
MAT1600/1601 Probability Theory

1 Basics

1.1 Probability Spaces

A probability space is a triple (Ω,F , P ), where:

1. Ω is the sample space: all possible outcomes of some random experiment.

2. F is the σ-field (σ-algebra, σ-ring) of events. It is a collection of subsets of Ω with the following
properties. It represents the amount of information we have about the outcome of the experiment.

(a) ∅ ∈ F

(b) A ∈ F ⇒ AC ∈ F

(c) A1, A2, ... ∈ F ⇒
⋃∞
i=1Ai ∈ F

3. P is the probability measure that assigns numbers in [0, 1] to events, ∀A ∈ F , P (A) ∈ [0, 1]

(a) P (A) ≥ P (∅) = 0, ∀A ∈ F

(b) P (
⋃∞
i=1Ai) =

∑∞
i=1 P (Ai) for Ai disjoint.

(c) P (Ω) = 1

Proposition: 1.1: Properties of σ-Fields

1. If Fi are σ-fields, then ∩Fi is a σ-field
2. If G is any collection of subsets of Ω, then there exists a smallest σ-field containing G, called
σ(G).

Proof. The first statement follows from the definition. For the second statement, take intersection of all
σ-field containing G.

Example: Flip a coin Ω = {0, 1},
F = {∅, {0} , {1} , {0, 1}}, P (∅) = 0, P ({0, 1}) = 1, P ({0}) = p, P ({1}) = 1− p

Example: Flip 2 coins Ω = {00, 01, 10, 11}, F = 2Ω.
We can also define Ω = {zero heads, 1 head, 2 heads}. Sample spaces are not unique for the same experi-
ment.

Example: Flip a fair coin ∞ many times: Ω =infinite binary strings.
Any ω ∈ (0, 1) can be represented by 0.w1w2....
A = [ i2n ,

j
2n ), F0 = {∅,Ω}, F1 = {∅, [0, 0.5), [0.5, 1),Ω}

F0 ⊂ F1 ⊂ · · · , F = σ(
⋃
Fn) is the Borel sets.

Suppose Ω = [0, 1), why don’t we use F = 2[0,1)?

Proof. Define equivalence x ∼ y if x − y ∈ Q. There are uncountably many equivalent classes. Axiom of
choice allows us to create a set B containing exactly one element of each equivalent class.
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[0, 1) =
⋃
q∈Q τqB, where τqB = {x+ q : x ∈ B} are all disjoint. But P ([0, 1)) =

∑
q P (τqB) =

∑
q P (B)

which is either 0 or infinity. Contradiction.

Proposition: 1.2: Monotonicity and Continuity of P

1. If A ⊂ B, then P (A) ≤ P (B)
2. If Ai ∈ F , then P (

⋃∞
i=1Ai) ≤

∑∞
i=1 P (Ai).

3. If Ai ↑ A, i.e. A1 ⊂ A2 ⊂ · · · , and
⋃∞
i=1Ai = A, then P (Ai) ↑ P (A)

4. If Ai ↓ A, i.e. A1 ⊃ A2 ⊃ · · · , and
bigcapi = 1∞Ai = A, then P (Ai) ↓ P (A)

Proof. (1) B = A ∪ (B \A), P (B) = P (A) + P (B \A), and P (B \A) ≥ 0.

(2) Let Ã1 = A1, Ã2 = A2 \ Ã1, Ãn = An \
⋃n−1
i=1 Ãi.

Then P (
⋃∞
i=1 Ãi) =

∑∞
i=1 P (Ãi) ≤

∑∞
i=1 P (Ai).

(3) P (A) = P (
⋃∞
i=1Ai) =

∑∞
i=1 P (Ãi) = limn→∞

∑n
i=1 P (Ãi) = limn→∞ P (An).

(4) Since P (Ai) = 1 − P (ACi ), AC1 ⊂ AC2 ⊂ ... and
⋃
ACi = AC . Therefore, by the previous argument,

P (ACi ) ↑ P (AC), and P (Ai) ↓ 1− P (AC) = P (A).

1.2 Distributions and Densities

Definition: 1.1: Probability Measures on R

Define F (x) = P (−∞, x]. F (x) is a distribution function if it satisfies the following properties:
1. F is non-decreasing
2. F is right-continuous, i.e. limy↓x F (y) = F (x), because if yn ↓ x, then (−∞, yn) ↓ (−∞, x) and

it then follows Prop 1.2.
3. F (−∞) = 0, F (∞) = 1

If F (x) =
∫ x
−∞ f(y)dy, then f(y) is the density,

∫∞
−∞ f(y)dy = 1.

Probability measures on R has 1-1 correspondance with distribution functions.

Examples (Discrete):

1. Dirac: P (A) =

{
1, x ∈ A
0, x /∈ A

2. Sum of Diracs: P ({xi}) = pi,
∑
pi = 1

3. Poisson: at xi = i for i = 0, 1, 2, P ({i}) = λi

i! e
−λ

4. Geometric: P ({i}) = (1− p)i−1p

Examples (Continuous):

1. Uniform on [0, 1): f(x) =

{
1, x ∈ [0, 1)

0, else

2. Uniform on [a, b): f(x) =

{
1
b−a , x ∈ [a, b)

0, else

3. Exponential: f(x) = λe−λx1(x > 0)

2



4. Gaussian/Normal: f(x) = 1√
2πσ

exp
(
− (x−µ)2

2σ2

)
For any right continuous functins F , we can decompose

F (x) =

∫ x

−∞
f(y)dy +

∫ x

−∞

∑
δdy,

where the first part is absolutely continuous (f ≥ 0 and
∫∞
−∞ f = 1)

To estimate the normal distribution F (x) =
∫ x
−∞

e−y2/2
√
2π

dy, we can compute the complement:

1− F (x) =
∫ ∞

x

e−y
2/2

√
2π

dy ≤
∫ ∞

x

y

x

e−y
2/2

√
2π

dy =
1

x

e−x
2/2

√
2π

1.3 Random Variables

Definition: 1.2: Random Variable

A random variable is a function X : (Ω,F) → (R,B) s.t. X−1(A) = {ω ∈ Ω : X(ω) ∈ A} ∈ F for
any A ∈ B (measurable) i.e. X is only using allowable information.
Similarly, X : (Ω,F)→ (Rn,Bn) is a random vector.

To check that X is measurable, we just need to check that X−1((−∞, x]) is measurable in F . This defines
a natural push-forward proability measure and distribution, F (x) = P (X−1(−∞, x]).

IfX : (Ω,F)→ (R,B), then it pushes foward P to a probability measure µ on R by µ(B) = P (X−1(B)).

Example: If F = {∅,Ω} (know nothing), then X must be constant.

Lemma 1. If G generates F ′, then X−1(A) ∈ F for A ∈ G ⇒ X−1(A) ∈ F for A ∈ F ′

Proof. Let G =
{
A ∈ F ′ : X−1(A) ∈ F

}
. For sure G ⊂ G.

But G is a σ-field. Since G generates F ′, G = F ′.

Proposition: 1.3: Properties of Random Variables

1. Composition: if X : (Ω,F)→ (Ω′,F ′) and Y : (Ω′,F ′)→ (Ω′′,F ′′) are random variables, then
Y ◦X : (Ω,F)→ (Ω′′,F ′′) is a random variable.

2. If X1, ..., Xn are random variables (Ω,F)→ (R,B), then X = (x1, ..., xn) is a random vector.
3. If X1, ..., Xn are random variables, then X = X1 + · · ·Xn is a random variable.
4. If X1, ..., Xn are random variables, then infnXn, supnXn, lim infnXn, lim supnXn are random

variables. Here we consider R ∪ {±∞} with Borel set generated by [−∞, x)
5. {Xn converges} = {ω : Xn(ω) converges} is measurable.

Proof. 1) (Y ◦X)−1(A′′) = X−1(Y −1(A′′)) = X−1(A′) measurable.

2) consider X−1 (
∏n
i=1[ai, bi)) =

⋂n
i=1X

−1
i ([ai, bi)) ∈ F .

