycles

— Chaos

0.1 Nonlinear Analysis

A. Existence and Uniqueness of Solutions
Example: & = —x, 2(t) = 2(0)e™! is exponentially stable.
# = —a? has finite escape time.

Key concept: Lipschitz continuity.

B. Invariant Sets
Key concept: Nagumo Theorem

C. Stability
Type of stability: Globally Exponential Stability, Asymptotic Stability, Stability

Key concept: Lyapunov analysis
Suppose for & = f(x), f(0) = 0, then z = 0 is an equilibrium. We want to study stability of the equilib-
rium.

Define a Lyapunov function V' : R®* — R, Compute the Lie derivative: dv(dﬁ(t)) = dz

%—Z(x(t))f(:n(t)) We want V' < 0 or more preferrably V < aV.

- Oz z=x(t) tdt T

0.2 Examples
Pendulum Model

Using Newton’s 2nd law:
mlf = —mgsin6 — k0
Define the state z1 = 6,20 = 6. Then the state model is
T1 = X9
k

To = _9 sin(zy) — —xo
l m

It has the form: & = f(z) where x = [il} Let f(xz) =0 and solve for x, we get (z1,x2) = (k,0).
2

Van der Pol Equation

V—e-VHV +V =0,e>0
Define 21 = V, 23 = V, then
:i'lzafz

iy = —x1 + €(1 — 22) a2



If e =0, then & = Az, with A = [_01 (1)} . It is an oscillator.

Otherwise, € > 0, we get a limit cycle.

k><2

(a) e=0 (b)e>0

Figure 1: Phase Plots for Van der Pol Equation

Adaptive Control
& = Ax + Bu— Bd

e =cx,

where d = ¢Tw, where w is a known regressor, ¢ is an unknown parameter.
The standard solution in adaptive control is

u=kxr+ qBTw
The gradient law for parameter adaptation is

(jéz —yew.
Then we get @ = (A + Bk)z + B(¢Tw — ¢Tw).
Let ¢ = ¢ — ¢, i = (A+ Bk)x + Boéw, with ¢ = —vew.

0.3 Phase Portraits

Consider a second-order linear system # = Az, x € R%. Depending on the eigenvalues of A, the real Jordan
has one of these forms

A 0
10 X
A %

2. 0 )\], « € {0,1}.

1. :|,)\1,)\2€0'(A).

‘5 _ﬂ A A = a +iB.



Case 1: Two real distinct eigenvalues Ay # Ay #£ 0.

If A\ < 0,X2 > 0. This is a saddle point.

If Ay < 0,2 < 0. This is a stable node. It is exponentially stable equilibrium
If A\ > 0, A\ > 0. This is unstable.

Case 2: \jp =a*if.

If o > 0, unstable focus

If o = 0, center (oscillator)
If a < 0, stable focus.



1 Mathematical Background

Definition: 1.1: Norm

A norm of R" is a function ||-|| : R™ — R satisfying:
o |z|]| >0, |z|| =0< = =0,Vz € R"
o |[\z| = |A||lz]|, Yz e R", A e R
o llz+yll <llzll + llyll, Va,y € R

Examples:

e Buclidean Norm: ||z||, = (z7x)!/?

n 1/p
o p-Norm: ||z, = (Z\mz|p>

i=1
e oco-Norm: ||z]|,, = max; |z;]
The notion of a norm is a generalization of the length of a vector.

If we take a vector space X, equipped with a norm |||, denoted (X,|||) is called a normed vector
space.

1.1 Sequences

Definition: 1.2: Limit of a Sequence

Consider a sequence {x,} of vectors in (X, ||-||). We say {z,} converges to an element z* € X if
|zn, — 2*|] = 0 as n — oo. Equivalently, Ve > 0, AN (€) > 0 s.t. if n > N(e), then ||z, — z*|| < e.

Notation: lim z, = z* or =, — =* as n — oo.
n—oo

This definition is hard to work with in practice, because we have to already know z*.

Definition: 1.3: Monotonic Sequence

A sequence {z,} of real numbers is monotonically increasing if x,, < 41, Vn, monotonically de-
creasing if x, > x,41, Vn.

Theorem: 1.1: Convergence of Monotonic Sequence

Suppose {z,} is monotonic. Then {x,} converges if and only if it is bounded.

Definition: 1.4: Cauchy Sequence

A sequence {z,} in a normed linear space (X,|-||) is said to be a Cauchy sequence if Ve > 0,
AN (e) > 0 s.t. if n,m > N(e), then ||z, — x| < €.

Lemma 1. Every convergent sequence in a normed linear space is a Cauchy sequence.

Proof. Suppose {z,} is a convergent sequence with a limit z*. To prove it is Cauchy, suppose € > 0 is
given.
By definition of a convergent sequence, we can select N(e) > 0 s.t. n > N(e), then ||z, —2*|| < §.



Consider p,q > N(e), ||z, — x4l < |zp — 2| + [Jzg —2*[| < §+ § =€
Hence, {z,} is Cauchy. O

Definition: 1.5: Banach Space

A normed linear space is called a Banach space if every Cauchy sequence converges.

Similarly for functions f : X — Y, we write lim f(z) = yo, if Ve > 0, 30 > 0, s.t. ||lz — a9l < 0 =

T—T0
1 (@) — woll <e

1.2 Continuous Functions

Definition: 1.6: Continuous Functions

A function f : R" — R™ is continuous at zg € R™ if Ve > 0, (e, x9) > 0 s.t. ||z — a9l < § =
I£(z) ~ Fao)] < e. Equivalently, lim f(x) = f(xo).

Definition: 1.7: Uniform Continuous

f: R™ — R™ is uniformly continuous if it is continuous and d(€) does not depend on z.

Often, continuity is characterized in terms of sequences

Theorem: 1.2:

Let f: X — Y. Then lim f(x) = yo if and only if lim f(z,) = yo for every sequence {z,} s.t.

T—xQ n—00
Ay = T nh_}r{)lozvn = 0.

It shows the close relationship between sequences and continuity.
Let {z,} s.t. klim xp = x0. Let f: X — Y be continuous at g, yr = f(zk), yo = f(xo).
— 00

Then we can write yo = f(xo) = f( lim zx) = lim f(xr) = lim yx = yo.
k—o0 k—o0 k—o0
A key property of continuous functions requres their boundedness properties on certain sets.

Definition: 1.8: Compact Set

Q) C X is compact if it is closed and bounded.

Theorem: 1.3: Bounded Functions

Let f: X — Y be continuous at every x € X. Let 2 C X be a compact set in X. Then f is bounded
on Q. i.e. IM > 0s.t. Ve € Q, ||f(x)| < M.

Theorem: 1.4:
Let f: X — R be continuous and Q C X is compact. Then 3zin, Tmaz 8-t f(Tmin) = ingf(x),
TBE

f(xmam) = sup (x>
€N




Definition: 1.9: Lipschitz Continuous

A function f : R® — R™ is Lipschitz continuous at xqg € R™ if 34§, L > 0 s.t. Vz,y € R"™ with
z,y € Bs(zo), | f(z) — Fy)l < Lz —yll

Let Q C R", f is locally Lipschitz on € if f is Lipschitz at every x € €.

Let Q C R™, f is globally Lipschitz on Q if 3L > 0 s.t. Va,y € Q, ||f(z) — f(y)|| < L ||l —y||.

