MAT1525 Variational Methods in Imaging and Generative Neural
Networks

1 Introduction

Consider the dataset CELEBA, 200k images of size 200 x 200. Assume the images are grayscale, they are
points in R4 They are samples from an unknown probability measure v. There are two questions:

1. Find an approximation of v

2. Find a way to create/generate new samples from v

Definition: 1.1: Push-forward Measure

Let G: X — Y be a continuous function, n be a measure on X. (Gyn)(B) = n(G~1(B)).

To generate an image, Gy : R™ — R40000 typically for GANs, m = 100. Sample from a known probability
measure 7) (e.g. multivariant Gaussian). It has a push-forward measure pp = (Gg)xn. We want py to be
as close as possible to v of which we have samples.

Notion of closeness of measures: GANSs use Jensen-Shannon divergence iIelf JS(pg,v), where

TS(uv) = 3 D(lIM) + S D(v]|M)

1
M:§(M+V)

DM = [ e tog (](‘j(j?)) da

Issue: If 4 and v have disjoint support, then JS(u,v) = ¢ is a constant.

Definition: 1.2: Optimal Transport

Let p be a measure on X, v be a measure on Y, pu(X) = v(Y). Want to find a transport map

T:X =Y withTyp=vs.t. TTinf /|z — Tz|du(x) = Wi (u,v) (variational problem).
Ty p=v

The Wasserstein distance, Wi (ju, ), (minimum cost of transporting p to v) does not have the issue, and
resulted in much better training. Training iIelf Wi((Gg)4n, v) is another variational problem.

However, it is difficult to compute Wi (u, ), WGANS consist of 2 neural networks. Gy is the generator, and
a neural net (the critic) is introduced for approximately computing W1 ((Gg)xn,v). The approximation is
inaccurate |11]. WGAN-GP (gradient penalty) computes a congested transport cost [7].



Let z evolve according to a SDE
dx = f(z,t)dt + g(t)dW

p¢ be the resulting probability distribution of z(t)s. Vlogp(z) is the score. If the score is known, then
we can reverse the process

dx = [f(z,t) — g°(t)Va log pi(x)] dt + g(t)dW

In score-based diffusion model, use a neural network to approximate the score. t — p; is a gradient
flow.

Inverse Spectral Problems Consider the Dirichlet eigenfunctions
—Au = /\jUj
ujlog =0

Given Ag, ..., Ay, can we determine 27 In theory, this is not achievable.



2 Wasserstein Distance

2.1 Optimal Transport Theory

Let X,Y be complete separable metric spaces (Polish spaces). Most of the time, we will have X =
Y bounded in RY. p,v finite Radon measures on X,Y, u(X) = v(Y). Assume p,v are probability
measures.

Monge (1781): Find a Borel measurable map 7' : X — Y solution of
min / |x — Tz|du(x) (1)
Tup=v Jx
More generally, can have a cost function ¢(z,y) continuous, ¢: X x Y — [0, 00):
min / c(x, Tx)du(zx)
Typ=v Jx

Reasons to consider general cost functions:

1. c(z,y) = |z — y[P in R W,(p,v) ( min / | — Tx|Pdu( )) " for 1 < p < co. (There are
WGAN papers that propose W),-distances)

2. If X =Y is a Riemannian manifold, ¢(x,y) = d(z, y)? is the most often used in geometry

3. WGAN-GP yield cost which is not |z — y|

Note: In Monge’s formulation the transport map may not exist. Standard counter example of existence:
Let 1 = 0y, v = 5(8y, + 0y, ), where § are pointmass. X = {z¢},Y = {yo,y1}. There is no transport map
X =Y.

Kantorovich (1942) relaxed the problem, in lieu of a transport map 7', we seek a probability measure
on X x Y. If 4 has density dy = v(z, y)dxdy. Intuitively, v(x,y) is the fraction of the mass at = transported
y. fACX,BCY, v(A x B) is the mass from A to B.

v is admissible if (II;)4y = p and (II,))xy = v, where I, (z,y) = z, 11, (z,y) =
corresponding spaces, so u(A) = y(II;1(A)) = v{(x,y) : x € A}, v(B) = fy(Hgl(
forACc X,BCY.

If p,v,~ are absolutely continuous, p = f(x)dx,v = g(y)dy,y = v(z,y)dxdy, dx,dy are Lebesgue. Then
[(z,y)dy = f(z), [v(z,y)dz = g(y). In short, v should have marginals 1 and v. Let II(p, v) be the set
of admissible «y (transport plans).

min c(x,y)d 2
'YEH(PL:V)/)(XY (. )dy (2)

1y are projections onto
) = v{(z,y) :y € B}

Eq. [2| is the Monge-Kantorovich (MK) problem, which is a linear programming problem.

Theorem: 2.1:

Assume X,Y are compact metric spaces, there is a solution to Eq. [2|

Remark 1. Solution need not be unique.
Example: X =1[0,10) C R,Y = [1,11] C R, p, v are Lebesgue measures in R, ¢(x,y) = |z — y|.
Ty(e) = o+ 1, Waln,v) = [ |o = Ti(a)ldn = 10

X

x+ 10,z € [0,1) / /
Th(x) = , W (u, x—Ti(x)|d 10dx = 10
2() {:E,:re [1,10] v | H@)ldu = 0



2.2  Duality Theory
Key to compute Wi (u, ) using a neural network is duality theory.

The dual Kandorvich (DK) problem is

¢,Z‘é%b/¢ )du(z /w Ju(y) s.t. 6(x) +b(y) < ez ), (3)

where C}, are continuous bounded functions.
DK has a solution and min MK = max DK.

Intuition: easier to explain:

S,)uf /X —p(z)du(z) + /Y Y(y)dv(y)

for p = —1. p(x) is price we pay at source and v (y) is price we collect at destination. The equation is to
maximize the profit.

Honesty constraint: —p(z) + 1 (y) < c(z,y).

Proof. (Weak Duality) max DK < min MK.

Let v € II(z, y).

/X¢du+/ywdu=/XXy¢dv+/Xwad7§/XWC(w,y)d'v

Definition: 2.1: c-transform

If ¢(z) +9(y) < e, y),Va,y, then ¢(y) < c(z,y) — ¢(z) and Y(y) < infy(c(z,y) — ¢(x)). Define
¢°(y) the c-transform of ¢(x),

#(y) = inf(c(z, ) - B(z)
Similarly, we define ¢ by
¥¥(z) = infle(z, y) = %(y))
Most often, we will have X =Y and ¢(z,y) = ¢(y, z), the notions will be the same.

Definition: 2.2: c-concave

If ¢ = )¢ for some 1, then ¢ is c-concave.

Theorem: 2.2:

Assume X, Y are compact metric spaces, ¢ : X X Y — [0, 00) continuous. There exists a solution of
Eq. Bl with ) = ¢¢. Moreover, ¢ can be taken c-concave.

sup{/ ¢du+/¢du +¢()<C($y}:¢iu<1;c/ d)du—l—/wdu

:sup/ d)d,u—{—/ ¢dv
o Jx Y




Proposition: 2.1:

Suppose ¢(z,y) is a distance function on X. Then u : X — R is c-concave if and only if it is
1-Lipschitz. i.e. |u(x) — u(y)| < ¢(z,y). Moreover, for any Lip-1 function, u® = —u.

Proof. (=) Assume u is c-concave, i.e. u = 9 for some 9. u(z) = inf, c(x,y) — P (y).

(c(z1,y) = () — (clz2,y) = ¥(Y)) = c(z1,y) — c(2,y) < (1, 72)
c(z1,y) — ¥(y) < c(@r, 32) + c(z2,y) — Y(y)
(1) < c(xq, 22) + ¥ (x2) Take inf on both sides.
Therefore u(x1) — u(xe) < e(x1,x2).
Similarly, u(x2) — u(z1) < ¢(x1,x2), combining both to get |u(z1) — u(z2)| < c(z1,x2).

(<) Suppose u is Lip-1.

u(z1) —u(xe) < c(z1,x2) = u(xy) < infy,(c(z1, z2) — u(z2)).

On the other hand, inf,, (c(x1, z2) + u(x2)) < c(z1,z1) + u(z1) = u(zy).

Hence, u(z1) = infy, (c(z1, z2) + u(z2)) = (—u)®. Thus u is c-concave.