3) Need to show that {ω : X1(ω) + · · ·Xn(ω) ≤ x} ∈ F . This can be done by showing that f(x1, ..., xn) =
x1 + · · ·+ xn is measurable (Rn,Bn)→ (R,B).

4) {infnXn ≥ x} =
⋂
{Xn ≥ x}, supnXn = − infn(−Xn), lim infnXn = supn infm≥nXm.

5) {ω : Xn(ω) converges} = {lim infXn − lim supXn ≥ 0}
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1.4 Expectation

Definition: 1.3: Expectation

The expectation of a random variable X is defined as

E[X] =

∫
X(ω)dP (ω) =

∫
fdµ

If X takes countably many values xi with probabilities pi, then E[X] =
∑

i xipi, if
∑

i |xi|pi <∞.

For continuous random variables, we need to start with simple functions:

Step 1: Simple functions: ϕ =
∑n

i=1 ai1Ai for Ai disjoint,
∫
ϕdµ =

∑n
i=1 aiµ(Ai)

Proposition: 1.4: Properties of Expectation

1. If ϕ ≥ 0, then
∫
ϕdµ ≥ 0

2.
∫
aϕdµ = a

∫
ϕdµ

3.
∫
(ϕ+ ψ)dµ =

∫
ϕdµ+

∫
ψdµ

4. If ϕ ≤ ψ, then
∫
ϕdµ ≤

∫
ψdµ

5. If ϕ = ψ, then
∫
ϕdµ =

∫
ψdµ

6.
∣∣∫ ϕdµ∣∣ ≤ ∫ |ϕ| dµ

Step 2: Bounded functions f ,
∫
fdµ = sup

ϕ≤f

∫
ϕdµ = inf

ψ≥f

∫
ψdµ for ϕ, ψ simple.

Proof. We show why sup
ϕ≤f

∫
ϕdµ = inf

ψ≥f

∫
ψdµ:

1) ≤: obvious since ϕ ≤ f ≤ ψ, then apply 4 in Proposition 1.4

2) ≥: Since f is bounded, |f | ≤M . Consider Ek =
{
f−1

([
(k−1)M

n , kMn

))}
.

ψn =
∑
k

kM

n
1Ek
≥ f ≥

∑
k

(k − 1)M

n
1Ek

= ϕn

Then
∫
(ψn − ϕn)dµ = M

n → 0 as n→∞.

Step 3: f ≥ 0,
∫
fdµ = sup

0≤g≤f,|g|≤M

∫
gdµ.

Define min {f, n} = f ∧ n, consider lim
n→∞

∫
(f ∧ n)dµ. The limit exists since it is increasing.

Also, lim
n→∞

∫
(f ∧ n)dµ ≤

∫
fdµ. Even g ≤ n for some n, so we get the other way.

Step 4: For general f , separate the positive and negative parts. Define f+ = f ∨ 0 = max {f, 0},
f− = (−f)+. f = f+ − f−. If

∫
f+dµ <∞ and

∫
f−dµ <∞, we define

∫
fdµ =

∫
f+dµ−

∫
f−dµ.

Example: Cauchy distribution f(x) = 1
π(1+x2)

. f ≥ 0.
∫
fdx = 1, but

∫
xf(x)dx ̸= 0.
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Theorem: 1.1: Jensen’s Inequality

If f is a convex function and X a random variable, then

ϕ(E[X]) ≤ E[ϕ(X)]

1.5 Measure Theory

Definition: 1.4: Semi-Algebra

A semi-algebra S is a collection of sets with the following properties:
1. S, T ∈ S ⇒ S ∩ T ∈ S
2. S ∈ S ⇒ SC =finite disjoint union of sets ∈ S

Definition: 1.5: Algebra (Field)

An algebra A ⊂ 2S is a collection of sets with the following properties:
1. A ∈ A ⇒ AC ∈ A
2. A1, ..., An ∈ A ⇒

⋃n
i=1Ai ∈ A

If in addition,
⋃∞
i=1Ai ∈ A under countable union, then it is a σ-algebra.

Lemma 2. If S a semi-algebra, then T = {finite disjoint union of sets in S} is algebra (algebra generated
by S)

Theorem: 1.2: Caratheodory Extension Theorem

Let S be a semi-algebra, µ a measure on S with µ(∅) = 0. If the following 2 statements are true:
1. If S, Si ∈ S and S =

⋃n
i=1 Si finite disjoint union, Then µ(S) =

∑n
i=1 µ(Si)

2. If S, Si ∈ S and S =
⋃∞
i=1 Si, then µ(S) ≤

∑
i≥1 µ(Si).

Then µ has a unique extension µ that is a measure on S (algebra generated by S).
If µ is σ-finite, then there exists a unique extension ν that is a measure of σ(S) (smallest σ-algebra
containing S)

Lemma 3. If only 1 of Theorem 1.2 is true, then (1) if A,Bi ∈ S, A =
⋃n
i=1Bi disjoint union, then

µ(A) =
∑

i µ(Bi); (2) if A,Bi ∈ S, A ⊂
⋃n
i=1Bi, then µ(A) ≤

∑
i µ(Bi)

Definition: 1.6: π, λ Systems

P is a π-system if A,B ∈ P ⇒ A ∩ B ∈ P. L is a λ-system if (1) Ω ∈ L; (2) A,B ∈ L and A ∈ B
⇒ B \A ∈ L; (3) An ∈ L and An ↑ A ⇒ A ∈ L.

Theorem: 1.3: π-λ Theorem

If P is π-system and L is λ-system containing P, then σ(P) ⊂ L.
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Definition: 1.7: Outer Measure

If E ⊂ Ω, µ∗(E) = inf {
∑

i µ(Ai) : Ai ∈ A, E ⊂
⋃
iAi}. µ∗ is an outer measure with the following

properties:
1. µ∗(∅) = 0
2. Monotonicity: If E ⊂ F , then µ∗(E) ≤ µ∗(F )
3. σ-additivity: F ⊂

⋃∞
i=1 Fi, then µ∗(F ) ≤

∑∞
i=1 µ

∗(Fi)

Definition: 1.8: Measurable Sets

E is measurable if ∀F ⊂ Ω, µ∗(F ) = µ∗(F ∩ E) + µ∗(FC ∩ E).

Lemma 4. Let A ∈ A. Then µ∗(A) = µ(A) and A is measurable.

Lemma 5. The class A∗ of measurable sets is a σ-field and µ∗|A∗ is a measure.

1.6 Convergence of Random Variables

Definition: 1.9: Convergence of Random Variables

Let {Xn}∞n=1 be a sequence of random variables.
1. Xn

a.s.→ X (almost surely convergence) if Xn(ω)→ X(ω) for almost every ω, equivalently,
P (Xn → X) = 1.

2. Xn
p→ X (Xn converges to X in probability) if

P (|Xn −X| > ϵ) = P ({ω : |Xn(ω)−X(ω| > ϵ})→ 0 for all ϵ > 0

3. Xn
d→ X (Xn converges to X in distribution) if Fn(x) = P (Xn ≤ x)→ F (x) = P (X ≤ x) for

all continuity points of F .

Example: Xn = 1
n , Xn → 0, Fn(0) = 0, but F (0) = 1.

Proof. 3̸⇒1,2, because Xn in 3 may not live in the same probability spaces

1⇒2: {Xn → X} =
⋂
m

⋃
N

⋂
n≥N

{
|Xn −X| < 1

m

}
, i.e. ∀m, ∃N s.t. ∀n ≥ N , |Xn −X| < 1

m .

If P ({Xn → X}) = 1, then P
(⋃

N

⋂
n≥N

{
|Xn −X| < 1

m

})
= 1, for all m.

Theerefore, lim
N→∞

P

 ⋂
n≥N

{
|Xn −X| <

1

m

} = 1, because the intersections are an increasing set.

Then lim
n→∞

P

({
|Xn −X| <

1

m

})
= 1.