Note that for locally Lipschitz, the choice of L depends on x.

Theorem: 1.5:

Let 2 C R™ be compact. If f: R™ — R™ is locally Lipschitz on €2, then it is globally Lipschitz on 2.

Example: f(z) = 22 is locally Lipschitz on R, but it is not globally Lipschitz on R.

Proof. Locally Lipschitz:

Let 2o € R, choose 6 > 0, L = 2( + ||zo]|)-

Let 2,y € Bs(o), then we have |Ja? — 32| = [lz — gl + vl < |z ol [l + vl
Since x € Bs(xo), ||z]| < ||z — xol| + ||zo|| < 0 + ||zol|. Similarly, ||y|| < + ||zo]|-
Therefore, [|2? — 2| < [lz — yl 2(6 + [|zol|) = L[|z — y]|.

Globally Lipschitz:
Assume 3L > 0 s.t. Vo,y € R, ||f(z) = f(y)|| < L]z —y].
Choose z =0, y = 2L, we get |[4L?|| = 2L ||z — y|| > L ||z — y||. Contradiction. O

1.3 Matrix Norms

A
Consider a norm ||| on R™. Let A € R™™ be a square matrix. Define ||A| =  sup Az =
a0.zerr |||
sup [|Ax|.
[lzl=1

Lemma 2. ||A| is a norm.

Proof. The first two conditions are trivial.
For the triangle inequality,

[A+ Bl = sup [[(A+ B)z| = sup [|[Az+ Bz| < sup [[Az||+ sup [[Bz| = [[A] +[|B]|
[[]l=1 flz(|=1 fl=f|=1 flzf|=1

Note: ||Az| = || Ax|| Bl HAII%H

.

[ll2ll < 141 ).

1.4 Existence and Uniqueness of Solutions of ODEs

Definition: 1.10: Fixed Point

Let (X, ||-||) be a Banach space. Let P : X — X be a map on X. An element 2* € X is a fixed point
of P if P(z*) = z*.




Theorem: 1.6: Contraction Mapping Thereom

Let P : X — X be a map for which there exists p € (0,1) s.t. ||P(z) — P(y)|| < pllz —y||,Vz,y € X.
Then

1. There exists a unique z* s.t. P(x*) = z*

2. Vz € X, the sequence defined by zg = z, 41 = P(z,) converges to z*

3. Moreover, [|z* — x| < % | P(zo) — xol|

Proof. Let x € X, we show that {x,} forms a Cauchy sequence.
For each n > 0, we have ||xp+1 — zp|| < plln — Tp—1]] < -+ < p™||x1 — 20|
Let m =n+r,7 > 0. Then

r—1

|Tm — xnl|| = |Tntr — xn|| < Z |Znti—1 — Tntil| (Triangle Inequality)
=0

r—1 ' [e's) ’
< M e — ol <Y pM [l — ol
i=0 i=0

n

— 2z — o]
1—p

Since p € (0,1), we can make ||z, — x| small by choosing n sufficiently large. Therefore {z,} is a Cauchy
sequence. Because X is Banach, ||z, | converges to some z* € X.
Apply Definition |P(z) — P(y)|| < pllz —y| to show P(x) is uniformly continuous.
Then P(z*) = P(lim z,) = lim P(z,) = lim x,4+; = 2. Hence z* is a fixed point.
n—oo n— oo n—oo

To show that z* is unique, suppose y* # x* is a fixed point.
2% —y*|| = [P(z") = P(y")| < pllz” —y*|| = [lz" —y*[| =0

Therefore, x* = y*.

To prove 3, we use the fact that ||-|| is a continuous function. We have
lo* = @l = | lim 2m = 2| = Tim_om = 2all < 2 o = o]
m—o00 m—00 1— P
O
Consider a non-linear ODE
&= f(z) (1)

x(0) = xo

where z(t) € R" is the state and f : R™ — R"™. Consider a time interval [0,7] and denote C"[0,T] the set

of all continuous functions mapping [0,7] to R™. Define a norm ||-|| = tre%ujg] l|lz(¢)]].

Proof. Triangle Inequaliy: Let x,y € C™[0,T]. Then

= t t)| < t t
o+ il = i [(8) + y(®)] < ma (l(t) + u(e))

< max ||z(?)| + max Il = llzll ~ +
_temll @l te[O,T]Hy()H lzlle + llylle



Fact: (C™[0,T7,]|||) is a Banach space.

Definition: 1.11: Solution of ODE

A solution of a nonlinear ODE over [0, 7] is an element z(-) € C™[0,T] s.t.
1. #(t) is defined almost everywhere (a.e.)
2. Equation holds at every t where ¢ is defined.

Remark 1. If z(t) is a solution of (1)) over [0, 7], then x(¢) also satisfies

x(t) = w0 + /0 f(a(r))dr 2)

Conversely, if z(-) € C™[0, T satisfies , then z is differentiable and satisfies . Every solution of is
a solution of and vice versa.

Theorem: 1.7: Peano

If f:R™ — R" is continuous, then for each xy € R™, there exists at least one solution.

Example: & = z'/3,2(0) = 0 has two solutions: z(t) = 0 and z(t) = (3t) 8/2
. o . 0,t<c
Example: & = \/|z| has infinitely many solutions z(t) = 2,
— >c
2 il

Lemma: 1.1: Bellman-Gronwall

Let y : [0,7] — R be a nonnegative continuous function. Let C' > 0 and L > 0 s.t. y(t) <
t

C’+/ Ly(7)dr. Then y(t) < Cexp(Lt),Vt € [0,T].
0

t
Proof. Let r(t) = C —l—/ Ly(7)dr, then y(t) < r(t),Vt € [0,T].
0
Also 7(t) = Ly(t) < Lr(t). 7(t) — Lr(t) < 0,Vt € [0, T].
Using integration factor, r(t) exp(—Lt) < r(0) = C.
Therefore, y(t) < r(t) < Cexp(Lt),Vt € [0,T]. O

Theorem: 1.8: Picard-Lindelof

Consider # = f(x),z(0) = zp. Suppose f : R® — R" is globally Lipschitz, i.e. 3L > 0 s.t.
|f(x) — f(y)|| < L||z —y||. Then the ODE has exactly one solution over [0,T] for any T" € [0, 0]
and zg € R".

Note: this version uses a more restrictive globally Lipschitz condition, which can be replaced by
locally Lipschitz.

Proof. Fix T < oo. Define a mapping P : C"[0,7] — C™[0,T] (Picard iteration) s.t. (Px)(t) = xo +
t
| statmnar.

Define xy, = (P*x)(-) We show that {xy}, is a Cauchy sequence.



Note z1(t) — zo(t / f(zo(r
t

lx1(t) — zo(t)] < / | f(xo(7))|| dr (Triangle Inequality of Integrals)
0

t
§/ L ||zo(7)|| dr (Lipschitz)
0

< m¢t for some constant m

lz2(t) — 21 (t)]] < L/O [z1(7) = wo(7)[| d7

42
< Lm—
= m2

|zry1(t) — 22 ()| < / If(zx (7)) — fzr—1(7))|l dT
0
< L/O l2n(7) — zpr (7] dr

Iteratively, we get ||zgq1(t) — ()| < LF~ 1]\Ik,, where k! comes from the interation of ¢,2, .... Therefore,
p—1 p—1 . i+l
t) — ) < ir1(t) — (D)) < MLV e
ka0 = k(0 < 3 i1 = s < M Gy
k+p (T T ) T
ot = aulle = mas lonislt) — 2u(0)] < S ML < > wr D
€l i=k+1 ’ i=k+1 ’
YoM
T
i—1
Consider the sequence {; ML i } {Z Tl }kl — T exp(LT) as k — oo.