Apply the above to Lip-1 function —u, we get —u = u® = u°, since c is symmetric. O

Corollary 1. Wi(u,v) = min / d(z,y)dy(z,y) = max / udp —/ udv (Assume X =Y ) u is
~vel(p,v) J X<y uelLip-1 Jx v

called the Kantorovich potential. This is used to approximate the Wasserstein distance.
Recall that we want to adjust 6 s.t. pgp = (Gg)xn is as close as possible to v.

1
min W V) &~ min ma udpyg — — u(x;
o Wiga0.0) ~ min e [ wdpo = 5 3w,

N
1
where x; ~ v, and N Z_: x;) is the empirical distribution.

Idea in the first WGAN paper: approximate a Kantorovich potential by a second neural network, u &2
the critic, trained (modify w) so as to maximize W1 (pg,v) = / Uy dptg + / Uy dV.

X Y
However, it is difficult to train a neural network to approximate a Lip-1 function.

First attempt to produce a Lipschitz function u,, was weight clipping (cutoff weights in the neural net for
Uy above a threshold)

Improved version |4] replaced the constrained optimization u € Lip-1 by a weighted unconstrained problem
with a penalty term (WGAN-GP):

mgx/ wdy — /udu—)\/ (V)| — 1)2 do(2),

where o(#) is sampling measure. To sample from o, sample = from p, y from v and ¢ from Unif([0, 1]) and
let 2= (1—1t)y+te.



2.3 Basic Convex Analysis

Let B be a Banach space and B* its dual. Think of B = R" and B* = R" with dual pairing (z,£) where &
is a linear functional acting on . We will have B = C(X x Y) and B* finite measure.

Definition: 2.3: Fenchel Transform

For a functional F' : B — (—o00, o0] not necessarily convex, define its Fenchel transform (or conjugate)
as

F*(B8) = sup (8,b) — F(b)

beB

forbe B, g € B*.

Theorem: 2.3: Properties of F*

1. F* is convex, because (3,b) — F(b) is affine in 5 and supremum of affine function is convex.
2. F* is lower semi-continuous (l.s.c), f(Z) < liminf f(x), since it is the supremum of continuous
Tr—T

functions

3. If F(b) < G(b), Vb, then F*(b) > G*(b), because of — sign

(B,b) < F(b) + F*(B)
5 F**( ) < F(b), Vb, because F**(b) = ;élg* (B,b) — F*(B) < F(b) + F*(B) — F*(B) = F(b).

Theorem: 2.4: Fenchel-Moreau-Rockafellar

Assume F' is not identially co (such an F is called proper). Then F = F** if and only if F is convex
and l.s.c.

Theorem: 2.5:

min(MK) = max(DK)

=~

Proof. Define a functional H on C(X x Y) as

H(¢ :—max{/ ¢du—|—/zpdu z) +P(y )<c(x,y)—§(w,y)}

By Theorem [2.2] there exist maximizers for any £ continuous.

Firstly, we show that H is convex.

Let (¢o,v0) solve Eq (3) for c(x,y) — &o(x,y) and (¢1,11) solve Eq (3) for c(z,y) — &, y).
Let & = (1 —t)& + t&1, ¢r = (1 =)o + td1, by = (1 — t)ho + teh1. Since ¢y + 1)y < ¢ — &

H(&) < - </¢tdﬂ+/1/)tdy>
{ (1-1) </¢odu+/¢odv>+t</¢1du+/w1dy>}

= (1 —t)H (&) +tH(&)

So H is convex.

H is l.s.c. by Arzela-Ascoli Theorem



Let v be a signed Radon measure,

H*(v) —Sup( 7,§) — H(E))

[/§d7+¢+111ﬁlz<1x_ </¢d,u+/1j)dy)]
2117156<§up /fd’y+/¢du+/¢dv

We will now apply Theorem to B = C(X xY) and B* finite Radon measure on X x Y to show
H*x (&) =H() forall £ € C(X xY).

Claim: H*(vy) = 0 if 7 is not a non-negative measure.
If v is not > 0, then 3¢y s.t. [ &dy > 0.
Consider ¢y =9 =0,y = N§g+c<c=c— ¢ —1 for N large. Then

H*(V)Z/ deVZN/Eod7+/cd7—>ooasN—>oo.
XxY

If v > 0, then taking the largest possible & gives

H' () = s /X ely) = 0lo) = vl + /X gy + /Y W

Let v1 = (ILx) 47, 72 = (Ily) 7 be the marginals of -, then /

XxXY
/ pdy2
Y

H (7):il}g/)(xyC(x,y)d’yﬂL/be(du—dwl)+/Yw(du—d72)

w)dvz/xcﬁdm and/X Yiﬁ(y)dv:

Sup/ c(x,y)dy, if yi = p, 2 =v
=14 ¥ JXXY

0o, otherwise

Note [ ¢(x,y)dy is independent of ¢ and . Therefore:

. c(x,y)dy, if v e Il(p,v
O (1.0)

oo, otherwise
Recall definition of H (§):

H(0) = — sup / pdu + /Y@bdu = —max(DK)

+p<cJ X

By Theorem [2.4] max(DK) = —H(0) — H**(0). Then

H*™(0) =sup(y,0) — H*(y) = —inf H*(y) = — inf / c(x,y)dy = — min(MK)
g gl vell(pw) JX <Yy
Therefore, max(DK) = —H(0) — H**(0) = min(MK). O



Proposition: 2.2:

Suppose 7 is an optimal transport plan (i.e. solution of Eq. ) and ¢, solution of Eq. Then
V(z,y) € spt(7), ¢(z) + ¢(y) = c(z,y).

Proof. By Theorem also v has the marginals pu, v,

| owuir= [ odus [ var= [ cann

Therefore, | (elay) = (9(a) + ¥(y))dy = 0.

XxY
Also we require ¢ > ¢ + ¢ in Eq. [3| Thus ¢ = ¢ + ¢ for y-a.e. (x,y).
Since ¢, ¢, 1 are continuous functions, {(x,y) : ¢ = ¢ + ¢} is closed. Hence it contains the smallest closed
set with complement of zero v measure. Therefore the set is spt(7y). O]

Proposition: 2.3:

Suppose 7 is a solution of Eq. and ¢ is a Kantorovich potential, i.e. a solution of Eq. With Y = ¢°.
If (zo,yo) € spt(7), and if ¢(x) and c(z, yo) are differentiable at xq, then Vo (zg) = Vzc(zo, yo)-

Proof. By Definition 2.1y ¢°(y) = inf c(z, y) — ¢(x), s0 6°(30) < ¢(2,30) — ¢(2), Va.

For = = xo, ¢°(yo) = c(x0,y0) — ¢(x0) by Proposition since (zo, yo) € spt(7).
Therefore, xg is a minimizer of ¢(z,yo) — ¢(z). Hence Vyc(x,yo) — Vaop(x) =0 at z = xo. O

Definition: 2.4: Sub-differential

B € B* is called a subgradient of F': B — (—o0, 00| (convex) at by if F\(b) > F(bo) + (5,b — bo) , Vb.
The set of all subgradients of F' at by is called the subdifferential of F' at by and denoted

OF(bo) = {8 € B* : F(b) = F(bo) + (B,b—bo) , Vb}

Intuitively, if F' is differentiable at by, 5 = F’(bg). RHS is the linearization at by.

Example: B =R, F(b) = |b|, B* =R, € R is a subgradient at by = 0 if and only if |b| > 0+ b < 5 €
[—1,1].

. 1,6 >0
A([b))(0) = [-1,1] C R, if by # 0, O(|b])(bo) = { "

—1,bp <0

Theorem: 2.6: Properties of Sub-differential

1. F has a (global) minimum at by < 0 € 0F (by) < F(b) > F(by), Vb

2. (8,b) = F(b) + F*(8) < f € OF (bo)

3. Suppose F is convex and Ls.c. then F**(b) = F(b) (Theorem[2.4) and by 2, (3, bo) = F**(bo) +
F*(8) % b€ OF*(5)

4. If F' is convex and ls.c., f € OF (by) < by € OF*(Bo).
Hence 0F*(By) = arg max { (5o, by — F'(b)}.




Proof. (2)

B € 0F(bo) & F(b) > F(bo) + (B,b — bo) , Vb
& (B,bo) — F'(bo) > (B,b) — F'(b), Vb
< (B,bo) — F(bo) > Sup (B,b) — F(b) = F*(B)
Since the reverse inequality always hold, we get (3,bo) — F'(by) = F*(0). O

Apply it to B = C(X) with X compact and B* =finite signed Radon measure with ||-||; oo-norm.
Let H be the functional B — (—o00, oo] defined as H(¢) = — /Y ¢dv, ¢°(y) = iI;f c(z,y) — o(x).
Claim: H is convex and l.s.c. In fact, H is continuous.
Proof.
$1(y) = fe(z,y) — ¢1(z) = nf c(z, y) — ¢o(z) — d1(2) + do(w)
< infe(z,y) = do(x) + [[61 = oll

Since ¢§(y) — ¢§5(y) < ||¢1 — ol by continuity of c-transform. Integrate both sides:

“H(n) + H(d) < 61 — dol| / dy = 11— doll =

Interchanging ¢ and ¢1, we get |H(¢1) — H(do)| < ||¢1 — ¢oll . i-e. H is continuous.