2⇒3,

lim sup
n→∞

P (Xn ≤ X) = lim sup
n→∞

P (Xn ≤ X, |Xn − x| < ϵ) ≤ lim sup
n→∞

P (X ≤ x+ ϵ),

so lim sup
n→∞

P (Xn ≤ x) ≤ lim
ϵ↓0

P (X ≤ x+ ϵ). Similarly,

lim inf
n→∞

P (Xn ≤ x) = lim inf
n→∞

P (Xn ≤ x, |Xn −X| < ϵ) ≥ lim
ϵ↑0

P (X ≤ x− ϵ)
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Lemma: 1.1: Portmanteau Lemma

If C is clsoed, then lim supn→∞ Pn(C) ≤ P (C)
If O is open, then lim infn→∞ Pn(O) ≥ P (O)

Theorem: 1.4: Bounded Convergence Theorem

Let µ be a probability measure on (Ω,F), fn be r.v.s on the space, |fn(ω)| ≤ M , ∀ω ∈ Ω, M ∈ R,

fn
p→ f , then lim

n→∞

∫
fndµ =

∫
fdµ.

Proof.∣∣∣∣∫ fndµ−
∫
fdµ

∣∣∣∣ ≤ ∫ |fn − f | dµ =

∫
|fn−f |>ϵ

|fn − f | dµ+

∫
|fn−f |<ϵ

|fn − f | dµ,

By 2 of Definition 1.9, if |fn| ≤M , then |f | ≤M and∫
|fn−f |>ϵ

|fn − f | dµ+

∫
|fn−f |<ϵ

|fn − f | dµ ≤ 2Mµ (|fn − f | > ϵ) + ϵ

Also, µ (|fn − f | > ϵ)→ 0.

Lemma: 1.2: Fatou’s Lemma

Let µ be a probability measure on (Ω,F), fn be r.v.s on the space. If fn ≥ 0, then

lim inf
n→∞

∫
fndµ ≥

∫
lim inf
n→∞

fndµ

Proof.

fn ≥ inf
m≥n

fm ↗ lim inf
n→∞

fn

Integrate both sides and take limits:

lim inf
n→∞

∫
fndµ ≥

∫
inf
m≥n

fndµ ≥
∫

inf
m≥n

fm ∧ Ldµ

By Theorem 1.4, RHS=
∫
lim inf fn ∩ Ldµ↗

∫
lim inf fndµ.

Theorem: 1.5: Monotone Convergence Theorem

If fn ≥ 0, fn ↑ f , then
∫
fndµ→

∫
fdµ

Proof. We need to show that lim sup
∫
fndµ ≤

∫
fdµ and lim inf

∫
fndµ ≥ inf fdµ.

The first is because
∫
fndµ ≤

∫
fdµ, for all n. The second is by Lemma 1.2

Theorem: 1.6: Dominated Convergence Theorem

If fn → f a.s., |fn| ≤ g and
∫
gdµ <∞, then lim

n→∞

∫
fndµ =

∫
fdµ.
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Proof. Since |fn| ≤ g, fn + g ≥ 0, then by Lemma 1.2, lim inf
∫
fn + gdµ ≥

∫
f + gdµ.

By linearity, lim inf
∫
fndµ ≥

∫
fdµ.

Apply the same proof to −fn to get lim sup
∫
fndµ ≤

∫
fdµ.

Theorem: 1.7: Change of Variable

Let X : (Ω,F , P )→ (R,B) be a r.v., ϕ : (R,B)→ (R,B). If E[|ϕ(X)|] <∞, then E[ϕ(X)] =
∫
R ϕdµ,

where µ(B) = P (X−1(B)). Since F (x) = µ((−∞, x]), we can also write as
∫
R ϕdF .

Proof. Case 1: ϕ = 1B,

E[ϕ(X)] = E[(1B)] = P (X ∈ B) = P (X−1(B)) = µ(B) =

∫
R
1B(x)dµ

Case 2: ϕ =
∑n

i=1 ci1Bi ,

E[ϕ(X)] =

n∑
i=1

ciP (X
−1(Bi)) =

n∑
i=1

ciµ(Bi) =

∫
ϕdµ

Case 3: ϕ ≥ 0. Take ϕn simple, ϕn ↑ ϕ. e.g. ϕn = ⌊2nϕ⌋
2n ∧ n. By case 2, E[ϕn(X)] =

∫
ϕndµ. E[ϕn(X)] ↑

E[ϕ(X)] and
∫
ϕndµ ↑

∫
ϕdµ by Theorem 1.5.

Case 4: General ϕ, ϕ = ϕ+ − ϕ−. Then apply case 3.

Definition: 1.10: Mean and Variance

Let X be an r.v. on (Ω,F , P ). The mean is

µ = E[X] =

∫
xdF =

∫
xf(x)dx (if F ′ = f),

It may not always exist
The variance of X is

Var(X) = E[(X − µ)2] = E[X2]− 2µE[X] + µ2 = E[X2]− µ2 = inf
y
E[(X − y)2],

Var(aX) = a2Var(X), Var(aX + b) = a2Var(X)

Example: X ∼ N(0, 1), f(x) = 1√
2π

exp
(
−x2

2

)
.

Need to check
∫
|x| exp(−x2/2)dx <∞, but x exp(−x2/2) is a derivative. Therefore,

E[X] =
1√
2π

∫ ∞

−∞
xe−x

2/2dx = 0

The variance is:

Var(X) =

∫ ∞

−∞

1√
2π
x2e−x

2/2dx = xe−x
2/2|∞−∞ +

∫ ∞

−∞

1√
2π
e−x

2/2dx = 1

The m-th moment is:

E[Xm] =

∫ ∞

−∞

1√
2π
xme−x

2/2dx =

{
0, if m is odd
(m− 1)(m− 3) · · · (1), if m is even, by IBP
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Example: X ∼ Exp(1), f(x) = e−x1(x > 0). E[Xk] = k!.

Skewness: E
[(x−µ

σ

)3].
Kurtosis: E

[(x−µ
σ

)4].
Example: For Gaussian, skewness is 0, kurtosis is 3.

1.7 Independence

Independence is equivalent to product measures.

Let (Ω1,F1, µ1) and (Ω2,F2, µ2) be two probability spaces. Define

• Ω = Ω1 × Ω2 = {ω = (ω1, ω2) : ω1 ∈ Ω1, ω2 ∈ Ω2}

• F=σ ({A1 ×A2, A1 ∈ F1, A2 ∈ F2})

• µ(A1×A2) = µ1(A1)µ2(A2). This defines µ on finite unions of rectangles, and extends to µ on (Ω,F).

Caratheodory says all we ahve to do is check countable additivity on finite unions of rectangles. i.e. if
A1 ×A2 =

⋃
iA

i
1 ×Ai2 disjoint unions, we need to check µ(Ai1 ×A2) =

∑
i µ1(A

i
1)µ2(A

i
2).

Note that 1A1(x1)µ2(A2) =
∑

i 1Ai
1
(x1)µ2(A

i
2). Integrate both sides∫

1A1(x1)µ2(A2)dµ1(x1) =
∑
i

∫
1Ai

1
(x1)µ2(A

i
2)dµ1(x1) by Theorem 1.5 (1)

⇒ µ1(A1 ×A2) =
∑
i

µ1(A
i
1)µ2(A

i
2) (2)

Let X1, X2 be r.v.s, P (X1 ∈ B1) = µ(B1), P (X2 ∈ B2) = µ(B2), P ((X1, X2) ∈ B) = ν(B), where ν is a
measure on R2. If ν = µ1 × µ2, then X1 and X2 are independent.

P (X1 ∈ B1, X2 ∈ B2) = P (X1 ∈ B1)P (X2 ∈ B2)⇔ ν(A1 ×A2) = µ1(A1)µ2(A2)

Let (Ω,F , P ) be a probability space, A1, A2 ∈ F are independent if 1A1 and 1A2 are independent :

P (1A1 ∈ B1, 1A2 ∈ B2) = P (1A1 ∈ B1)P (1A2 ∈ B2)⇒ P (A1 ∩A2) = P (A1)P (A2)

Covariance: Cov(X1, X2) = E[X1X2]− E[X1]E[X2].
Correlation: Corr(X1, X2) =

Cov(X1,X2)√
Var(X1)Var(X2)

X1, X2 are uncorrelated if Corr(X1, X2) = 0, but uncorrelated ̸⇒ independent.