- T M T
i—1 i—1
Then';lML - = - exp(LT) ZOML -~ 0ask— oo
1= 1=
Hence z, is Cauchy in C™[0,T], so it converges to z* € C™[0,T].
Now we show that z* is a solution of .

Let 21,29 € C™0,T]. Then (Pz1)(t) — (Pz2)( / f(za(r f(z2(7))dr. By Lipschitz and bounded

time:
[(Pz1)(t) — (Pz2) ()] < /0 1f(21(7)) = fz2(7)) [ dT < LT [|z1 — 22|

Therefore, ||Pz1 — Pzl < LT ||21 — 22| -
If {z} converges to z*, then (Pz*) = P(lim x;) = lim (Pxg) = lim xp41 = *. Therefore x* satisfies
k—o0 k—o0 k—o0

©2)-
Next we show z* is unique. Let y* satisfy .

WWU—f@HSAHﬂﬁUD 1 |MT<L/Hw () dr
By Lemma [L1] |lz*(¢) — y*(¢)|| = 0, 2* = y* O

10



1.5 Differentiability

Definition: 1.12: Differentiability (Scalar)

A function f: R — R is differentiable at g € R if the limit exists

f(xo + h) — f(x0)
h

Notation: df,,h = f'(xo)h.

Rewrite as lim |f (o +h) — f(x0) — dfu,h -

0.
h—0 h

Definition: 1.13: Differentiability (General)

A function f:R™ — R™ is differentiable at o € R™ if

i 1 @0 +v) = f(a0) = dfagell _

0
llo]|~0 o]l

f is differentiable if f is differentiable at every zp € R™. The matrix dfy, € R™*" is called the
deriwative, differential, or Jacobian.

A function f € C! (continuously differentiable) if f is differentiable and df,, is continuous as a
function of xg.

Theorem: 1.9:

exist and moreover are the

If f:R™ — R™ is differentiable at xg, then the partial derivatives 39]: L

7 1xg

elements of dfy,, (dfz,)ij = g{;

zo

Theorem: 1.10:

f:R™ = R™ is C! if and only if g{fz_ exist and are continuous functions.

Theorem: 1.11:

If f:R" — R™is C!, then f is locally Lipschitz.

1.6 Comparison, Continuity and Finite Escape Time

Lemma: 1.2: Comparison Lemma

Consider the ODE & = f(x),z(0) = xo, where f : R — R and f is locally Lipschitz on R. Suppose we
have a solution x(t) on time interval [0, T]. Let w(t) be a C* function s.t. w(t) < f(w(t)), w(0) < zo,
Vt € [0,T]. Then w(t) < x(t),vt € [0,T].

Example: Consider the ODE ¢ = —(1 + y?)y,4(0) = yo. We can verify that it has a unique solution on
[0, 6] since f(y) = —(1 + y?)y is locally Lipschitz.

Define w(t) = y*(t). Then w(t) = 2yy = —2y*(1 + 3?) = —2w(l + w) = —2w — 2w? < —2w, w(0) = y3.
Consider & = —2z,z(0) = y3.

11



It has bolutlon z(t) = y3 exp(—2t).
By Lemma 1.2} y2(t) = w(t) < a(t) = yg exp(—2t), then [y(t)| < |yo| exp(—t).
Remark 2. Lemma [I1.2]is often used in stability proof.

Theorem: 1.12: Continuity w.r.t. Initial Condition

Suppose f : R™ — R" is globally Lipschitz, with Lipschitz constant L > 0. Consider x(t),z’(t) two
solutions of & = f(z) for t € [0,T]. Then V¢t € [0,T], ||z(t) — 2'(t)|| < ||x(0) — 2/(0)|| exp(Lt).

Proof. Define y(t) = ||z(t) — 2/(¢)|| > 0 for t € [0,T]. We know that
t

(t) — () = 2(0) — 2(0) + / (f((r)) = f(a'(7)))dr

0

Then, y(t) = [[«(t) — 2'(t)]| <

+A\umv»—fu%wum

< y(0) 4+ /0 L Hx(T) - x'(T)H dr (By Lipschitz)

t
=m+ALMMMT

By Lemma y(t) < y(0) exp(Lt). O

Theorem: 1.13: Finite Escape Time

If f:R™ — R” is globally Lipschitz, then solutions exist for all ¢ > 0 for each xg € R™.
If f:R"™— R™ is locally Lipschitz, then Theorem gives a solution x(t) for ¢t € (=9, 9).

Example i =22, f(x) = 22 is not globally Lipschitz, but locally Lipschitz.

x(t) = 2o It has maximum existence time of T, = [0, xlo)

Note: globally Lipschitz is not a necessary condition for solution to exist on 7, = [0, c0)

12



2 Dynamic Systems

For this section, we always consider & = f(z),x € R™, where f is Lipschitz.

2.1 Invariant Set

Equilibria and closed orbits (periodic solutions) are examples of invariant sets.

Definition: 2.1: Invariant

A set  C R” is invariant under & = f(z) if Vzo € Q, the solution starting at xz(0) = x( satisfies
x(t) € Q, Vt € Ty, (domain on which the solution exists)
Notation: Write ¢(t,z¢) to denote the solution x(t) starting at xg.

Definition: 2.2: Positively /Negatively Invariant

A set 2 C R"™ is positively invariant if Vg € Q, t € T;g =forward time domain, ¢(t,xg) € Q.
Similarly,  C R" is negatively invariant if Vag € Q, t € T, é(t,20) € Q.

Example: For the Van der Pol oscillator, the limit cycle g, equilibrium point Q; = {(0,0)}, Qs =
{region enclosed by Q} and Q3 = {region outside Qy} are invariant.
Example: &1 = z1,42 = —z2. Q1 = {(z,0) : € R}, Q2 = {(0,y) : y € R}, and the span of any eienvector

ofA:[l

0 . .
0 _J are 1nvariant.

2.2 Nagumo Theorem

Problem: Given a non-empty and closed set © C R™ and an ODE & = f(x). Find conditions of f(z) s.t.
Q) is positively invariant.

Intuition: In order for ¢(¢,zg) to stay inside 2, f(x) should point inside €2 at x € 0f.
Technical difficulty arise in defining the correct notion of pointing inside.

Special case: suppose Q = {z € R" : ¢(z) < ¢} where ¢ € R is a constant and 1 : R” — R. Assume 1) is
a C! function.

Example: ¢(z) = 2% + 23, Q = {z € R? : ¢(z) < 1} is the unit ball.

We want 1)(z) to decrease along solutions of & = f(z). Thus we want %y (é(t, z9))|t=0 < 0 for o €
o90N.

By chain rule, %1/}((1)(@ Tp)) = ‘g;i’

do(t,xo) o _ _(oy ay \ - . .
o(t.50) . TO, where 73— = dy(x) = (8717 - @) is the differential or

derivative of 1. Also Vb(z) = (%)T is the gradient of 1. Since ¢(t, z0) satisfies & = f(x), Lo(t, o) =
f(o(t, 20)).