Convexity: Let ¢p = (1 —t)po + to1

(
c(@,y) — ¢ = c(x,y) — (1 = t)do(z) — t¢1(x)
= (1 =t)(c(z,y) = do(z)) + t(c(z,y) — d1(x))
> (1 —1)g5(y) + 61 (y)
=i (y) = (1 —1)¢5(x) + 17 (y).
—t

Integrate w.r.t. dv, —H(¢¢) > —(1 —t)H (¢pg) — tH (7).

Therefore, H(¢y) < (1 —t)H(¢o) + tH(¢1), H is convex. O

Since F' is continuous and convex, then

OH™(u )—argqsglcax {/ pdp — }—argqsglcax /qbdu—l—/ ¢ dv

Claimm: e / ot / odu {72(#, v) = min / c(z, y)dy, p € ¥(X), more generally u(X) = v(Y)

oo, otherwise

Proof. If pu is not > 0, then there exists ¢ < 0 s.t. [ ¢odp > 0.
Let A € R, (A¢p)¢ = inf ¢(z,y) — Apo(x) > inf e(z,y) > ¢, since X X Y is compact and c is continuous, ¢
x x

always exist. Then

)\/X¢od/L+ /(A¢o)cdu > )\/X ¢odu + ¢



Since [y ¢odp > 0, let X — oo, we get co.

Now we need to show p is a probability measure.
Suppose > 0, but u(X) # v(Y). Consider (¢ + A) = ¢ — \. Let ¢ =0. 0°(y) = inf, c(z,y) > ¢

/X(O—l—)\)du—k/y(o—i—)\)cdy:)\/Xdu—/\/ydv—i—/yoc(y)du

2)\</Xdu—/ydu>+c

If [ydu— [, dv >0, take A\ — oo, and if [ du — [, dv < 0, take A\ — —oo. Therefore, we must have
w(X) =v(Y). O

History of Monge Problem:

inf / |z — Tx|du
T#,u:l/ X

T is the transport map.

Sudakov (1979) claimed existence of an optimal transport map if © < £ (Lebesgue measure), but there
was gap in the proof.

Evans & Gangbo (1999) proved using PDE methods which requires additional hypothesis.
Cafarelli-Feldman-McCann (2002) proved existence of T"if y < £ and v < L.

Ambrosio & Pratteli relaxed to p < £ and fixed Sudakov’s proof.

2.4 Application to Wasserstein Distance

Fact: If the subdifferential at by consists of a unique element, F' is Gateaux differentiable at bg.

Definition: 2.5: Gateaux Derivative

Let x be a finite Radon measure, the Gateaux derivative is

lim inf Te(p +ex,v) — Te(p, v)

e—0 €

Suppose Eq. has a unique c-concave solution ¢ upto constant, then 7.(u,v) = fX odp + fY Pduv.

Telp + ex, v) — Te(p, v) ¢ Ix A+ ex) + [y o°dv — [ ¢du - [y ¢°dv

lim inf > limin
e—0 € e—0 €
d
— Jiminf S 99X _ / by = (6,%)
e—0 € X

Te(p + ex,v) — Te(p, v)

Also, lim sup < (¢, x). Therefore,

e—0 €
lim 8+ X0) — Telp:v) :/ pdx = (¢, X)
e—0 € X

LHS is the directional derivative at p in the direction y, also called the first variation. The unique Kan-
torovich potential ¢ is the Gateaux derivative of p — T¢(u, v) with v fixed.

Consider the case ¢(z,y) = %|ZL‘ —y|?, X =Y = Q compact in R%. V,c(z,y) = x —y, so if (20, y0) € spt(7),
we will have zg — yo = Vo(x0), yo = 20 — Vo(xo) is unique. This gives a transport map 7'(z) = = —

Vo(x).

10



Special case: ¢(x,y) = |r — y|. Since this is a distance function, we know ¢ is c-concave if and only if ¢
is Lipschitz-1 and ¢¢ = —¢. ¢(x) + ¢°(y) = c(z,y) < o(x) — d(y) = |x — y| given (z,y) € spt(y). Also if
<& Ly, there is an optimal transport map 7' solution of the Monge problem.

Let u be a Lipschitz-1 function. If u(x) — u(y) = |x — y|, then u((1 — t)z + ty) = u(x) — t|x — y| for
0<t< 1.

Proof.

u(r) —u((l —t)r +ty) <|r— (1 —t)r — ty| = tlz — y|
u((1 =)z +ty) —u(y) < |1 -t)r+ty—y|=(1—1)|z —y|
= u(r) —u(y) < |z -y

But we have assumed equality, we must have equality in all equations. i.e. u(z)—u((1—t)z+ty) = tlx —y|.
Also, the equality is saturated for any point inside the segment x — y:

u((1 =tz +ty) —u((1 —t)x +ty) = ‘(1 — ) +ty — ((1 - t)x+ty)‘

If w is Lipschitz-1 and u(z) — u(y) = |z — y|, then u is differentiable at all points x; = (1 — t)x + ty,

t € (0,1), and Vu(z:) = é:Z'. In particular, Vu(x) = ‘fc:%' p-a.e.

The map Tz goes in the direction —Vu(z), but we don’t know how far. The lemmas also imply that
tranport rays (the segments) cannot cross each other, but potentially meet at the end point.

Usefulness of transport maps: we can use it to denoise, deblur, and translate images @I

11



3 Score-based Generative Models

This section explains the basic ideas of [10], |3].

The score-based generative models can generate stunning images, but the generation process is very costly
by solving reverse SDEs. WGANs are more efficient and needs less training data.

3.1 Image Denoising

Let f be a gray scale noisy image, f is a function on a square 2 C R? — R, f(z) is gray scale level at .
We want to denoise it mathemtically.

Definition: 3.1: Tikhonov Regularization

A
uy = argmin/ |Vul? + / lu — f?
uJa 2 Ja
This is like a low pass filter, penalizing high frequency features.

Definition: 3.2: Rudin-Osher-Fatemi

A
uozargmin/ \Du|2+/ lu — f?,
v Jo 2 Jo

where [, |u— f|? is the fidelity term (denoised image should be close to the original image), [, |Dul?
is the regularization term.

Definition: 3.3: Total Variation

/|Du|: sup {/ uV-gb:¢:(gbl,...,qbd),quCé(Q,Rd)}
Q Q

6]l oo <1

If ue Whi(Q), ice. u € L and [, |Vu|dz < oo, then [, [Du| = [, |Vu|. This definition allows Du to be
a measure.

BV (Q) = {u cL': / |Dul| < oo}
Q
Because [, [Dul? is total variation, ROF is sometimes called TV regularization.

l,xe A
0,z ¢ A
derivative is § on boundary and 0 a.e. else. It is not bounded in L'. ROF model allows for such x4 —
sharp images.

Example: If A C Q is open, ya(z) = { , then x4 € BV(Q), but xa ¢ WH(Q), because the

Theorem: 3.1:

There exists a unique solution of Model [3:2]

12



A
Proof. Let E(u) = / | Dul| + 2/ lu — f|? for a fixed A > 0. Assume f € L? (in R?, BV (Q) C L*(Q))
Q Q

Since E(u) > 0,Yu, let o = inf E(u)>0.
u€BV(Q)

We want to show that Jug € BV (Q) with E(ug) = do.
For any n € N, Ju, s.t. 6y < E(uy) < 0o + %, {un} is called a minimizing sequence lim E(u,) = Jp.

n—oo
Consider E(0), 5 < E(0) = 3 [, |f]*
If £(0) = o, then done.
Otherwise, E(0) > y. Let n be s.t. L < E(0) — &, E(uy,) < do + L < E(0) = %fﬂ |fI2.