Example: X ∼ N(0, 1), Corr(X,X2) = 0, but X and X2 are not independent.

X = (X1, ..., Xn) is a Gaussian vector X ∼ N(µ,C) if

P (X ∈ B) =
1√

2π det(C)

∫
B
exp

(
−1

2
(x− µ)TC−1(x− µ)dx

)
,

where {Cij}ij , Cij = Cov(Xi, Xj) is symmetric non-negative definite.

Remark 1. If X is Gaussian vector, then Corr(Xi, Xj) = 0 ⇒ Xi, Xj are independent.

Proof. If we write C = ATA, then X = Az + µ, where z ∼ N(0, I), zi are independent.

9



Theorem: 1.8: Maxwell

If X1, X2 are independent and O(X1, X2) (the coordinates after rotation by O) are independent,
then X1, X2 are Gaussian.

Definition: 1.11: Independence

Random variables X1, ..., Xn are independent if

P (X1 ∈ B1, ..., Xn ∈ Bn) = P (X1 ∈ B1) · · ·P (Xn ∈ Bn)

A1, ..., An ∈ F are independent if 1A1 , ..., 1An are independent or equivalently P (
⋂
i∈I Ai) =∏

i∈I P (Ai) for all I ⊂ {1, ..., n}.
A1, ..., An are pairwise independent if P (Ai ∩Aj) = P (Ai)P (Aj) for all i, j ∈ {1, ..., n}.
For a probability space (Ω,F , P ), sub-σ-fields F1,F2 ⊂ F are independent if A1, A2 are independent
for any A1 ∈ F1 and A2 ∈ F2.

Independence ⇒ pairwise independence, but pairwise independence ̸⇒ independence.

Example: X1, X2, X2 ∼ Ber(12). A1 = {X1 = X2}, A2 = {X1 = X3}, A3 = {X2 = X3}.

P (Ai ∩ Aj) = 1
4 , P (Ai) = 1

2 , so they are pairwise independent. However, P (A1 ∩ A2 ∩ A3) = 1
4 ̸=

1
8 =

P (A1)P (A2)P (A3), so they are not independent.

Theorem: 1.9: Fubini

If f ≥ 0 or
∫
|f |dµ <∞, then∫

X1

[∫
X2

f(x1, x2)dµ1

]
dµ2 =

∫
X1×X2

fdµ

Proposition: 1.5: Sum of Independent Random Variables

If X1, X2 are independent, X1 ∼ F1, X2 ∼ F2, i.e. P (X1 ≤ x) = F1(x), then

P (X1 +X2 ≤ x) =
∫
F1(x− y)dF2(y) = (F1 ∗ F2)(x) (Convolution)

Proof.

P (X1 +X2 ≤ x) = E[1X1+X2≤x] =

∫ ∫
1X1+X2≤xdµ, where µ(B) = P ((X1, X2) ∈ B)

=

∫ ∫
1X1+X2≤xdF1dF2

=

∫
dF2(x2)

∫ x−x2

−∞
dF1(x1)

=

∫
F1(x− x2)dF2(x2) By Theorem 1.9

Remark 2. If one of X1, X2 has a density, then the convolution does F ′
1 = f1, P (X1 + X2 ≤ x) =∫ ∫ x−y

−∞ f1(z)dzdF2(y) =
∫ x
−∞

∫
f1(z − y)dF2(y)dz. Then the density of X1 +X2 is

∫
f1(z − y)dF2(y).

10



Example: For n i.i.d. Exponential random variables, X1, ..., Xn ∼ Exp(λ),

X1 +X2 + ...+Xn ∼
λn

(n− 1)!
xn−1e−λx1x>0

Note that the Gamma function gives:

Γ(α) =

∫ ∞

0
xα−1e−xdx∫ ∞

0
λnxn−1e−λxdx = (n− 1)!∫ 1

0
(1− y)α−1yβ−1dy =

Γ(α)Γ(β)

Γ(α+ β)

Example: X1 ∼ Gamma(α, λ), X2 ∼ Gamma(β, λ), where the density of Gamma is λα

Γ(α)x
α−1e−λx1x≥0.

Then X1 +X2 has density λα+βxα+β−1e−λx

Γ(α+β)

Example: X1 ∼ N(m1, σ
2
1), X2 ∼ N(m2, σ

2
2), then X1 +X2 ∼ N(m1 +m2, σ

2
1 + σ22).

11



2 Law of Large Numbers

Theorem: 2.1: Chebyshev Inequality

P (|Xn −X| > ϵ) <
E
[
|Xn −X|2

]
ϵ2

Theorem: 2.2: Properties of Sum of Random Variables

1. If X1, ..., Xn are uncorrelated and E[X2
i ] <∞, then Var(X1 + · · ·+Xn) =

∑n
i=1 Var(Xi)

2. If E[Xi] = m, E[X2
i ] ≤ C, then E

[∣∣X1+···+Xn
n −m

∣∣2] ≤ C
n .

3. If Xn → X in L2, then Xn → X in probability.

By 2, X1+···+Xn
n → m in L2-norm, so X1+···+Xn

n

p→ m. This is the weak law of large numbers.

If E[Xi] = mi,
∑n

i=1mi

n → m, and
∑n

i=1 Var(Xi)
n2 → 0, then X1+···+Xn

n

p→ m.

Lemma: 2.1: Borel-Cantelli

If An is a sequence of sets in Ω, lim supAn = {ω : ω ∈ An i.o.} =
⋂
m

⋃
n≥mAn, where i.o. stands

for infinitely often.
If
∑∞

n=1 P (An) <∞, then P ({An i.o.}) = 0.

Proof. P (
⋃∞
n=mAn) ↓ P (An i.o.)

Also, P (
⋃∞
n=mAn) ≤

∑∞
n=m P (An)→ 0

Theorem: 2.3: Strong Law of Large Numbers

If X1, ..., Xn are identically distributed pairwise independent random variables, and E[Xi] = m,
E[|Xi|] <∞, then X1+···+Xn

n → m a.s.

Proof.

∞∑
k=1

P (X1 > k) ≤
∫ ∞

0
P (X1 > x)dx = E[X1] <∞

By Lemma 2.1, P (X1 > ki.o.) = 0, so Sn
n → m.

Define Tn =
∑n

k=1Xk1Xk≤k,
Tn
n → m and Sn−Tn

n → 0 a.s.
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Let α > 1, by Theorem 2.1,

∞∑
n=1

P

(∣∣∣∣T⌊αn⌋ − E[T⌊αn⌋]

⌊αn⌋

∣∣∣∣ > ϵ

)
≤ 1

ϵ2

∞∑
n=1

V ar(T⌊αn⌋)

⌊αn⌋2

=
1

ϵ2

∞∑
n=1

∞∑
k=1

V ar(Xk1Xk≤k)α
−2n

=
1

ϵ2

n∑
k=1

 ∑
n:⌊αn⌋>k

α−2n

V ar(Xk1Xk≤k)

≤ 1

ϵ2

n∑
k=1

17k−2

1− α−2
E
[
X2

11X1<k

]
(Geometric series, and i.i.d.)

= C1

∞∑
k=1

V ar(Xk1Xk<k)

k2

≤
∞∑
k=1

1

k2

∫ ∞

0
1y<k2yP (|X1| > y)dy = CE[|X1|]

So,
∣∣∣T⌊αn⌋−E[T⌊αn⌋]

⌊αn⌋

∣∣∣→ 0 a.s.

Since E[Xk1Xk<k] = E[X11X1<k] → E[X1] as k → ∞, then E[T⌊αn⌋]

⌊αn⌋ = 1
⌊αn⌋

∑⌊αn⌋
k=1 E[Xk1Xk<k] → m.

Therefore, T⌊αn⌋
⌊αn⌋ → m a.s.