Hence $o(p(t,z0)) = 32
Vip(x0) f (o) < 0.

f(é(t, 20)). Evaluating at t = 0, Lo(h(t,20))|,_, = Z5(w0)f(z0) =

¢(t,$0)

13



Theorem: 2.1: Special Nagumo I

Let f : R® — R” be locally Lipschitz, 1 : R® — R be C!. Define Q = {x € R* : ¢)(z) <0} # (.
Suppose di)(x) = g—f # 0,Vz € 9. Then Q is positively invariant under & = f(z) if and only if
9 f(x) <0, Yz € .

Notation: We write L¢i(x) = g—f(x) - f(z), the Lie derivative of ¢ along f.

Theorem: 2.2: Special Nagumo I1

Let f : R®™ — R” be locally Lipschitz, ¢ : R® — R™ be C! with m < n. Define Q =
{zr e R":¢(x) =0} # (. Suppose rank(dip(x)) = m,Vz € 0Q. Then Q is positively invariant
under ¢ = f(z) if and only if Ly(x) =0, Vo € 0.

Example: Consider & = Az with z € R®. Given V' C R" a subspace. Suppose V is A-invariant. i.e if
x €V, then Ax € V. (Notation AV C V). Claim: V is an invariant set.

hlx h{
V=A{zeR":hzr=hyx=-=hpx=0} = {zeR":¢(x) =0}, where () = | : | = | |z =
hmx hL

Ha. dy(x) = %% = H.
Then Lgyp(x) = di(x) - f(x) = HAz. If x € V, then Az € V and HAzx = 0.

Example: &1 = 1,i5 = 1, ¢(z) = 23 + 23.
dip(z) = (231,213). Clearly, Q = {z € R?: ¢(z) <0} = {(0,0)} is not positively invariant. However,
Lyy(z) = dip(z) f(z) = 0. The problem is that di(z) = 0 for z € Q.

Definition: 2.3: Bouligand Tangent Cone

Given a set 2 C R”, define the point to set distance dq(z) = in§2 |l — z||. This function is globally
K4S

Lipschitz but not differentiable.
Let 2 C R™ be a nonempty closed set. Let x € R™. The Bouligand tangent cone to 2 at x is

To(x) = {U e R"™: limi]afM = O}

e\0 €

For x € Q, To(xz) = R™. For z ¢ Q, To(x) = 0. For x € 9Q, To(x) = {vectors pointing into Q2}.

Let © C R™ be closed and non-empty. Consider & = f(z). We want if z¢ € Q, then ¢(¢,z9) € Q, Vt > 0.
That is do(p(t, zo)) = 0, V¢t > 0.

Theorem: 2.3:

Let h : R — R be a continuous function, define the lower right Dini derivative:

The continuous function h : R — R is decreasing if and only if Dh(t) <0, Vt € R.

Apply this to our problem, h(t) = do(¢(t,zp)) is decreasing if and only if

Dh(t)|t=o = liminf da(¢(t, x0)) — da(xo)
e\ 0 €

<0

14



Note if zg € Q, do(xo) = 0. Also by Taylor expansion, ¢(e,xo) = zo + €f (o) + o(€), where lim ole) =0,

e—=0 €
we get

dQ(JUQ + Ef(ﬂfo) + 0(6))

Dh(t)|s—o = lim inf
(t)]e=0 i in

Since dq is globally Lipschitz with Lipschitz constant L > 0,
|da(zo + €f (x0) + o(€)) = da(xo + €f(x0))| < Lo(e)

Therefore,
do(zo + €f(z0) + o(€)) — dalxo + €f(x0)) + da(xo + €f(x0))

Dh(t)|t=o = lim inf

O €
— liminf 220 S 0)
e\0 €

. : . L : .. odo(xo +ef(x
Since the distance function can never go negative, it is equivalent to hm\"l(l]nf oo + cf (o))
€ €

=0.

Theorem: 2.4: Nagumo

Consider & = f(z), where f : R™ — R™ is locally Lipschitz. Let Q C R™ be a closed non-empty set.
Then the following are equivalent:
1. f(z) € Ta(x),Vz € Q

2. € is positively invariant.

2.3 Poincare Bendixson Theorem

Limit sets are a special type of invariant sets that capture the steady-state response of a non-linear sys-
tem.

Definition: 2.4: Limit Sets

Let g € R™. A point p € R" is a positive limit point of z¢ if T, = [0, 00) and there exists a sequence
of times {t;}, t; > 0 with ¢; — oo such that ¢(t;, x9) — p. The set of all positive limit points of xg
is the positive limit set of zg, denoted L™ (zg). Analogously, we can define the negative limit set of
xo, L~ (1‘0)

Example: Van der Pol oscillator. Let zg € R™ and p € Q, the limit cycle. L™ (zg) = Q.

Notation: positive orbit through o, O™ (z) = {¢(t, o) : t € T

Theorem: 2.5: Birkhoff’s Theorem

Consider # = f(x). Assume f : R® — R" is C!. For any 29 € R", LT (xg) and L~ (x¢) are closed
invariant sets. Moreover, O (x¢) C K C R", where K is a compact, then L*(zg) is non-empty,
compact, connected, invariant and d(¢(¢, zo), LT (29)) — 0 as t — oo, t > 0. An analogues statement
can be made about L™ ().

As an application, we consider limit sets of planar nonlinear systems. This gives the Poincare-Bendixson
theory. Consider

&1 = fi(@y, x2)

Ty = fa(x1,12),

15



NS Bl] € R2. Assume f : R? — R? is C!'. We know from Theorem that if OT(x¢) is bounded, then
2

Lt (xg) # 0. Moreover, L™ (x) is compact, connected, invariant and ¢(t,x¢) — LT (z0).

Q: When is L™ (zg) a closed orbit?
A: In R?, the answer is easy by below. In R™ for n > 3, one of Hilbert’s problem.

Theorem: 2.6: Poincare-Bendixson

A non-empty compact positive or negative limit set of £ = f(x), which contains no equilibrium is a
closed orbit.

Example: Show that the annulus Q = {z € R?: % <az?+a3< %} contains a closed orbit.

i1 = x1 + 29 — 21 (2% + 73)

T9 = —2T9 + 29 — xg(m% + a;%)

Proof. Note that € is compact and it contains no equilibria (The only equilibria is origin).
We can write Q = Q1 N Qy, where Q1 = {a::x%ﬁ—a;%—%SO}, and 9 = {x:%—x%—x% SO}.
Apply Theorem to Q1.

_

L
7Y ox

_ 2 .2
(z) = (221, 2x2) @1+ @y —mi(e] + o) }

—211 + w9 — wo(] + 23)

2 2_3
r1tTo=5

=2(2f + 23)(1 — 2§ — 23) — 20122223

Apply Young’s inequality to the cross term, —x? — 23 < 2x179 < 22 + 23. Then

3 1 3 3 3
2 2 2 2 2 2 _o2(_1 2__2.2_
Similarly for (g,
0
Lyts = 22 = —2(a} + a3)(1 — o — ) + 20azlon, <0
Then we apply Theorem to show LT (zg) is compact, non-empty. By Theorem [2.6, we can deduce that
L (z0) is a closed orbit. O

2.3.1 Non-trivial Consequences

Theorem: 2.7:

Let 2 be a compact positively invariant set for £ = f(z). If Q contains no equilibrium, then Vz( € €,
O™ (x0) is either a closed orbit or a curve spiralling towards a closed orbit.