9 1/2
fonlla < lhun = s+ 17l < (3E)) 41812 < e + 1152 =211

Ball in L? is weakly compact, so there is a subsequence Up, — Uy € L2

To show that w € BV and E(ug) = do, need to show u — E(u) is L.s.c. with respect to weak convergence
in L?. By definition of sup, for any ¢ € C}(, RY):

liminf/ | Dy, | > liminf/ Up, V- = / ugV - ¢

k—oco  Jq k—oo  Jo Q

Taking sup over ||¢],, <1, liminf/ |Duy, | > / | D]
k—o0 Q QO

do = liminf E(uy, ) > liminf [ |Duy,, | > / | Duyg|
k—oo  Jo Q

k—o0

This shows ug € BV (). Now we need to show that u — |ju — f]|* is Ls.c.

luo — fll = sup /Q (wo — f)u

l[oll,<1
= sup liminf/(unk —f
oll<1 koo Ja

< sup liminf |Juy, — f|l, [[v]|, by Cauchy-Schwarz
loflp <1 Ko

= lim inf _
jmint [, — /1,
Combining inequalities, we get
1
m Uy, ) < liminf E(u,,) < khm So 4+ — = &,

li
k—o00 k—ro0 —00 ng

Thus E(ug) = dg, so ug solves ROF.

do < E(up) = E(

Uniqueness: suppose u; € BV (Q), also satisfies F(u1) = dp By Parallelogram law:

2 2 2 2

wtu T Bl AT Wl | P T Bl | P 0 Wl 2 o —w
2 , 2 2 |, 2 2
1 1 A 2
E Uo U1 §/|Du0|+/|DU1|+ UO+UI—f
2 2 J, 2 J, 2| 2 ,

IN

1 A ) \
{ (1wl 51— 1) (1014 5 =17 =S =

1 A

1 A
= §E(U0) + §E(U1) -3 luo — wi||* = & — 3 Juo — w1 |?

13



Therefore,

A
) <0 3w - wlf

3.1.1 Tadmor-Nezzar-Vese (TNV)

Given any f € L?, choose A\g and let ug be the corresponding solution of ROF.
Let vg = f — ug, so f = ug + vg. ugp can be thought of as main features and vy may be noise.
Let A1 = 2)¢ for simplicity. Replace f by vg. Let u; be the corresponding solution of ROF:

: A 2
up = arguerél‘l/rzm/g | Du| + 5 lvo — ul|5

Let v1 = vp — w1, so vg = u1 + v1, and f = ug + u; + v1. Repeat: Having found v;_1. Let

. /\k/ 2
ur = arg min Dul + — U — Vjp—
k guEBV(Q)/Q! |+ QH k-1l
UV = V-1 — Uk

f=uo+ur + -+ up+vp

This gives a nonlinear unique decomposition of f consisting of different features.

Theorem: 3.2: Tadmor-Nezzar-Vese

Assume f € BV and can be generated to larger scale (e.g. L?(f)),

o

2
=3 (nujn% +e HujHBV)

J=0

Registration Problem: Find ¢ a diffeomorphism to transform distribution Iy to I, % Iy — Ipo ng; +
d?(¢,e), where e is the identity map. ¢ can be decomposed into a sequence of diffeomorphisms.

Iterated TNV in the Denoising Direction
Consider the decomposition f = wug + vg. In some cases, we may need to denoise only part of an image.
Then we can use a weighted TV [, a(x)|Dul.

A
Let @ = arg min {/ a(x)|Du| + ?1 l|lu — u0||2} (denoise more), 01 = uy — Uy
Q

N . A
U1 :argmm{/ a(x)|Dul —|—k2+1Hu—ukH2}
Q
f=ut+v=v+01+U =vg+01+02+ -+ UV + U

We collect the noise and get clean uy.
This is particular case of a proximal point algorithm u; — ﬁ fQ f.

3.1.2 Denoising with Learned Regularizers
Suppose wee have a dataset of noisy images with distribution p and v. The data is not paired.

Lunz and Schoenlieb proposed to replace ROF by
. A 2
o = arg min uo(x)—|—§Hx—fH

14



Here we are thinking of vectorized discrete images f € RY, with uy a Kantorovich potential (Eq. for
Wh(p,v)) i.e.

U :arguer%if;x_l/udu—/udy

ug is large on noisy image and small on clean images.

3.2 Proximal Operators

Definition: 3.4: Proximal Operator

Let X be a reflexive Banach space, F' : X — (—o00,00] a proper, convex ls.c. function. Define the
proximal operator by

) 1 2
pro p(a) = arg jut { F() + 5 Ju—al | .7 >0

T

Definition [3.2]is a special case, with X = L?(Q), z = f, A= 1, F(u) = [ |Dul.

0,z eC .
Another special case: X = H a Hilbert space, F(x) = Io(z) = { v co where C is closed convex
00, T

subset of H. Then
. 1 9 . 1 9 .
prox, 1. (x) = arg inf {To(u) + 5 llu— 2>} = arg inf & o Jlu— ][> | = proje(xo)

Proximal is the generalization of projection.

Definition: 3.5: Moreau-Yosida Envelope/Regularization

The Moreau-Yosida envelope/regularization of F' is

1 2
M — inf { F(u) + - |u—
el@) = inf { P+ o fu—of?}

Example: X =R, F(u) = |ul,
1 11,02 <
Mr|-($)=inf{\u|+|u—x|2}: o 217 2] < 7
s u€R 2T |SC‘ — %7 |:p| > T

This is the Huber function. Note that M. |, is differentiable, and

0,|z| <7

prox, | (z) = {

a:—Té—',\:c|>T

Proposition: 3.1: Properties of Proximal Operators

1. M; p(z) is convex and ls.c., M, p < oo,V € X
2. Vx € X, there exists a unique z¢ = argmin,cx {F(u) + o |z - qu} s.t. My p(z) = F(xo) +
2
5 llwo — 2

3. inf F(z) = M,
Inf F(z) - F(x)

15



Proof. 2) Proof similar to Theorem
3)
S

inf M, p(z) = infinf ¢ F'(u) + L |z —u||® ¢ = infinf { F(u) +
z ’ z 27 u x 21

u

o= ulf} = nt Pl

Proposition: 3.2:

r* minimizes F < prox, p(z*) = o*.

Proof. (=) Suppose z* minimizes F'. Then
1
F(u)+ o [lu—a*|* > F(u) > F(a")
T
1
Then inf F(u)+ — |lu — 2*||* > F(z*), attained when u = z*. Therefore,
ueX 2T

*

* . 1 * 112
prox (a”) = ang fuf {F0) + = o =

* : 1 *(2
(<) Ifz" = argdg’( {F(u) + o lu — x| }, then

0€d {F(u) + % = x*||2} () = OF (z*) + %(z* — )

O

So 0 € OF (x*). This implies that * minimizes F.
To look for minimizers of F', we look for fixed points of prox, g,

Ty = prox, p(Tn_1)
This is the Proximal Point Algorithm.

prox, p is, in general, not a contraction map, but it is firmly non-expansive.
b

Definition: 3.6: Firmly Non-expansive

An operator T is firmly non-expansive if
Tz = Ty|* + | = D)z — (I = T)y||* < ||z -yl

Recall a contraction is ||[Tz — Ty|| < C'||z — y|| for C < 1.

Proposition: 3.3:

T is firmly non-expansive < T is resolvent of a maximally monotone operator O.

1 1
Ty = prox, p(z) = arggg)f( {F(u) + > l|lu — x||2} < 0€ 0F (x0) + §($0 — )

ez e (I+270F)(xg), z0 = (I +210F) " L(x)

16



Proposition: 3.4:

OF' is maximally monotone.

Therefore, prox, p = (I +279F)~!. Together, this gives the convergence z, — z*. =, = prox, p(z,_1)
generalizes iterated denoising;:

. A
Uy, = arginf {/ | Du| + 3 lu— Un—1||2} u_1=f
Q
A
S0 u, converges to the minimizer of / | Du| 4+ 5 [ — tn_1||%, which is mll Jo f-
Q

3.3 Gradient Flows

Heuristics on Gradient Descent: Consider x,, = x,—1 — TVF(x,_1), where 7 is the step size. Rear-
ranging, “*—"=% = —VF(z,_1) is the Euler discretization. The continuous limit is % = —VF(z(t)). This
is a gradient flow in R%.