Suppose ⌊αn⌋ ≤ k <
⌊
αn+1

⌋
, we get

T⌊αn⌋

k
≤ Tk

k
≤
T⌊αn+1⌋

k
≤
T⌊αn+1⌋

⌊αn⌋
≤ α

T⌊αn+1⌋

⌊αn+1⌋
→ αm

Let α→ 1 to get limk→∞
Tk
k = m.

Example: Suppose E[X4
i ] <∞, assume E[Xi] = 0 and Xis are independent. Then

E
[
(X1 + · · ·+Xn)

4
]
= nE[Xi]

4 +

(
4

2

)(
n

2

)(
E[X2

i ]
)2

E

[(
X1 + · · ·+Xn

n

)4
]
≤ C

n2

P

(∣∣∣∣X1 + · · ·+Xn

n

∣∣∣∣ > ϵ

)
≤
E
[(

X1+···+Xn
n

)4]
ϵ4

≤ C

ϵ4n2
By Theorem 2.1

Therefore, P
(∣∣X1+···+Xn

n

∣∣ > ϵ i.o.
)
= 0. Equivalently, P

(∣∣X1+···+Xn
n

∣∣ > 1
m i.o. for some m

)
= 0.

Theorem: 2.4: Weak Law of Large Numbers in L2

Let X1, ..., Xn be uncorrelated r.v.s, E[Xi] = µi, Sn = X1 + · · · +Xn. Assume V ar(Xi) ≤ C < ∞.
Then Sn

n − µ
p→ 0

13



Proof.

P

(∣∣∣∣Snn − µ
∣∣∣∣ > ϵ

)
≤ ϵ2V ar

(
Sn
n

)
By Theorem 2.1

=
1

n2ϵ2

n∑
i=1

V ar(Xi) ≤
C

n2ϵ2
→ 0

Example: (Bernstein polynomials) Let f ∈ C0([0, 1]), fn(x) =
n∑

m=0

(
n

m

)
xm)(1− x)n−mf

(m
n

)
(Expecta-

tion of f
(
m
n

)
under binomial distribution). Then lim

n→∞
sup
x∈[0,1]

|fn(x)− f(x)| = 0.

Proof. Let X1, ..., Xn be i.i.d. with P (Xi = 1) = p, P (Xi = 0) = 1− p.
Let Sn =

∑n
i=1Xi. P (Sn = m) =

(
n
m

)
pm(1 − p)n−m. E

[
f
(
Sn
n

)]
=
∑n

m=0 P (Sn = m)f
(
m
n

)
= fn(p) By

Theorem 1.1,∣∣∣∣E [f (Snn
)
− f(p)

]∣∣∣∣ ≤ E [∣∣∣∣f (Snn
)
− f(p)

∣∣∣∣](1(∣∣∣∣Snn − p
∣∣∣∣ ≤ δ)+ 1

(∣∣∣∣Snn − p
∣∣∣∣ > δ

))
≤ ϵ+ (2max |f |)P

(∣∣∣∣Snn − p
∣∣∣∣ > δ

)
≤ ϵ+ C

1

δ2
V ar

(
Sn
n

)
≤ ϵ+ δ

n2δ2
p(1− p)n→ ϵ as n→∞

Therefore, lim sup
n

sup
p
|fn(p)− f(p)| ≤ ϵ, ∀ϵ > 0.

Lemma: 2.2: Law of Large Numbers for Triangular Arrays

Let bn > 0, bn →∞, X̄n,k = Xn,k1|Xn,k|<bn ,
X1,1

X2,1 X2,2

X2,1 X2,2 X2,3

a triangle of random variables. Rows

are independent. In each row, Xi,j is independent of Xi,k for j ̸= k. Assume

1.
n∑
k=1

P (|Xn,k| > bn)→ 0

2. b−2
n

n∑
k=1

E
[
X̄2
n,k

]
→ 0

Then let Sn = Xn,1 + · · ·+Xn,n, an =
∑n

k=1E
[
X̄m,k

]
, we have Sn−an

bn

p→ 0.
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Proof. Let S̄n = X̄n,1 + · · ·+ X̄n,n

P

(∣∣∣∣Sn − anbn

∣∣∣∣ > ϵ

)
≤ P (Sn ̸= S̄n) + P

(∣∣∣∣ S̄n − anbn

∣∣∣∣ > ϵ

)
P (Sn ̸= S̄n) ≤ P

(
n⋃
k=1

{
X̄n,k ̸= Xn,k

})

≤
n∑
k=1

P
(
X̄n,k ̸= Xn,k

)
=

n∑
k=1

P (|Xn,k| > bn)→ 0 by Assumption 1

P

(∣∣∣∣ S̄n − anbn

∣∣∣∣ > ϵ

)
≤ ϵ−2b−2

n V ar(S̄n) by Theorem 2.1

= ϵ−2b−2
n

n∑
k=1

V ar(X̄n,k) ≤ ϵ−2b−2
n

n∑
k=1

E[X̄2
n,k]→ 0 by Assumption 2

Lemma: 2.3: Tail-Sum

Let Y > 0 be a r.v., then
∫ ∞

0
pyp−1P (Y = y)dy = E[Y p].

Lemma: 2.4:

Let X1, X2, ... be i.i.d. with lim
x→∞

xP (|Xi| > x) = 0. Let Sn = X1 + · · · +Xn, µn = E
[
Xi1|Xi|≤n

]
.

Then Sn
n − µn

p→ 0

Proof. Let bn = n, Xn,j = Xj , so we build a triangle of random variables like
X1

X1 X2

X1 X2 X3

. We check the

condition for Lemma 2.2

Condition 1:
∑n

k=1 P (|Xk| > n) = nP (|X1| > n)→ 0

Condition 2:

n−2
n∑
k=1

E[X2
k1|Xk|<n] = n−1E[(Xk1|Xk|<n)

2] = n−1

∫ ∞

0
2xP

(∣∣X11|X1|≤n
∣∣ ≥ x) dx

= 2n−1

∫ n

0
xP (|X1| > x)dx

Let g(x) = xP (|X1| > x). limx→∞ g(x) = 0, gn(x) = g(nx)→ 0 as n→∞.

Change of variable by x̃ = x
n , and we get:

2n−1

∫ n

0
xP (|X1| > x)dx = 2

∫ 1

0
nx̃P (|X1| > nx̃)dx̃ > 0

15



Theorem: 2.5: General Weak Law of Large Numbers

Let X1, X2, ... be i.i.d. Assume E[X1] <∞. Let µ = E[X1], Sn = X1 + · · ·+Xn. Then Sn
n − µ

p→ 0.

Remark 3. Strong law of large number replaces convergence in probability with convergence almost surely.

Proof. Since E[x1|X1|>x] ≤ E[X11|X1|>x] and E[|X1|] <∞, we have xP (|X1| > x) ≤ E[X11|X1|>x]→ 0.

Thus Lemma 2.4 holds and Sn
n → µn as n→∞, where µn = E[X11|X1|≤n]→ µ by Theorem 1.6.

Cauchy distribution does not satisfy Theorem 2.5, because it is heavy-tailed:

P (Xi ≤ x) =
∫ x

−∞

dt

π(1 + t2)
, E[|Xi|] =∞

xP (Xi > x) = x

∫ ∞

x

dt

π(1 + t2)
∼ x 2

πx
=

2

π
̸→ 0

Example: Let X1, ..., Xn be i.i.d. random variables in
[
−1

2 ,
1
2

]
. By Theorem 2.5,

X2
1 + · · ·+X2

n

n

p→ E[X2
1 ] =

∫ 1/2

−1/2
x2dx =

1

12

So P
(∣∣∣X2

1+···+X2
n

n − 1
12

∣∣∣ < ϵ
)
→ 1, i.e.

∫
A dx1...dxn = 1, where A =

{
x : (1− ϵ)

√
n
12 ≤ |x| ≤ (1 + ϵ)

√
n
12

}
,

and |x| =
√
X2

1 + · · ·+X2
n.

This means that the mass concentrates around the boundary/surface for high dimension.

St. Petersburg Paradox Let X1, X2, ... be i.i.d. random variables, P (Xi = 2j) = 1
2j

for j = 1, ...,
E[Xi] =

∑∞
j=1 2

j2−j = ∞. Pay money to play the game, and each round, we have 1
2j

chance to win 2j .
This gives infinite reward for infinite plays. X1+···+Xn

n →∞.