Theorem: 2.8:

Let v be a closed orbit of # = f(X), and let © be the bounded open set whose boundary is y. Then
Q) contains an equilibrium.

Example: Limit cycles in glycolysis biochemical process used by living cells to extract energy by burning
sugar.

. 2
T1 = —T1 + ar + r1T2

To =b—axry + ZE%ZEQ,



where x1, z9 are concentrations. We study the nullclines where 1 = 0 or @9 = 0.

. z .
.1‘1:0:>$2:7a+;%,1’2:0:>$2:7a+1%.

2%

Figure 2: Limit Cycles

Theorem: 2.9: Bendixson Criterion

If divf = g—g’g + % is not identically zero and does not change sign on a simply connected set D,

then there are no closed orbits of & = f(x) entirely in D.

Example: Consider the Van der Pol oscillator:
l"l = T2
ig = —x1 + 6(1 - x%)xz

. Take D = {z e R?: ||z <1}. 98 =0, 52 = ¢(1—2?). div(f) = 5L + 32 = €¢(1 - 2}) > 0 on D.

o1
Therefore, there is no closed orbit in D.

17



3 Lyapunov Stability Theory

Consider the nonlinear system & = f(x), where x(t) € R™ is the true state vector, f : R" — R" locally
Lipschitz.

Definition: 3.1: Equilibrium

x* € R" is an equilibrium if f(z*) = 0.
Note: if we have a solution z(t) with 2(0) = x*, then z(t) = «*,Vt > 0.

Definition: 3.2: Stability

Consider © = f(z) with equilibrium z* = 0. We say z* = 0 is stable if Ve > 0, 3§ > 0 s.t. if
|2 (0)|| < 0, then ||z(t)]| < € for all £ > 0. If not, then x* is unstable.
In Logic notation: (Ve > 0)(39 > 0) ||z(0)]| < = ||z(t)]| <€, VE > 0.

Remark 3. Instability does not imply unboundedness.

Example: Van der Pol oscillator. The equilibrium x = 0 is unstable, but the solutions are attracted to
the limit cycle, thus bounded.

Definition: 3.3: Asymptotic Stability

Consider & = f(z) with f(0) = 0, 2* = 0 is asymptotically stable if
1. It is stable
2. Tt is attractive: 399 > 0 s.t. if ||z(0)|| < o, then x(t) — 0 as t — oo.

z
Remark 4. 1. Stability does not imply attractivity. e.g. { _1 . 0 is stable, but not attractive.

To9 = X1

2. Attractivity does not imply stability.

Definition: 3.4: Exponential Stability

Consider # = f(x) with f(0) = 0. We say z* = 0 is exponentially stable if there exists ¢,a,d > 0
s.t. Vz(0) € Bs(0), [lz(t)| < c||z(0)] e~ Vt > 0.

Remark 5. If asymptotic stability or exponential stability hold for any x(0), then we say globally asymptotic
stability (GAS) or globally exponential stability (GES).

Consider & = f(x) with f(0) = 0 and f : R®™ — R" be Lipschitz. A domain D C R" is an open connected
set. Assume 0 € D. Let V : D — R be continuously differentiable (C') on D. Recall the notion of Lie
derivative or derivative of V along & = f(x) or along solutions of & = f(x):

V() = 2 ity = 2 g()
SRR TR
- O ) = LV (a)

18



Notice: if ¢(t, zg) is a solution of & = f(z), then

Vi) = GVt
% dp(t,z0)| OV
= %(ﬁb(taﬁo)) Tat |, %(l’o)f(fﬂo)

If V(z) < 0, then V will decrease along solutions of & = f(x). i.e. Yzo € R", V(¢(t,x0)) is a decreasing
function of time.

Theorem: 3.1: Lyapunov’s First Theorem

Consider & = f(x) with f(0) =0, and f is locally Lipschitz. Let D C R™ be a domain containing 0.
Let V : D — R be C!, satisfying:
1. V is positive definite at 0. i.e. V(0) =0 and V(x) >0 Vx € D\ {0}.
2. V is negative semi-definite, .e. V(x) <0,VxeD.
Then z* = 0 is stable.
Moreover, if V is negative definite, i.e. V(z) < 0, V& € D \ {0}, then z* = 0 is asymptotically stable.

Proof. Suppose 1, 2 hold.

Step 1: Find a sublevel set of V' inside D.

Let € > 0, reduce € as necessary s.t. B(0) C D. Let cpin = |mHin V(). cmin exists because V is C' and
T||=€

{z : ||z]| = €} is compact. Also cpin > 0 by 1.
Choose ¢ € (0, ¢min), and define the sublevel set of V', Q. = {a? € B(0): V(z) < c}.

Claim: Q. C B¢(0), the interior of B¢(0).
Suppose not. Suppose Ip € Q. s.t. ||p|| = €. Then V(p) > cmin > ¢. Contradiction.

Step 2: Establish that ). is positively invariant.
V(xz) =LV (x) <0, Vx € 09, by 2. This then follows Theorem

Step 3: 39 > 0 s.t. Bs(0) C Q..
Since V' is continuous and V(0) =0 by 1. 36 > 0, ||z|]| < 6 = V(z) <c. i.e. B C Q. C Q.

Since this construction works for any € > 0, we have proved |z(0)|| < & = |l¢(t,z0)|| < €, ¥Vt > 0, i.e.
x* = 0 is stable. O

Example: I'»l — 7$2’j;2 = —x1 — T2, T = Ax where A = |:_01 :i:| .

Proof. Solve a Lyapunov equation ATP 4+ PA = —Q, where Q > 0, i.e. 27 Qxz > 0,Vz # 0,Q = Q7 for
unknown P = PT, P > 0.

Choose V (z) = 21 Pz,
V =20"Pi =22TPAz = 2T AT P2 4+ 2" PAz = —2"Qz < 0,V # 0
Therefore, £* = 0 is asymptotically stable. O

T2

Example: Pendulum with friction [xl} = [ g . & .
T —9sin(z1) — w2

Proof. V(x) = %ml%’c% +mgl(l —coszy), V = —kz3 < 0. Only negative semi-definite. O
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Question: How to Lyapunov’s theorem to characterize globally asymptotic stability?
Note: The previous Theorem cannot be used to characterize GAS in the following example:

—61’1

S ) WP
N W T
. —2(x1 + 29)
Bg = ————55—
(14 23)?
Choose the Lyapunov function V(z) = l_ﬁg +23. V(z)is p.d. at z =0 and n.s.d. at z = 0.
1

However, not all level sets of V' are bounded, dc* > 0 s.t. 2+ is not compact, and we cannot characterize

the GAS.

There is a simple fix to ensure every sublevel set of V' is compact: V(z) — oo as ||z|| — oco. That is V(z)
is radially unbounded.

Theorem: 3.2: Barbashin-Krasovskii

Consider ¢ = f(z) with f : R® — R" locally Lipschitz, and f(0) = 0. Let V : R® — R be a C!
function s.t.

1. Vispd. at 0: V(0) =0, and V(x) > 0,Vx # 0.

2. Visnd. at 0: V(0) =0, and V() < 0,Vz # 0.

3. V is radially unbounded: V(z) — oo as ||z|| — oo.
Then z* = 0 is globally asymptotically stable (GAS).

Proof. The stability part does not change. It remains to show that Vx(0) € R, z(t) — 0.