For proximal point algorithm, @, = prox, p(zn—1). Since 0 € OF (xq) + 5-(xo — x), we have 0 € OF (z,,) +
%(l‘n — Zp—_1), Typ = Tpn—1 — TOF(xy). This is the implicit Euler discretization of the same gradient flow,
but with better convergence property. That is why proximal operators come into play when discussing
gradient flows.

Di Giorgi et. al. wanted to define gradient flows in metric spaces like Wasserstein space.

Definition: 3.7: Minimizing Movements Scheme

1
Let 7 be step size. x)' = argmin {F(:I;) + 2d2(m,x2_1)}. Define 7, (t) = 2 on ((n — 1)7,n7] a
W i

piecewise constant interpolant. We say x(t) is a minimizing movement of F' if there is a family of
T-(t) — z(t) for every ¢t as 7 — o0.

Now suppose we are on a Riemannian manifold M?. Gradient flow of F': M — R is a solution u : R — M¢

of ‘C%L = —VF(u(t)),u(0) = ug. % is the velocity vector at u(t), an element in the tagent space (% €

Tu(t)Md). VF is defined ad dF(Y) = g(VF,Y), where g is a metric on M¢ (inner product on tangent
space), Y € Ty, and dF(Y') is the differential form.

For gradient flows in Wasserstein space Pg(Rd), probability measures in R?, with W5 metric, we will need
to make sense of

1. Velocity vector field of a flow ¢t —
2. Tangent space T),;)P2
3. Notion (and computations) of gradient of a functional F' on Py(£2)

4. Conditions on F' for convergence of a minimizing movement scheme.

17



3.4 Wasserstein-2 Space

Definition: 3.8: Hopf-Lax Formula

Consider Hamilton-Jacobi equation

{%ﬁ; + H(Va) =0
u(z,t = 0) = g(x)

It has solution:

ute,t) =min o) + et (272 ],

where H*(q) = L(q) = sup{(¢q,p) — H(p)}, the Legendre-Fenchel transform.
P

Gut LVu2 =0

In particular, for H(p) = 1|p|?, L(g) = 3|q|? (the dual of L*norm is L*norm). Thus,
u(r,t = 0) = g(x)

has solution
. 1
u(z,t) = min {g(y) +ogle = yl2} = My 4(x)

Recall the Wasserstein distance

Wa(p,v) = min /
X

e foem |
—|lz — y|°dvy(x,y) = max du + ‘dv
vell(p,v) | yldv(y) $eC(Q) Jx b Y ¢

XY 2
We know that there is an optimal plan -, solution of MK and a c-concave ¢ solution of DK.

Claim: For ¢(z,y) = %|x —y|? and p < Ly (Lebesgue measure on RY), there is a unique optimal transport
map 1" s.t. Tx = Vh for a convex function h.

Proof. When c(z,y) = 3|z — y|%. Let uy(z) = 3|z|* — ¢(z),
c . 1 2 . L L 2
¢°(y) =inf ¢ Slz —yl” = ¢(x) o =inf ¢ Sla]” — 2y + Slyl” — ¢(z)
1 .
= L+t (= y -+ ug()
L2
= 5lyl" —sup{z -y —ug(2)}
1 *
=S lyI* = ui(y)
. c . 1 2 Lo s
Similarly, ¢(x) = inf ¢ S|z —y|* — ¢(y) ¢ = S]z[" — uy(2).
y |2 2

¢ is c-concave if ¢ = ¢ for some 1), i.e., p(z) = $|z> — uy, () < 2 — ¢(z) = uy, ().
Because Fenchel transform is convex and Ls.c., then 3|z|? — ¢(z) is convex and Ls.c.

Let « be a solution of MK and ¢ a c-concave Kantorovich potential. By Proposition and c(x,yo) —
¢(x) is minimal at x¢, and if ¢ is differentiable at xg, Vé(zg) = V, (%|x0 — y0]2) =29 — Yo, Yo := Txg =
z0 — V(o) = V (5|2> = 8) (z0). h(z) = |z|? — ¢(z) is convex.

Assumptions yield ¢ is differentiable a.e. (locally Lipschitz). O

18



Theorem: 3.3:

For © not necessarily bounded, say © = R% Let u,v be probability measures on R%. Suppose
p < La, [|z|*du < 0o and [ |y|?. Then there exists a unique optimal transport map 7' and it is of
the form T" = Vh with h convex. The set of such measures are Pa(§2).

Theorem: 3.4:

Wa(p,v) is a distance on Pa(2), also true for (P,(Q2), W,) for 1 < p < oo.

Definition: 3.9: Continuity Equation

Let p; be the probability density, v; be the flow velocity vector field, then

Opr + V- (prv) =0

We say (p¢, v¢) solve the continuity equation, if p; is a family of measures and v; is time-dependent vector
feild s.t.

T T
/ ||thL1(pt) dt = / / |'Ut‘dptdt < 00
0 0 Q

The equation is satisfied in the distribution sense, i.e.

T T
. = 1 O
| [@oandcs [ [ Go-udpar=0.%0 € Cio.71 % 0) (1)

If ¢(t, z) is supported in the interior (0,7) x €2, then

/OT/Q(E)th))dptdt—/quV-vtzo
[vou= [V~ [6v-u= [oun=o

where n is the outward normal vector of €, so dipr + V - (prvy) = 0 in the interior.

Now allow ¢ non-zero on 92, but ¢vy - = 0. This shows that Eq. in the sense of distribution
a0
includes the Neumann boundary condition v; - n = 0, and the entire flow is contained in €.

Another way to interpret Eq. in the weak sense:

d
d/ﬂ}dﬂt:/vﬁb'vtdpt-
lJa Q

The two notions are essentially equivalent.

Definition: 3.10: Lagrangian Coordinates

Assume v; is Lipschitz, uniformly in ¢.
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Theorem: 3.5:

Yi(z) = yo(t) € Q in view of Neumann conditions on boundary, where y,(t) is the position at time
t if we start from x, and Y;(z) is the transformation of x at time ¢. Then for any py € P(Q2), the
1-parameter family of measures p; = (Y3)4(po) solves the continuity equation in Definition [3.9 with
ptlt=0 = po. Moreover, the equation admits a unique solution. |9

Definition: 3.11: Metric Derivative

Let (X,d) be a metric space, suppose w : [0,1] — X is Lipschitz, i.e. d(w(t1),w(t2)) < p|lt1 —t2],
w'(t) need not have a meaning (if X is not a vector space). However, we can define metric derivative:

(0 = o L D00

Theorem: 3.6:

Suppose w : [0,1] — X is a Lipschitz continuous curve, then |w'(¢)| exists a.e. Moreover, for ¢; < tg,

d(w(tr), w(tz)) < / ()| ds

Definition: 3.12: Absolute Continuous

A curvew : [0,1] — X is absolutely continuous (AC) if 3g € L1([0,1]) s.t. d(w(t1),w(t2)) < fttf g(s)ds
for every t; < t9, g > 0 a.e.

In particular, any Lipschitz continuous curves are absolutely continuous. Moreover, we can reparametrize

an AC curve to make it Lipschitz continuous.
t

Let G(t) = / g(s)ds, Sc(t) = et + G(t), S. is strictly increasing with ¢ 0. Then @(t) = w(S-1(t)) is

Lipschitz, so w is AC, w has a metric derivative.
Theorem: 3.7:

Let Q@ C R? compact. If Q is unbounded, need to assume finite second moments [ |z|2dp < oc.
P(2) = {p : u a probability measure}, P2(2) is P(Q2) with Wa(u, v) metric. Then Wa(u, v) satisfies
the properties of a distance function.

Theorem: 3.8:

From |1].
L. £elt {#}1ep0,17 be an absolutely continous curve in P, (P(€2) with W), metric). Then for a.e.
t € [0,1], there is a vector field vy € LP(jus; RY) s.t.
(a) Otut + V- (,utvt) =0
(b) llvell Loy < 11/ (2)]

1
2. If we are given v; and ps with vy € LP(ug; RY), / ||thLp(m) dt < oo solving Oy +V - (pve) = 0.
0

Then g is absolutely continous in P,(£2) and |p/(¢)] < [0t Lo (pug) -
Combining the above, [|v¢][ () = [1'()]-




Definition: 3.13: Curve Length

Let (X, d) be a metric space, w : [0,1] — X, then

length(w) = sup {Z dw(tk—1),w(tr)), 0=ty < --- < t, = 1}
k=1

r
| |

Proposition: 3.5:

For any w €AC, length(w) = fol |’ (¢)|dt

Definition: 3.14: Geodesic

A curve w is a geodesic from zy € X to z; € X if it minimizes length among all curves with w(0) = =y,
and w(l) = ;.
A curve w is a constant speed geodesic if d(w(t),w(s)) = |t — s|d(w(0),w(1)).