Now, use triangular arrays. Let Xn,k = Xk, and choose bn ≈ 2mn .

n∑
i=1

P (|Xn,k| > bn) = nP (Xk > bn) = n

∞∑
j=mn

1

2j
= 2n2−mn =

2

bn
→ 0

Therefore, the first property in Lemma 2.2 holds.

b−2
n

n∑
k=1

E
[
X2
k1Xk≤bn

]
= b−2

n n
n∑
j=1

22j2−j ∼ b−2
n 2n2mn =

2n

bn
→ 0

The bn are chosen to be large enough so we get the properties satisfied.

Now we compute an:

E
[
Xn,k1|Xn,k|≤bn

]
= E[X11X1≤bn ] =

mn∑
j=1

2j2−j = mn, an =

n∑
k=1

E
[
Xn,k1|Xn,k|≤bn

]
= nmn

Let Sn = X1 + · · ·+Xn, Sn−nmn
bn

→ 0 by Lemma 2.2. If mn ∼ log2 n+ kn, where kn = log log n, kn →∞,
we have Sn

n logn

p→ 1, so we are making n log n every n rounds.
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2.1 Convergence of r.v.s

Theorem: 2.6:

If Xn
p→ X, then there is a subsequence nk with Xnk

→ X a.s.

Proof. If Xn
p→ X, then P (|Xn −X| > ϵ)→ 0.

Choose nk s.t.
∞∑
k=0

P

(
|Xnk

−X| > 1

k

)
< ∞. This means that |Xnk

−X| < 1
k for all but finitely many k

w.p. 1.

Proposition: 2.1:

If Xn
p→ X and f is continuous, then f(Xn)

p→ f(X).

Proof. Let γ > 0, we want N so that for n ≥ N , P (|f(Xn)− f(X)| > ϵ) < γ.

Inside some compact sets, f is uniformly continuous, and we just need P (|Xn −X| > δ) < γ.

Outside the compact sets, there is a K so that ∀n ≥ N , P (|Xn|, |X| ≤ K) < 1 − γ. We can find that K ′

so that P (|X| ≤ K ′) > 1− γ
100 . Then there is N so that P (|Xn −X| > 1) < γ

100 .

Theorem: 2.7: Weak Convergence of Probability Measures

If Xn
p→ X and Xn ∼ µn, X ∼ µ, where µn(A) = P (Xn ∈ A), then µn → µ, i.e.

∫
fdµn →

∫
fdµ

for all bounded continuous functions f .

Proof. Since E[f(Xn)] =
∫
fdµn and E[f(X)] =

∫
fdµ, we just need to show that E[f(Xn)] → E[f(X)].

By Theorem 1.1,

|E[f(Xn)]− E[f(X)]| ≤ E [|f(Xn)− f(X)|]
= E [|f(Xn)− f(X)|] 1|f(Xn)−f(X)|≥ϵ + E [|f(Xn)− f(X)|] 1|f(Xn)−f(X)|<ϵ

≤ 2BP (|f(Xn)− f(X)| ≥ ϵ) + ϵ

The last inequality is because f is bounded.

Lemma: 2.5: 2nd Borel-Cantelli

If A1, A2, ... are independent, and
∞∑
n=1

P (An) =∞, then P (An i.o.) = 1.

Proof. We want P (
⋂∞
m=1

⋃∞
n=mAn) = 1, which means that P

(⋃N
n=mAn

)
↑ 1 for all m
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and P
(⋂N

n=mA
C
n

)
↓ 0 for all n.

P

(
N⋂

n=m

ACn

)
=

N∏
n=m

P (ACn ) =
N∏

n=m

(1− P (ACn ))

≤
N∏

n=m

e−P (An) = e−
∑N

n=m P (An) → 0

Example: Ω = [0, 1], P =Lebesgue, An = [0, 1/n).

Example (St. Peterburg game): Let X1, X2, ... be i.i.d. s.t. P (Xi = 2k) = 1
2k

. We have showed that
X1+···+Xn
n log2 n

p→ 1.

P (Xi ≥ x) =
∑

k:2k≥x

1

2k
∼ 1

x
P (Xn ≥ cn log n) ∼

1

cn log n

By Lemma 2.5, since
∑∞

n=1 P (Xn ≥ cn log n) = ∞, we have P
(

Xn
n logn ≥ c i.o.

)
= 1 for any c. Therefore,

P
(
X1+···+Xn
n logn ≥ c i.o.

)
= 1, and limn→∞

X1+···+Xn
n logn = ∞ a.s. Strong law of large number (Theorem 2.3)

won’t hold in this case.

Empirical Distribution Function Let X1, X2, ... be i.i.d., Xi ∼ F and V ar(Xi) = σ2 < ∞. Fn(x) =
1
n

∑n
k=1 1{Xk≤x}. As n→∞, Fn(x)− F (x)→ 0 a.s.

This is by Theorem 2.3, since Fn(x) = Y1+···+Yn
n , where E[Yi] = P (Xi ≤ x) = F (x).

Gilvenko-Cantelli show supx |Fn(x)− F (x)| → 0 a.s.

Proof. If we just had x1, ..., xk, then max1≤i≤k |Fn(xi)− F (xi)| → 0 as n→∞.

If F is continuous, take xj,k = F−1
(
j
k

)
, |Fn(xj,k)− F (xj,k)| < 1

k for n ≥ Nk(ω), ω ∈ Ω, j = 0, ..., k.

Fn(x) ≤ Fn(xj,k) ≤ F (xj,k) +
1

k
≤ F (x) + 2

k

Fn(x) ≥ Fn(xj−1,k) ≥ F (xj−1,k)−
1

k
≥ F (x)− 2

k

If F is not continuous, then xj,k = inf
{
y : F (y) ≥ 1

k

}
,
∣∣∣Fn(x−j,k)− F (x−j,k)∣∣∣ < 1

k . We can do this because

Theorem 2.3 also says Fn(x−) = 1
n

∑n
k=1 1Xk<x → F (x−). Then the same argument applies.

We know that
∑ 1

nα converges for α > 1, diverges for α ≤ 1, and
∑ (−1)n

n converges. Consider the random
variables, Yn, and

∑ Yn
n .

Assume E[Xn] = 0, V ar(Xn) <∞, Xn independent, when does
∑
Xn converge?

Since V ar
(∑N

n=1Xn

)
=
∑N

n=1 V ar(Xn), so if the variance is under control
∑∞

n=1 V ar(Xn) < ∞, then it
is possible to have convergence. This is because for Sm = X1+ · · ·+Xm, SN = X1+ · · ·+XN , Theorem 2.1
gives

P (|SN − Sm| > ϵ) ≤ 1

ϵ2

N∑
k=m+1

Var(Xk)
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Now we want P (|Sn − Sm| > ϵ) small for all n,m ≥ N .
Note that P

(
supm≥N |Sm − SN | > ϵ

)
⇒ P

(
supm,n≥N |Sm − Sn| > ϵ

)
by triangle inequality.

Let X1, ..., Xm, Xm+1, ..., Xn be independent r.v.s. Y = f(X1, ..., Xm), Z = g(Xm+1, ..., Xn), where f, g are
measurable. Then Y and Z are independent.

Theorem: 2.8: Kolmogorov Maximal Inequality

Let X1, ..., Xn be i.i.d. E[Xi] = 0, V ar(Xi) = σ2 <∞. Sn = X1 + · · ·+Xn,

P

(
max
1≤k≤n

|Sk| ≥ x
)
≤ 1

x2
V ar(Sn)

Proof. Break if by the first time that |Sk| ≥ x. Let Ak be the event that the first time that |Sk| ≥ x is at
k. Ak = {|Sk| ≥ x, |Sj | < x, j = 1, ..., k − 1}.