To the end, consider any z(0) € R™ and let ¢ = V(2(0)). 3 = Ve > 0,3r > 0s.t. V(z) > cif ||z] > r.
Therefore, 2. C B,(0), the closed ball of radius r centered at 0. €. is bounded.

We can reapply the attracting argument for all z(0) € R™, V(x(t)) — 0.

Since V(x(t)) is decreasing and converges, V(z(t)) — € > 0, V < —~, then

V(x(t)) = V(x(0)) +/0 V(a(r))dr < V(2(0)) =t
Therefore, by continuity, z(¢) — 0. O

3.1 Stability of LTI Systems

&= Azx,x(t) e R"

Theorem: 3.3:

x* = 0 is asymptotically stable < o(A) C C~ (spectrum of A lies in the Re < 0 half plane). i.e. A
is Hurwitz.

We seek a Lyapunov characterization. Consider a quadratic Lyapunov function V(z) = 27 Pz, where
P =P7T and p.d. i.e. 27 Pz > 0,2 # 0 and 27 Pz =0 for z = 0.

V =i" Pz + 2T Pi = 22T Pi
= 20T PAz = 2T (ATP + PA)z

= —27Qu, for some Q = QT

We need to solve ATP + PA = —@Q, the Lyapunov equation.
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Theorem: 3.4:

A is Hurwitz (0(A) c C7) if and only if for any Q@ = QT p.d., there exists a unique P = PT p.d.
st. ATP+ PA=—-Q.

Example: a.cl - , Q= [1 O]

Proof. Parametrize P = [p P 12]. ATP + PA = —(Q gives three equations, and solving the equations

P12 P22
3 1
gives P = [% ﬂ , which is p.d. O
2

Indirect methods we can use the linear system approach to analyze a nonlinear system
1. Linearize about an equilibrium z*
2. Use the linear theorems

3. Deduction about stability of * for the nonlinear system.

3.2 Exponential Stability
Recall Definition What is the Lyapunov characterization?

Theorem: 3.5: Exponential Stability

Consider z = f(z), f locally Lipschitz, f(0) = 0, and let D be a domain containing 0 and V' : D — R
is a C! function. Suppose 3y1,v2 > 0,8 >0,k > 0s.t. Vo € D

Loyl < V(@) < 32

2. V(w) = L;V(x) < —Blo]*
Then z* = 0 is exponentially stable. Moreover, if D = R”, then z* = 0 is globally exponentially
stable.

Proof. Let € > 0 be s.t. Be(0) C D. Let ¢g > 0 be s.t. Q¢ = {z € B(0): V(z) <co} C Be(0). This is
always doable by 1. Now consider any x € D by 1 and 2,

Liv() < —Blal < PV
Y2

Therefore, for all zg € €,
d B

@ (9(t20) = LyV(6(t, 20)) < ==V (6(t, 20)), V¢ 2 0

Integrate both sides,
V(ttm0) < Vo) - 2 [ Vi)
By Lemma V(o(t, o)) < V(zo)exp (—— ) Now use 1,

T 16t 20) ¥ < V(6(t, 20)) < V(o) exp (‘H) < 5 ol exp (—it)

1/k
Therefore, ||¢(t,z0)| < <%) ||zo|| exp ( %t) Hence z* = 0 is exponentially stable. O
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3.3 Converse Theorem; LaSalle Invariance Principle; Barbalat’s Lemma

Theorem: 3.6: Massera (Converse Theorem)

Let z* be an asymptotically stable equilibrium of # = f(x) where f is locally Lipschitz. Then there
exists a ball B.(z*) and a C' function V : B.(z*) — R s.t. V is p.d. at #* and LV () is n.d. at
x*. If * is GAS, then additionally V : R — R is p.d. at «*, LV (x) is n.d. at z*.

:.TQ

Example: Consider a pendulum with friction . Find a Lyapunov function

T9 = —asinx; — bry,b >0
based on the total energy V(z) = a(l — cosz1) + 323.
V(z)ispd. at 2* =0over =5 <21 < 5. LyV(z) = —bzj < 0 n.s.d.

Question: Do we need to find another Lyapunov function?

No. Notice that LV (z) < 0 except at x2 = 0, where L;V (z) = 0. Solutions move along decreasing level
sets of V. Then the solutions remain trapped, approaching points where LV (z) = 0. LV (z) = 0 gives
29 =0, 2 =0, and #; = 0. Solutions can maintain LV () = 0 only at 2* = 0. Thus as V(z) — 0, z — 0,
z* = 0 is asymptotically stable.

These observations can be formalized in Lasalle Invariance Principle.

Theorem: 3.7: LaSalle Invariance Principle

Consider the nonlinear system @ = f(z) where f(0) = 0 and f is locally Lipschitz. Let D C R
be a domain containing 0 and let 2 be a compact, positively invariant set under the system. Let
V :D — R be a C! function s.t. Vo € Q, LV (2) < 0. Define E = {z € Q: L;V(z) = 0}. Let m be
the largest positively invariant set in E. Then Vzy € Q, ¢(t,x9) — m as t — oo.

Proof. Let xg € 2. We claim J¢y € R s.t. tlim V(o(t,zg)) = co.
— 00
We know LV (z) < 0,Vz € Q, so V(¢(t,z0)) is non-increasing. Also, V' is continuous, and € is compact,

so V achieves its minimum on Q. Since V (¢(t, z¢)) is a non-increasing function bounded from below, it has
a limit ¢g as t — oco.

Claim: the positive limit set L™ (x¢) # 0 and Yz € Lt (z0), V(z) = .

This is because ¢(t,zg) is bounded. Since z¢ € Q and Q is compact and positively invariant. ¢(t,zg) €
Q,vt > 0.

Apply Theorem LT (zg) # 0, it is compact and invariant. Let p € L™ (x¢). This means 3 {5}, with
tr — oo s.t. ¢(tg, xo) — p.

By continuity of V', V(¢(tr, zo)) — V(p) as t — oco. But we also know that V(¢(t, z0)) — co, so V(p) = co.

Claim: L*(z9) CE={z€Q:L;V(z) =0} C Q.

Vp € Lt (x9) and Vt > 0, ¢(t,p) € LT (xg), because Lt () is invariant.

Then we have that V (4(t,p)) = co,Vt > 0, V is constant, £V (¢(t,p)) = 0,Vt > 0.

In particular, %V((ﬁ(t,p))‘tzo =LsV(p) =0.

Also, zg € Q and Q is compact, LT (zo € 2). Taken together, these statements imply p € E.

Claim: Lt (z) C m.
L*(z0) C E by previous step. LT (x) is positively invariant. By Theorem [2.5 L*(z¢) C m, which is the
largest positively invariant set in F.

Claim: ¢(t,z9) — m as t — oo.
By Theorem [2.5] ¢(t, x0) — L*(z0) as t — oo, but L*(z0) C m. O
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Remark 6. In practice, we want m to be a single point which is the equilibrium.

Back to the example: V(z) = a(l —cosz1) + 323. Q = {2 € R?: V(z) < ¢} is compact, positively
invariant for sufficiently small c. L;V(z) = bz, E = {z: 22 =0}, m = {z : 21 = 22 = 0} = {0}. From
Theorem [3.7], z* is asymptotically stable.