Theorem: 3.9:

The following are equivalent
1. w is a constant speed geodesic
2. we AC(X) and |'(t)] = d(w(0),w(1))
3. w is a solution of

1 1
min {/ W (O)Pdt, w(0) = 20, w(1) = xl} _ / d((0), w(1))Pdt = d(w(0), (1))
0 0

Definition: 3.15: Geodesic Space

(X, d) is a geodesic space if

d(xo, 1) = min {length(w) : w € AC,w(0) = zp,w(l) = =1}

Theorem: 3.10:

If © is convex, then Pa(§2) (Pp,(£2) for any p > 1) is a geodesic space.

Proof. Given pu, v, we need to produce a geodesic from p to v.
More precisely, let p1, v € Pp(£2) and v be an optimal plan for the cost ¢(z,y) = |z — y|?, i.e.

Wh(u,v) —/

lv — yl[Pdy(z,y),y € I(p,v)
QxO

Define II; : Q@ x Q@ — Q by IIi(x,y) = (1 — t)x + ty. Then p; = (II;)x7 is a constant speed geodesic from
p to v. If v is given by an optimal map T (e.g. when u < L4, @ C R?), then py = ((1 — t)Id + tT) 4p.
When t =1, uy = v. py is probability distribution at time t. This is also called displacement interpolation.
Mt = (Ht)#’Y says:

/ o@dp = [ oMy ) = [ o((1— ) + ty)dy(z,y)
Q QxN QOxN

21



Then we need to show that ¢ — p; is a geodesic from p to v. For it to be a geodesic, we need W, (1, pis) =
|t — s|Wp(u,v) (asusming s > t)

It sufficies to show W), (pu, ps) < [t — s|Wp (i, v), because in this case:

Wp(p, v) < Wplp, pe) + Wy, ps) + Wp(ps, v)
< tWy(p,v) + (s = t)Wp(p, v) + (1 — s)Wp(p, v) = Wy(p,v)

and this gives the equality.

Now we show the claim W, (g, ps) < |t — s|Wp (i, v).
Let vf = (IL;, I1s) 4y, where (I, II5) : Q@ x @ — Q x Q. Then

QxQ QxQ

Claim: 7 € II(u¢, ps), i.e. it is a marginal from p; to ps. Consider the marginal:

@i = [ S((1—t)z + ty)dr(z,y) = / oy
OxN Qx0 Q

Similarly, the other marginal is ps.

Since Wp(put, prs) is infimum,

1/p
W (e ) < ( [ ote- va)
QxQ

- </QX9 (I=t)z+ty —(1—s)z— Sy\PaW) "

i </ﬂn (s =)z~ ywm)l/p

=|s — ¢ |z — y[Pdy
QxQ

= |s — t|Wp(p, v), since v is an optimal plan.
Consider the case when « is given by a transport map 7', i.e.
1= D [y = [ vl Tod
In this case:
[ ot = [ o=+ tarien) = [ 61— 00 +1Taydn

This shows that py = ((1 — t)id + tT) 4 p. O

Theorem: 3.11: Benamou-Brenier Formula

Assume € is convex and compact R,

Pt,Vt

1
W2 (u,v) = min {/ HthiP(pt) dt : Opr + V- (prvg) = 0,p0 = p, p1 = V}
0
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Proof. Intuition: p = 2. Let v; be a nice vector field. Solve dygit(t) = v(t,y=(t)), y(0) = 0,Yi(x) = y ().
Let pr = (Y3)#po, so Opr + V - (prvg) = 0. Assume p; = v.

/\yz ) — a2 = /|yx — o (0)Pu

dyx( )
- dt d
di H
dy,
y dtd,u
dya
y d dt

1
= v 2dudt:/ v dt
/0 /Q X [l

Since Pp(€2) is a geodesic space, there is a geodesic p; from p to v, which we may take to be constant speed.
Then

1
W3 s) =min{ [ 1Ot o = o =}
0

1
= min {/ HthZ[),P(pt) dt : &gpt +V- (ptvt) = 07/)0 =W, p1 = V}
0

Pt,Vt

We can change to a more general interval [0, 7]:

W30, pr) = 7 min { [ ety 8o 9 (p0) = 0,900,5) = po.plr, ) = ,oT}

Informally, suppose v is any reasonable vector field, then d;p 4+ V - (pv) = 0, p(0,-) = po yields p(7,-) = pr.
Let y.(t) solve dgt”“' = v(t,y2(t)), ¥2(0) = x. Let Yi(x) = yo(t), pr = (Yi)#po satisfies the continuity
equation, so

WE(po, pr) < / lya () — [2dpo,

since the map Y; : & — y,(7), satisfies (Y, )#po = pr.

/|yax(7> — z[*dpo =/Q /OT fg(t x)dt

dy
2 [ |1
/dt(t 2)dt

=T
, . . . . dy 9
dpo By Jensens’ inequality with f = prt o(r) ==

. /0 /Q ot ym<t>>|2dpo

)
o [ ] loteo)Pdp since = (i)
0 Q

- /0 ot )2, dt

dpo (By FTC)

dPo

| /\

tx
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When p; is a constant speed geodesic from pg to p, we get equality.

Assume pg < L4, there is an optimal map T, and p; = (:U + ﬁ(Tx - .T}))# 00-
Let Vy(z) = + L(Ta — 2), y.(t) = 2 + L(Tz — ), dgf = T2z=¢ _ y(x) independent of ¢.

T

Recall that proximal operators yield implicit Euler discretization of gradient flows. Suppose F' : P2(Q)) —
(_007 OO]?

W3 (p, po) }

Whrox, 1 (po) = arg min {F<p> -

By Definition as 7 — 0, if convergent, we have a flow ¢t — p; in P2(€2), which is the gradient flow of F’
w.r.t. Wasserstein distance.

Question: Given F', how can we find v?

We can consider two formulations: Definition [3.7 and Theorem [3.8

A few additional basic facts about Pp(£2):
1. If @ is compact, p € [1,00), Wp(pin, ) = 0 < pn — p weakly. ie. [ ¢dp, — [ ¢du for ¢ continuous.
2. W, is separable: finitely supported measures with rational weights on a dense subset of (2

3. If Q is compact, P,(2) is also compact w.r.t. topology induced by the metric.

W3(p, p})

Using these facts, we can show that pj, , = arg mpin F(p)+ o

} is solvable if F(p) is L.s.c. w.r.t.
topology induced by the metric and bounded below.

Optimality Condition (for Definition :
How do we define %—5 if exists for F: Pa(2) — (—o0, 00]?

Definition: 3.16: Regular

We say p is regular for F if F'((1 —€)p + €p) < oo for every € € [0,1] and any p € P(Q) N LF(Q2)
absolutely continuous.

Definition: 3.17: First Variation

If p is regular for F, we define & % L () (first variation) if exists to be a measurable function s.t.

F(p+ex) = /6p

forall x=p—p, pe P NLEF(Q),s0 p+ex=(1—€)p+ep.

d

de|._,

Remark 2. /dx = /dﬁ — /d,o =1-1=0,s0 % is only defined upto constants.
Therefore, solution of Definition [3.7] satisfies:

OF 1 6W3(p, pf)

5o (p) + 57 5p = constant

Assume the c-concave Kantorovich potential ¢ is unique upto constants. (True if e.g. supp(p) = Q)
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Recall the relation of W3 to be the dual problem:

Wi(p,v) = Qm;}X/qbdp—F/gbch

Let ¢ be the minimizer, then

SW3 d 5
(Sp (p,y)_ %GZOWQ(IO—FEX?V)
> </¢d ptex)+ /qfdv)
de6 0

=2/¢d><

We can in fact show that the equality holds |9| p, v) = 2¢, where ¢ is the Kantorovich potential from
p to v. So the optimality condition is:

1
—(p) + —¢ = constant
-

Differentiate both size:
oF

1

Recall for ¢(x,y) = %|x — y|?, we proved that there is an optimal transportmap T s.t. Tz =  — V¢(z) in
the beginning of this section, so

oF 1 1
ng = —;Vqﬁ(ac) = ;(Tx —x)

gives an optimal transport from p;_, to py.