⋃n
k=1Ak = {max1≤k≤n |Sk| ≥ x}. Since E[Xi] = 0,

V ar(Sn) = E[S2
n] ≥ E[S2

n1|Sn|≥x] ≥ x
2P (|Sn| ≥ x)

≥
n∑
k=1

∫
1Ak

S2
ndP

=
n∑
k=1

∫
1Ak

S2
k + 21Ak

(Sn − Sk) + 1Ak
(Sn − Sk)2dP

≥
n∑
k=1

∫
1Ak

S2
kdP

≥ x2
n∑
k=1

∫
1Ak

dP = x2P

(
max
1≤k≤n

|Sk| ≥ x
)

Note that
∫
(Sn − Sk)dP =

∫
Xk+1 + · · ·+XndP = 0 and

∫
(Sn − Sk)2dP > 0.

Theorem: 2.9:

Let X1, X2, ... be independent, E[Xi] = 0, V ar(Xi) = 0. If
∞∑
n=1

V ar(Xn) <∞, then Sn is Cauchy.

Proof.

P

(
max

M≤m≤N
|Sm − SM | ≥ ϵ

)
≤ 1

ϵ2

N∑
m=M+1

V ar(Xm)

P

(
max
m≥M

|Sm − SM | ≥ ϵ
)
≤ 1

ϵ2

∞∑
m=M+1

V ar(Xm)

lim
M→∞

P

(
sup

n,m≥M
|Sm − Sn| ≥ ϵ

)
= 0

Also TM = supn,m≥M |Sm − Sn| is a decreasing sequence and it has a limit.

The limit must be 0 w.p. 1, or the limit cannot hold. This means that Sn is Cauchy w.p. 1.
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Lemma: 2.6: Kronecker’s Lemma

Let an ↑ ∞. If
∑∞

k=1
xk
ak
<∞, then 1

an

∑n
k=1 xk → 0.

Proof. Let bm =
∑m

k=1
xk
ak

, bm → b, and xm = am(bm − bm−1).

1

an

n∑
k=1

xk =
1

an

(
n∑

m=1

ambm −
n∑

m=1

ambm−1

)

=
1

an

(
anbn +

n∑
m=2

am−1bm−1 −
n∑

m=1

ambm−1

)

= bn −
n∑

m=1

am − am−1

an
bm−1.

Let ϵ > 0, n large so that am
an
≤ ϵ

4B , M large so that if m ≥M , |bm − b| < ϵ
2 , |bm| ≤ B. Then∣∣∣∣∣

n∑
m=1

∣∣∣∣∣ am − am−1

an
(bm−1 − b) ≤

am
an

2B +
an − aM

an
|bM − b| < ϵ

Therefore, we get 1
an

∑n
k=1 xk → 0.

Theorem: 2.10: Kolmogorov 3-Series

Let X1, X2, ... be independent,
∑∞

n=1Xn converges if and only if the following 3 series converge:
1.
∑∞

n=1 P (Xn > A) <∞ for each A
2.
∑∞

n=1E[Xn1|Xn|≤A] <∞
3.
∑∞

n=1 V ar(Xn1|Xn|≤A) <∞

Proof. (⇒) 3⇒
∑∞

n=1Xn1|Xn|≤A − E[Xn1|Xn|≤A] <∞

2⇒
∑∞

n=1Xn1|Xn|≤A converges

1⇒ P (|Xn| > A i.o.) = 0⇒
∑∞

n=1Xn converges w.p. 1

(⇐) X1, X2, ... are i.i.d., E[Xi] = 0, V ar(X2
i ) = σ2 <∞.

Theorem 2.8 and Lemma 2.6 implies that it is enough to show
∑∞

n=1 V ar
(
Xn
an

)
< ∞, which is equivalent

to
∑∞

n=1
1
a2n
<∞, since Xis are i.i.d. with zero mean. In particular, if an = n, we get Theorem 2.3.

Note that as long as an ↑ ∞, 1
an

∑n
k=1Xk → 0.

Choose an = n1/2 (log n)1/2+ϵ, an ↑ ∞, 1
an

∑n
k=1Xk → 0 a.s.

When an = n1/2, we still have 1
an

∑n
k=1Xk → 0 a.s.

When an =
√

2σ2n log log n, it has lim sup = lim inf = 1 a.s. This is the law of iterated logarithms by
Khinchin. This is close to the central limit theorem.

Theorem: 2.11: Marcinkiewitz & Zygmund

Let X1, X2... be i.i.d. If E [|Xi|] <∞, 1 < p < 2, but E[X2
i ] can be infinity, then 1

n1/p

∑∞
k=1Xk → 0

a.s.
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Proof. Let Yk = Xk1|Xk|≤k1/p , Tn = Y1 + · · ·+ Yn.

∞∑
k=1

P (Xk ̸= Yk) =
∞∑
k=1

P (|Xk|p > k) ≤ E [|Xk|p] <∞

Lemma 2.1 implies P (Xk ̸= Yki.o) = 0, so it is enough to show Tn
n1/p → 0.

By Theorem 2.10 and Lemma 2.6, we just need to show that
∑∞

n=1 V ar
(

Yn
n1/p

)
is finite.

21



3 Central Limit Theorem

3.1 Weak Convergence

Recall the weak convergence of probability measures in Theorem 2.7. We can similarly define the weak
convergence of distribution functions. Let Fn, F be distribution functions, Fn → F weakly if Fn(x)→ F (x)
for all continuity points x of F .

Recall Lemma 1.1. We have 4 equivalent statements

1. If A is closed, µn → µ weakly, then lim supn→∞ µn(A) ≤ µ(A)

2. If B is open, then lim infn→∞ µn(B) ≥ µ(B)

3. If µ(∂A) = 0, where ∂A = A \ int(A) and µn → µ weakly, then µn(A)→ µ(A).

4. If µn(A)→ µ(A) for all A with µ(∂A) = 0, then µn → µ weakly.

Proof. 1. Let fϵ =
(
1− d(x,A)

ϵ

)
+
.

µn(A) =

∫
1Adµn ≤

∫
fϵdµn →

∫
fϵdµ ≤ µ(Aϵ)

Therefore, lim supn→∞ µn(A) ≤ µ(Aϵ) for all ϵ. By continuity of probability measures (Proposition 1.2),
µ(Aϵ) ↓ µ(A) as ϵ→ 0.

2. Apply 1 to the complement of B

3. By 1, lim supµn(A) ≤ lim supµn(Ā) ≤ µ(Ā) = µ(A)
By 2, lim inf µn(A) ≥ lim inf µn(int(A)) ≥ µ(int(A)) = µ(A)

4. Given a continuous function f s.t. |f | ≤M , D = {t : µ({f = t}) ̸= 0} is countable.

Let δ > 0, we want to show that
∣∣∫ fdµn − ∫ fdµ∣∣ < δ.

Choose −M = t0 < t1 < · · · < tk = M , |ti+1 − ti| < δ s.t. none of ti is in D. Approximate by simple
functions:∣∣∣∣∫ fdµn −

∫
fdµ

∣∣∣∣ ≤
∣∣∣∣∣
∫
fdµn −

k−1∑
i=0

tiµn(ti ≤ f < ti+1)

∣∣∣∣∣ < δ

+

∣∣∣∣∣
k−1∑
i=0

ti (µn(ti ≤ f < ti+1)− µ(ti ≤ f < ti+1))

∣∣∣∣∣→ 0

+

∣∣∣∣∣
∫
fdµ−

k−1∑
i=0

tiµ(ti ≤ f < ti+1)

∣∣∣∣∣ < δ

As n→∞,
∣∣∫ fdµn − ∫ fdµ∣∣→ 0.

Theorem: 3.1: Helly’s Selection Principle

If Fn are distribution functions, then there always exists a subsequence nk and F so that Fnk
→ F (x)

at continuity points of F

Remark 4. F may be degenerate e.g. Fn(x) = 1x≥n, Fn(x) = F (x) = 0 for x < n. F is non-decreasing and
right continuous.
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Proof. Since Fn(x) ∈ [0, 1], there is a convergent subsequence by Heine-Borel.

Let Q = {q1, q2, ...} be the set of rational numbers, Fn1
k
(q1)→ F (q1), Fn2

k
(q2)→ F (q2), with

{
n2k
}
⊂
{
n1k
}
.