Fact: Let f: R — R be a differentiable function.

1. f(t) — 0 % f converges to a constant. e.g. f(t) = sin(log(t)), f(t) = cos(log(t))3 — 0 as t — oo,
but f(t) does not converge.

2. f(t) converges as t — 0o % f(t) = 0. e.g. f(t) = e *sine®, f(t) is unbounded.

3. If f is bounded from below. i.e. 3¢ € R s.t. f(t) > ¢ and f is non-increasing. i.e. f(t) <0, then f
converges as t — 00, i.e. tlim f(t) = ¢ for some ¢ > c.
— 00

Definition: 3.5: Uniform Continuous (Formal)

A function ¢ : R — R is uniformly continuous if Ve > 0, V¢, ¢’ > 0, [t — /| <6 = |g(t) — g(t)| < e.

Remark 7. A sufficient condition for g to be uniformly continous is that its derivative is bounded.

Lemma: 3.1: Barbalat’s Lemma

If the differentiable function f : R — R has a finite limit as ¢ — oo and if £(t) is uniformly continuous,
then f(t) = 0 as t — oo.

Corollary 1. If the differentiable function f:R — R has a finite limit as t — oo and if f(t) ewists and is
bounded, then f(t) — 0 ast — oc.

Theorem: 3.8: Lyapunov-Like

Consider a C! function V : R” x R — R satisfying
1. V is lower bounded
2. V(z,t) is negative semi-definite at 0
3. V(x,t) is uniformly continuous in ¢

Then V(z,t) — 0 as t — oo.

. . T = Ax + Bu . .
Adaptive Control Consider a LTI system { o , where x € R" is the state, v € R is the
y==0Lex
input and y € R is the output. We assume x,u,y are available for measurement. Given r(t) a reference
signal, find a controller s.t. y(t) — r(¢), assuming A, B, C' are unknown.
Define the error e = r — y, assume r(t) is generated by a linear exogenous system w = Sw,r = Ew.

Define the error model: ¢ = Fw — Cx,

ée=Fuw-—-Ct
= Esw — C(Az + Bu)
= —-CBu+ ESw — CAx
= —pu+ Byo,

where f = CB € R and sgn(f) is known, ¢ = —% (CA,CB) is a row vector of unknown parameters,

¢ = [Z] is called the regressor, and is known.
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Now we have a scalar error model é = —fu + Bip¢. We want e(t) — 0. Choose a controller u = ke + Vo,
where ke is for the closed-loop stability, ¢ is to achieve tracking (internal model principle), v is an
estimation of the unknown 1.

Define the parameter estimation error ¢ = ¢ — 11/31 then the closed-loop error model is é = —fke — ﬁzﬂ¢.
Consider the Lyapunov function V = 1e? + Z|B|ypT. V is p.d. at (e*,¢*) = 0.
V=LV =ec+ |Blgg"
= e[-Bke — BY] + BP9
= —Bke® — e+ |Bl)T.

Since Bk > 0, —fBke? is n.d. Choose zZT = sgn(ﬂ)egﬁ to cancel out the remaining terms.
Since ¢ = ¢ — ¥, b = ¢ — ¢ = ¢, we get b = —sgn(B)eg’ .

We now have V = —Bke? < 0. At this point, we have V p.d. at (0,0) and V < 0. So from Theorem
we can conclude the equilibrium (e*,4*) = (0,0) is stable.

Notice V is radially unbounded, so e(t) and ¢ (t) are bounded. We can also assume that w(t) is bounded.
Then we know ¢(t) is bounded. Then é = —pke — ,Bzﬁcb is bounded. Then V = —2Bkeé is bounded.
Therefore V is uniformly continous. By Lemma V(t) — 0 along solution. But V = —fSke?, we
conclude e(t) — 0 as t — 0.

Remark 8. Notice we don’t conclude 1)(t) — oo from this method. Parameter convergence requires an extra
condition called persistency of excitation.
3.4 Stability of Perturbed Systems

Consider the system

&= f(x) +g(t ),

where f: R™ — R" is locally Lipschitz, g : R x R” — R" is continuous in ¢ and locally Lipschitz in z. We
regard g(t,z) as a perturbation term.

First suppose x = 0 is GES of unperturbed system

&= f(x)

Assume g¢(t,0) = 0 for all ¢. Using converse Lyapunov theorems (Khalil Theorem 4.14), there exists
V :R" = R for & = f(z) satisfying

L e llz]* < V(z) < ea||z?
2. V(z) < —cs |z
3. |92 || < callz|| for some ey, c2, 3,4 > 0.

Suppose the perturbation satisfies a linear growth bound ||g(t,z)|| < v||z| for t > 0, x € R" and 7 > 0 a
constant.

Note any function g with g(¢,0) = 0 and g locally Lipschitz, uniformly in ¢, in a bounded neighborhood of
0 will satisfy ||g(,z)| < || on that neighborhood.

24



Now consider V along solutions of & = f(x) + g(t, x),

V= %x — Z—Z(f(a:) +g(t,z))

ov
< —csfloll® + 5 g(t, )

oV
—_— t
a4 e

2
< =z [zl + ca |zl v [l

—c3 ||5L“||2 +

IN

= —(c3 —yea) ||z

If v < €%, then c3 — yeq4 > 0, V < —(c3 —yeq) ||lz]* <0 n.d.

C
4

Lemma: 3.2: Khalil 9.1

Consider the system & = f(z) + g(t,z) and x = 0 is GES for & = f(x). Let V(x) be a Lyapunov
function for & = f(x) satisfying Khalil 4.14, and g(¢, x) satisfies [|g(¢, z)|| < v [|lz[| with v < &. Then
x = 0 is exponentially stable for & = f(z) + g(t, z).

Remark 9. In practice, we often do not know ¢;s. Then we write for v > 0 sufficiently small.
The Lemma is conceptually important, because it highlights that ES is robust to perturbations.

Example: Consider & = Az + g(t,z), where A € R™*" is Hurwitz and ||g(¢,z)| < v |z|, V¢ > 0,2 € R™.
There exists P = PT p.d. solving the Lyapunov equation A”P + PA = —Q with Q = QT p.d. For
the nominal system & = Az, we choose the Lyapunov function V = 27 Qz. This Lyapunov function
satisfies

L Auin (P) [|2]]* < V(&) < Amax(P) [l[|*
2. V=—2"Qx < —Auin(Q) 2|
3. |5l = 1227 P|| < 2P| ]| < 2Amax(P) [l2]|*
Now consider V for & = Az + g(t, ). Compute
V =2:TPi = 22T P(Ax + g(t, x))
2T (ATP + PA)x + 22T Pg(t,2) = —27 Qu 4 227 Py(t, )

< —Auin(Q) |z + 2 |27 P|| |lg(t, 2)]|

< Amin(Q) [|z]* + 2| P ||| v |||

< —Amin(Q) |2] + 2 max(P)y ||z

= —(Amin(Q) = 27 Amax(P)) ||
We want 7 < ;;\‘:i;‘x(gj)).

Note P depends on the choice of (). The best of () for least restrictive bound is @ = I.

.flzxg

. 3 > where 8 > 0 is unknown.
Zo = —4x1 — 229 + Py

Example: {

Rewrite as a perturbed system & = f(z) + g(¢, x), where f(z) = [ 04 12] z, g(x) = [523]. The solution
% - 2
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3/2 1/8

. T — 1 =
of the Lyapunov equation A* P + PA = —[ is P [1/8 5/16

¢4 = 2Amax(P) = 3.026.