As 7 — 0, we expect Vx%—i — —uv, the velocity field. Therefore, v = -V, %l;

From the continuity condition, we see that the gradient flow of F'(p) can be derived from the PDE:

F
op

log p, if L4
Example: Negative entropy: F(p) = [ plogp. More rigorously, F(p) = J plogp 1'p<<
oo, otherwise
oF d
-“_ 2 1
5p = del / (p+ ex) log(p + €x)
X
— 1 + + + €=
/x og(p+ex) + (p ex)erEXI 0
X
= /Xlogp+pp = /(logp+ 1)x
=logp+1

The continuity equation becomes the heat equation:

pt— V- (pV(logp+1)) =0

pt—V'<pr>:0
p

pt=Ap
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Example: Kullback-Leibler divergence (relative entropy)

F(p) = KL(pllm) = [ pog (2) = [ p1ogp — plog

oF d
o de EZO/(er ex)log(p +ex) — (p + €x) log m
=logp+1—logm = log <B> + constant
T

The continuity equation becomes Fokker-Planck equation:
=7 (ovis (2)
0

These provides the foundation of forward process of score-based diffusion models [3|. For the backward
process, we need to sample from Gaussian noise and solve reversed diffusion equation with fine-grained step
size. However, if we can properly treat the reversed diffusion with Wasserstein distance, we can use a larger
step.
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4 Congested Transport

Recall the dual Kantorovich problem . WGAN uses a neural network to compute an approximation of
u (critic). However Lip-1 is hard to enforce. WGAN-GP applies a penalty term:

sup/u(du —dv) — /2\/9(|Vu| —1)20(2)dz,

where o () is the sampling density. This still does not compute Wi (u, ) exactly, but yields better generated
images [11} 7).

Wardrop considers congested transport in a discrete setting [12]. Carlier, Jimenez, Santambrogio extended
to continuous version |2].

Classical optimal transport only considers starting points and ending points. For congested transport, we
will consider all possible paths and amount of traffic on a given path.

Definition: 4.1: Traffic Plans

Let C be the space of absolutely continuous curves w : [0, 1] — Q for Q compact in R? with non-empty
interiors. Consider the probability measures @ on C, compatible with u, v, analogous to requiring
v € II(p, v) in optimal transport. Call Q the traffic plans.

Definee; : C — Qs.t. ex(w) = w(t). u = (er)4Q is a probability flow s.t. po = (eg)#Q, p1 = (e1)xQ.

[ o= [ oles@)ao)

Let T (u,v) denote the traffic plans satisfying o = p, u1 = v.

Definition: 4.2: Traffic Intensity

Define the traffic intensity, a measure ig on €2 by

/Q piq = /C /w pdsdQ(w),

1
where /wqbds:/o d(w(t))|w'(t)|dt

RHS is the line integral on w of ¢, averaged over all curves w € C. Intuitively, if A C Q2 and ¢ = x4, then
ig(A) =mass of all traffic through A.

Lemma: 4.1: Calier, Jimenez, Santambrogio

Given Q € T (u,v), there is v € II(u, v) and for y-a.e. (z,y), a probability measure Q™Y on curves
C supported on C*Y = {w € C : w(0) = z,w(l) = y}, i.e. QVY(C™Y) =1, s.t.

Lewiw = [ ([ swior)iray

\. J

This comes from disintegration of measures: we can split integration over C into integration over all curves
from specific starting point x and ending point y, and then integrate over all x and y.
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Definition: 4.3: Congested Transport Problem

Let H(x,z) be a congestion cost function.
Let TP(u,v) = {Q € T(u,v) :ig = ig(x)dz,ig(x) € LP(Q)}, i.e. ig < L, and ig(x) is the traffic
intensity through a single point z.

The congested transport cost for a given traffic plan Q € TP(u,v) is / H(x,ig(z))dz. The congested
Q
transport problem (CTP) is

inf H(z,io(z))d 5
ooint [ Higa)ds 6

Assumptions on H:
1. H is a Caratheodory function:
(a) x +— H(x,z) is measurable in z for all z
(b) z+— H(x,z) is continuous in z for a.e. z
2. c(zP —1) < H(z,2z) <c(zP+1), i.e. H(x,z) grows like 2P for large z.
Example: H(z,z) = %Zp + Az
1. %—f(ig) = in_l + A is the incremental cost for large traffic intensity

28H

. g(O) = A > 0 implies we cannot travel at infinite speed even if road is empty

Definition: 4.4: Wardrop Equilibrium

Given a traffic plan Q, let

Lol , ,
Low) = [ ——(w(t),io(w(?)))lw'(t)|dt
0 z

This is the length of a curve w.r.t. a conformal Riemannian metric determined by Q and H. Define
the Riemannian metric:

d = inf L

olz,y) = f Lo(w),

w(t) is a geodesic if Lo(w) = d(w(0),w(1)).
Q is called a Wardrop equilibrium if Q is supported on geodesics for dg.

Theorem: 4.1: Calier, Jimenez, Santambrogio

1. Q solves Eq. |5 if and only if it is a Wardrop equilibrium, and v = (eg, e1)4Q is a solution

of the optimal transport problem  inf / do(z,y)dy(z,y). Congested cost defines a new
YE(pv) JaxQ
distance measure for the optimal transport problem.

2. If H satisfies all assumptions, there exists a solution Q € TP(u,v).
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Let H' denote the Sobolev spaces s.t.
HY(Q) = {u Tu € LQ(Q),/\wF < oo}
HY(Q,0) = {u : /(|u2 + [Vu})odz < oo}

Define:

GPy = sup /u(d,u —dv) — ;\/(|Vu\ —1)30(2)d2
) Q

ueH(Q
- A
GP,= sup /u(du —dv) — B / (|Vu| — 1)20(2)di
weH (Q,0) Q
To integrate w.r.t. o(&), define 7(t,z,y) = (1 — t)z + ty,

/¢ )do (x // O((1 = t)a + ty)dtdp(x)dv(y /// (t, z,y)dtdudy,

so 0 = mx(U[0,1], p,v).

|
.

Proposition: 4.1

If p< L% v < L2 then 0 < L%, do = o(z)dx.

Theorem: 4.2

|

2)\0(3:)2 +z, ifoc>0
GP) = CTP with H)(z,2) = 00,0 =0,2 # 0

0,0=2=0
Also, 3C > 0 s.t. VA > 0,

sup(GPy) = W (s, ) (1 + S v))

Here o acts as a speed limit.
Question: What if o(z) line segments cross? [5]

Example: Let = [-2,2]? C R?, take y, v as uniform distributions on rectangles on [0,0.1] x [~2,2] and
[1.9,2] x [-2,2]. Take Ty : R? — R? with Tp(z1,22) = (21 +1.9, 22) an optimal transport map. (7p)xp = v.
The Kantorovich potential is u*(z1, z2) = —z7.

/ |z — Tox|dp = 1.9
d 1. 2
/(—x)d,u — /(—x)dy = —07 + 9;_ =19

The points sampled from o peaks at (1,0). Optimal traffic flow concentrate mass on (1,0). Note that
in H(z,z), cost is low when o(z) is high. If WGAN-GP computes W7 explicitly, then critic should be
u(z,y) = —x. The level sets of u will be all verticle and transport paths will be horizontal. In reality, all
transport paths bend towards where o(z) is large.




5 Additional Topics

5.1 Entropic Regularization

This follows Chapter 4 of [8].

Definition: 5.1: Discrete Optimal Transport

N N

Let p = Zaiémv’/ = ijéyj be point mass and ) a; = > b; = 1. Let cost ¢;; be |z; — y;| or
=1 g=il

|z; — y;]?. Consider a transport plan 7;; > 0

= > et % =0, % =i ) Yig = (6)
- .

i J

This is a linear programming problem, but simplex method is expensive.

Definition: 5.2: Entropic Regularization

Pick € > 0, solve for

v° = arg it D e+ eviglog it Y i =biy > Vi = a (7)
- :

iJ J

Z 7ij log7i; is strictly convex, so the problem is strictly convex.

ij
As € = o0, 7;; = a;b;. We try to maximize entropy by pairing every z; with every y;. Ase = 0, —
optimal plan for Eq. [6] of maximal entropy.

Rewrite c;;jv;j + €vij logvij = €7vij log <;7%), where 7;; = exp (—%) Then

V= argmﬂ}n Drcr(v:m) : Z%’j = bjaz%'j =a; ,
i J
where 7 is fixed and « is unknown.
Let C° = {Z'yij = b]} ,C% = Z%j =a; ¢, 7 is a (KL) projection to C® N C®.
i J

Idea: Iteratively project onto C* and C® until convergence. Projection is cheap to compute.
This alternate projection is called Kaczmarz algorithm and does converge for KL.

Projection of % on C'* is

' Yii
min Z%-j log% : Z%J' =a;

J

This is a separate problem for each i:
min alj‘logﬁ : Zx =a
J 7 J
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Lagrange multiplier gives
logz; —1—logZ; + A = 0= logx; = logT; + const,
x; = pT; for some p constant for any j.
Solution is vij = pi¥,j, D_;Vij = D_; PiVij = i, SO p; = ﬁ

Sinkhorn Algorithm:

0 _ 2%k+1 @ k _2k+2 _ bj 2k+1
Y= = Z ok Vig » Vij = = _2k+1 i
3 Vij > ij

It is fast, simple, parallelizable and preserves positivity constraints with log. However, it deos not give a
transport map. The convergence deteriorates for small €, so it has limited accuracy.

5.2 High Dimensional Banach Space Theory and Adversarial Examples

At the end of Section [4] we show that the transport paths will cluster around the center. However, in high
dimensions, the chance of transport paths crossing is lower.

Statistically, it is cheaper (in Wasserstein distance) to go from a sample to average than from samples to
samples |11]. If Wasseerstein distance is computed correctly, it approaches the average. However, in con-
gested tranport, it is equivalent to pushing all traffic flows through the same point, which is penalized.

Consider n-dimensional Banach space, e.g. R™. An image can be represented as a point in the unit cube
[0,1]™. For simplicity, consider unit sphere S™~!.

Let i be the area measure normalized to 1, H the hemisphere. For any A ¢ S"7!, let
Ale,d) ={z € S" 1 d(z,y) < e for some y € A}

Essentially, A(e, d) extend A by a distance e. Assume that d is the standard geodesic distance on S~ 1,

Theorem: 5.1: Isoperimetric Inequality

For any n > 2. If pq(A) > £, then p1(Ac) > p(He). i.e. Hemispheres are the least expanded.

Theorem: 5.2: Milman-Schechtman 1986

After e-expansion,

As n — oo, H, tends to full measure.

Let C be a classifier function, C : S"~1 — {1,2,...,m}. C partitions S"~! into m disjoint measurable
sets C; = {z:C(zx) =j},1 < j < m. z admits an e-adversarial example if 32 with d(z,2) < € and
C(&) # C(z). Safe points in C, should be away from the boundary.

Theorem: 5.3: Existence of Adversarial Examples

Assume the m classes are distributed over S"~! c R” with density functions {pj};n:l s.t. p; =

p;(x)dp. Define V, = ||pcl 1. Suppose c is a class with pq {z : C(z) = ¢} < 3. Sample z from p,.

1
Then with probability > 1 — V, (g) 2 exp (—%62), x admits an e-adversarial example.
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Proof. Let C, be the points in class ¢. C, ={x: C(z) =c}. Let A=C.={z:2 ¢ C.}.
By assumption p11(A) > 3. Then by Theorem [5.1} u1(Ac) > pu (He).

By Theorem , pi1(Ag) > pi(He) > 1 — (%)% exp (—251e?).

>
Safe points in C. are in A, (more than e away from the boundary).

@) < () exp (-5+2)

_ _ i —1
(A0 < V() = Vi (§) " oo (-5 )

Close to 0 for large n. O

5.3 Score-based Diffusion Mode
This section partially explains the paper [13].

In score-based diffusion model. Let p(t,x) be the density function at time ¢. The forward process is a
Fokker Planck equation

g% (t)

op+V - (pf) — 9

Ap =0, p(O,ﬂ’J) = 77(56)7

where 7(x) is the probability density we wish to determine, of which we have samples (training data).
The reverse/generating process is

g2 (t)
2

Op+ V- (p(f = g°Viogp(T —t,-)) = ==Ap,  p(0,-) = po

Special case: f =0, g = -

62
Op=ZAp,  p(0,) = m(x)
2
O+ BV - (pVlogp(T — t,-)) = %Ap, p(0,-) = po

We will show that 7 = p(T, ).
We interpret the problem as a solution of regularized Wasserstein proximal problem.

Let V(p) = [V(z)p(x)dz be a functional. Specifically, V(p) = B?H(p, ), where H(p,m) is the cross
entropy:

H(p,m) =E,(—logm) = —/logﬂ(m)p(x)da:.

Recall the KL-divergence:

p
KL(pHW)Z/plogW :/plogp—/plogﬂ

H(p,m) = KL(pllm) ~ [ plogp= KL{sllm) +£(0),

where £(p) = — [ plogp is the entropy. Therefore, V(z) = —3%log ().
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The Wasserstein proximal is

) . Wi(po,p

pr = arg min V(5) + W5 (po, )
p 2T

The Benamou-Brenier formula (Theorem [3.11]) gives:

2
M— {/ / v(t, )| p(t, x)dxdt : p + V - (pv)—O,p(O,x)—po,p(T,w)_ﬁ}-
2T p>01)

Regularized Wasserstein proximal replaced the continuity equation with dyp + V - (pv) = eAp, and the
regularized proximal problem becomes

p=0,0,0

_ Tri _
pr = arg min {/QV(w)p(x)der/ /QQIUIZp:(‘?thrV-(pv) = eAp, p(0,2) = po, p(T, z) ZP}
0

Toy problem of Lagrange multiplier: suppose we want to minimize f : RY — R, subject to k
constraints g(x) = 0,g : RY — R*. Lagrange multipliers give

min su +A-g(x) = min x),
z€RN )\eﬂgc f( ) g( ) z€RN g(z)=0 f( )
0,9(z) =0 .
because sup A - g(z) = . . Define the Lagrangian L(z,\) = f(z) + X - g(z). We look for a
AERE 00, otherwise

saddle point of L.
For the regularized Wasserstein proximal operator, define a Lagrange multiplier ¢(¢,z), the Lagrangian
is:
L(p,ﬁ,v,qb):/V( )p(z)dx + - / /|v| pdwdt—i—/ /(btx (Op+ V - (pv) — eAp)dxdt
Q
Apply IBP on ¢

—/QV()()d:c+ //]v|pda;dt+/¢Tx Txda:—/qﬁOm (0, 2)de

- / p(0p + Vo - v — eAd)dzdt

Recall that the continuity equation is interpreted in the weak sense, and we apply divergence theorem and
Green’s theorem to reach the equality.

The optimality condition gives:

‘;:o:V(@W(T,x):O

oL

%:0:>v(3:)+v¢(f17):
f;i:o:»;v|2—<at¢+V¢-v—eA¢>=0

Also we have the constraint: d;p + V - (pv) —eAp =0

From % and oL

5y We get:

1 1
= 5yv|2 — 0 — |VO|> + eAgp = 910 + §\V¢>|2 +eAgp =0

33



From % and the constraint, we get:

dp—V - (pVg) —eAp =0

The following system gives pr = p(T),-).

O + %|V¢I2 +eA¢ =0
dp—V - (pVe) —eAdp =0
:0(07 ) = Po

¢(T,z) = =V (z) = f*logm(z)

It is a system of forward (p) and backward (¢) equations. Let u(t,z) = ¢(T —t,x) with u(0,z) = 5% log .
We change the backward equation to

1
—0u + §\Vu\2 +eAu=0

Cole-Hopf Transformation:
Let p = h(u), h: R — R to be determined,

Op ,, Ou dp ;L Ou 0?p ” ou \ 2 , 0%
o "Wy =MW gz =MWy, )) T
Then
Ap = B (w)|Vul|? + W (u) Au
eAp — eh’ (u)|Vul* = eh/(u)Au

B
ot ot

B () (;\vuﬁ + eAu)

B

_ Ap+t (—eh”(u) + ;h’(u)> IVl

Choose h so that eh” = %h', p = h(u) =exp (iu) is the Cole-Hopf transform.
Then % = eAp. This converts the original HJB equation to a heat equation.
If e = 5—22, p(0,z) = exp (%eu(o, )) = exp (%u(o, )) = exp (g—; log 7r) = .
Also, logp = %Eu, so u = 32 log p.

6(t,7) = u(T — t,2) = B1ogp(T — t, )
The equation for p becomes:

62

=—A
B P

8t,0 — BQV : (pv Ing(T —t, ))

This converts the problem into forward/backward heat equation which has a solution with Green’s ker-
nel.
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