Now look at |[g(z)|| = B lz2]|* = B ||za||® ||z2|| < Blz2|? ||lz]| < BK3 ||z, which holds for all ||zo| < ko. We
don’t know if such a bound on z2 holds. Consider & = f(z) + g(z),

]. The conditions hold with c3 = 1,

7 = IV (5@) + 9@ (@) + 9(a)

< =z + callz]| B3
< — ]| + 3.0268k3 || |*
V<0if g < W Denote Q. = {z € R?: V() < ¢} closed and bounded. The boundary is Q. =
. 2

{z:V(z) =32+ fz12o + 23}, We need the largest x5 on 9. Take V(z) = c, derivative w.r.t. zy, set
to 0, solve for xo. This gives x1 = —%582. x% = 92—%6. Vo € Qe, |x2| < ko, k:% < %—%‘3, < 0?1. This gives a
region of attraction.

Lemma: 3.3: Non-Vanishing Perturbation

Let x = 0 be an equilibrium of # = f(x). Let V : R®™ — R be a Lyapunov function for the system
satisfying Khalil 4.14 holding B, (0), Consider @ = f(z) + g(t, ). Suppose ||g(t,z)|| < é < &, /Lor,

where 0 < 6 < 1. If [|z(0)[| < ,/&r, then [lz(?)[| < &, /i—fg.

Proof.

v
- Oz

¢4
< —es |z + eallz] 6 = —es flal|* + o0 T 0es lz]* — 6es |l

v = SL) + o) < -ea ol + | 52| hato)

= —(1=O)cslz]* — bes [|z]* + cad |12
= —(1 = O)cs|z]|* — (8es ]| — cad) |||

If [lof > §2, then V < —(1— O)cs ||z, O

Most Common Tricks/Techniques:
1. Cauchy-Schwarz: uv < ||u ||v]|
Matrix norm: ||Az|| < ||A|| ||zl

Young’s Inequality: 2 [lal| [|b] < [la* + b]%; 2 al|* < flal* + 1

Ll

a? eb?
ab S %€ + B

5. Comparison Lemma: Consider § = f(¢,y), y(to) = yo. Suppose V < f(t,V), and V(tg) < yo. Then
V(t) S y(t), Vt = to, V< —yV.
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Theorem: 3.9:

Consider the perturbed system

&= f(t,x) +9(b),

where f is locally Lipschitz in 2 and piecewise-continuousin ¢. Suppose z = 0 is GES for & = f(¢, z).
Suppose ¢(t) — 0 exponentially. Then x = 0 is stable for the perturbed system.

Proof. By Theorem 4.14 of Khalil, 3V; : R® — R s.t.
L et lz]® < Vi(t,2) < ez ]
2. G+ GAf(ta) < —cs|z)?

o
3. H i

< ca |||

for some c1,co,c3,cq4 > 0.
Since g(t) — 0 exponentially, 3(¢z, A2) s.t. v = Ayv and ||g(t)| < [[ezv|.
Notice that Ao is Hurwitz, so 3P, = PQT s.t. Ang + PyAy = 1.

Let V(t,z,v) = Vi(t,x) + csv’ Agv where ¢5 > 0 TBD. Then

V=Vi+ew Pw= aa‘f + %Zl(f(t,ar) +g(t)) + es2v" PyAgv
2 (9V1 T AT
< —csllz||” + Eg(t) + cs5v° (A3 Py + Py Ag)v
= e lall* + D2 (1) — es )
< —arllolf + | G| o) - cs 12
< ~es P + ex a7 ) — es o)

2 2
Also ||z [[v]| < ZE 4+ d4E for € > 0 TBD. Then

S P :
< —csa]|” + czey e T T o — o5 ||
e L E T

Choose € > 0 s.t. ¢3 > CEE“ and c5 > @TC‘*
We have V < —v ||z||> = 72 lv||* < —7V.

Now we can apply Lemmal[l.2]to get V (¢) < exp(—~t)V(0), (z(t),v(t)) — 0 exponentially. Therefore, z =0
is GES. O
3.5 Input-to-State Stability
Consider the control system

T = f(xv u)a

where f : R" x R” — R" is locally Lipschitz in z and u. Suppose u(t) € R™ is a piecewise continuous
bounded function of t. Suppose we know the unforced system & = f(z,0) has an equilibrium at x = 0 that
is GAS.
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Example: Consider the linear system @ = Az + Bu, z(t) € R, u(t) € R". Suppose A € R™*" is Hurwitz.
We know the solution is

t
z(t) = ez (0) +/ A7) Bu(r)dr.
0

Since A is Hurwitz, 3(C, \), A > 0 s.t. HeAtH < Ce M, forall t > 0.

lz(@)]| < ||e*]| |1=(0)]| + /Ot HeAu_T)

| B[ |u(7)|| dr
t

gce—kt|yx(0)\|+/ Ce M= B| |Ju(r)| dr
0

t
< Ce ™ z(0)] +Ce_”/0 || Bl dr sup [u(7)]

T€[0,t]
_ C||B
< 0 @)+ TV sup ()
T€[0,t]
This shows bounded input implies bounded state. We want to generalize this property to nonlinear sys-
tems.

Definition: 3.6: Class x Functions

A function « : [0,7] — [0, 00) belongs to class & if it is strictly increasing and «(0) = 0. It belongs
t0 Koo if T'= 00 and a(r) — oo as r — 00.

Definition: 3.7: Class kL Functions

A continuous function g : [0, 7] x [0, c0] — [0, 00) belongs to class L if for each fixed s, the mapping
B(+, s) belongs to class k and for each fixed r, 3(r,-) is decreasing and 3(r,s) — 0 as s — oo.

Definition: 3.8: Input-to-State Stability

A system & = f(x,u) is Input-to-State Stable (ISS) if there exists a class kL function 8 and class k
function v s.t. Vx(0) and any piecewise continuous bounded input u(t), z(t) exists and

lz@)1 < Bllz(O)[|2) +~ ( sup IIU(T)H)

T7€[0,t]

Remark 10. For ISS, bounded input implies bounded states. ISS implies = 0 is GAS for & = f(«,0).

Theorem: 3.10:

Let V : R" — R be a C* function satisfying a(||z||) < V(z) < a(||z]]) with a1, in class Keo.
V(z) = %—‘m/f(:z;,u) < —w(x), for all ||z|| > p(]|z||) > 0 where p is class k and w(x) is a continuous
positive definite (at x = 0) function. Then & = f(z,u) is ISS.

Example: & = —23 + u. Note = 0 is GAS for & = —z3.

Try Lyapunov function V = %1:2.

V:a:x':x(—:z3+u):—x4+a:u
:_(1—9)x4—9x4+xufor0<0<1
< —(1-86)z?
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for all |x| > (7> . The system is ISS.

Consider & = f(z,u) and f(z,u) is C' and globally Lipschitz in 2 and w. If z = 0 is GES for
& = f(z,0), then & = f(z,u) is ISS.

Theorem: 3.11: Cascade System

Consider the cascade system

&1 = fi(zq,22)

Ty = fo(x2)

Suppose z9 = 0 is GAS for &9 = fo(x2), 1 = f1(x1, x2) is ISS with input x9, then x = (0,0) is GAS.
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