Then the diagonal sequence Fnk
k
(q)→ F (q) for q ∈ Q.

For q < q′, Fnk
k
(q)→ F (q) ≤ Fnk

k
(q′)→ F (q′) by property of distribution functions.

Define F̃ (x) = infq>x F (q), F̃ is right continuous. We want to show that Fnk
k
(x) → F̃ (x) at continuity

points of F̃ .

Let ϵ > 0, assume x is s.t. Fnk
k
(x)→ F̃ (x), we can find q < x < q with

F (x)− ϵ

2
< F (q) ≤ F (x) ≤ F (q) < F (x) +

ϵ

2

Choose N s.t.
∣∣∣Fnk

k
(q)− F (q)

∣∣∣ ≤ ϵ
2 ,
∣∣∣Fnk

k
(q)− F (q)

∣∣∣ ≤ ϵ
2 for k ≥ N .

Then F (x)− ϵ ≤ Fnk
k
(x) ≤ F (x) + ϵ

Definition: 3.1: Tight

A set of probability measure µn is tight if ∀ϵ > 0, there is compact set K s.t. µn(KC) < ϵ for all n.

Example: the set of probability measures defined by Fn(x) = 1x≥n is not tight.

Theorem: 3.2: Prokhorov’s Theorem

If µn are tight, then there exists µ probability measure and nk with µnk
→ µ weakly.

Conversely, if µn → µ weakly, then µn is tight if the metric space is separable and complete.

Proof. Tightness for Fn means there is a M s.t. 1− Fn(M) + Fn(−M) < ϵ.

Choose M a continuity point of F . Take n→∞, 1− F (M) + F (−M) < ϵ.

Then, limx→∞ F (x) = 1 and limx→−∞ F (x) = 0, non-degenerate.

3.2 Characteristic Functions

Definition: 3.2: Characteristic Function

Let X be a random variable, the characteristic function of X is

ϕ(t) = E[eitX ] = E[cos tX] + iE[sin tX] =

∫
eitXdµ

A closely related concept is moment generating function:

M(λ) = E[eλX ] =

∫
eλXdµ

Moment generating function is Laplace transform, while characteristic function is Fourier transform. Mo-
ment generating function may not exist, while characteristic function always exists, because the integrand
is bounded.

Example: if X ∼ Exp(1), then
∫∞
0 eλx−xdx is only defined if λ < 1.
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Theorem: 3.3: Properties of Characteristic Functions

If X1, X2 are independent r.v.s with characteristic functions ϕ1, ϕ2, then

E[eit(X1+X2)] = E[eitX1eitX2 ] = E[eitX1 ]E[eitX2 ] = ϕ1(t)ϕ2(t)

Other properties:
1. ϕ(0) = E[e0] = 1
2. Uniform continuity: |ϕ(t+ h)− ϕ(t)| =≤ E

[∣∣eihX − 1
∣∣]→ 0 as h→ 0.

3. E[eit(aX+b)] = eitbϕ(at)

Proof. 2. |ϕ(t+ h)− ϕ(t)| =
∣∣E [ei(t+h)X − eitX]∣∣ = E[eitX

∣∣eihx − 1
∣∣] ≤ E [∣∣eihX − 1

∣∣]→ 0

Example: X ∼ Ber
(
1
2

)
, P (X = 1) = P (X = −1) = 1

2 .

E[eitX ] =
1

2
(eit + e−it) = cos t

E[eλX ] =
1

2
(eλ + e−λ) = cosh t

Example: If X is symmetric (X = −X), then ϕ(t) = E[eitX ] =
∫
cos txdµ + i

∫
sin txdµ =

∫
cos txdµ is

real.

Example: N ∼ Poisson(λ),

E[eitN ] =
∞∑
n=0

eitn
λn

n!
e−λ = e−λ

∞∑
n=0

(eitλ)n

n!
= e−λeitλ = e−λ(1−e

it)

This is by Taylor series of ex.

Example: X ∼ N(0, 1).

E[eitX ] =
1√
2π

∫ ∞

−∞
eitx−

x2

2 dx =
1√
2π
e−t

2/2

∫ ∞

−∞
e−

1
2
(x−it)2dx

By change of variable and contour integration:

1√
2π

∫ ∞

−∞
e−

1
2
(x−it)2dx =

1√
2π

∫ ∞−it

−∞−it
e−

1
2
y2dy =

1√
2π

∫ ∞

−∞
e−

1
2
y2dy = 1

If X ∼ N(m,σ2), then ϕ(t) = eitm−σ2

2
t2

Example: X ∼ Unif [0, 1],

E[eitX ] =
1

b− a

∫ b

a
eitxdx =

eitx

it(b− a)

∣∣∣∣b
a

=
eitb − eita

it(b− a)

Example: X ∼ Exp(1),

E[eitX ] =

∫ ∞

0
e(it−1)xdx =

e(it−1)x

it− 1

∣∣∣∣∣
∞

0

=
1

1− it
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Example: f(x) = (1− |x|)+. Note that this is the distribution of X + Y for X,Y ∼ Unif
[
−1

2 ,
1
2

]
.∫ 1

−1
(1− |x|)+eitxd =

(
eit/2 − e−it/2

it

)
=

(
2 sin(t/2)

t

)2

=
2(1− cos t)

t2

Example: f(x) = 1
2e

−|x|

1

2

∫ ∞

−∞
eitx−|x|dx =

1

2

(∫ ∞

0
eitx−xdx+

∫ ∞

0
e−itx−xdx

)
=

1

2

(
1

1− it
+

1

1 + it

)
=

1

1 + t2

Theorem: 3.4: Inversion of Characteristic Functions

lim
T→∞

1

2π

∫ T

−T

e−ita − e−itb

it
ϕ(t)dt = µ((a, b)) +

1

2
µ({a}) + 1

2
µ({b})

Proof.

1

2π

∫ T

−T

e−ita − e−itb

it
ϕ(t)dt =

1

2π

∫ T

−T

∫
e−it(a−x) − e−it(b−x)

it
dµ(x)dt

=
1

2π

∫ ∫ T

−T

e−it(a−x) − e−it(b−x)

it
dtdµ by Theorem 1.9

=
1

2π

∫ [∫ T

−T

sin t(x− a)
t

dt−
∫ T

−T

sin t(x− b)
t

dt

]
dµ by symmetry in cos

We can apply Theorem 1.9, because the integrals are bounded in both dt and dµ.

Note that by symmetry:∫ T

−T

sin t(x− a)
t

dt = 2

∫ T

0

sin t(x− a)
t

dt = 2

∫ T |x−a|

0

sin t

t
dt→ π

2

Because, we can rewrite 1
t =

∫∞
0 e−xtdx and∫ T

0

sin t

t
dt =

∫ T

0

∫ ∞

0
e−xt sin tdxdt∣∣∣∣∫ T

0

sin t

t
dt− arctanT

∣∣∣∣ ≤ 2

T

Take T →∞, we get:

∫ T

−T

sin t(x− a)
t

dt−
∫ T

−T

sin t(x− b)
t

dt =


2πa < x < b

π, x = a, b

0, otherwise

Then the entire integral converges:

1

2π

∫ T

−T

e−ita − e−itb

it
ϕ(t)dt→ 1

2π

∫
2π1(a,b)(x)dµ+

1

2π
πµ({a}) + 1

2π
πµ({b})
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Theorem: 3.5:

If
∫
|ϕ(t)|dt < ∞, then there is a density function f s.t. f(x) = 1

2π

∫
e−itxϕ(t)dt and f is bounded

and continuous.

Remark 5. This is the Fourier transform of L1 functions.

Proof. From Theorem 3.4, we have

µ((a, b)) +
1

2
µ({a}) + 1

2
µ({b}) ≤ b− a

2π

∫
|ϕ(t)|dt

In particular, {a} and {b} do not contribute.

µ((x, x+ h)) =
1

2π

∫
e−itx − e−it(x+h)

it
ϕ(t)dt

=
1

2π

∫ ∫ x+h

x
eitydyϕ(t)dt

=

∫ x+h

x

(
1

2π

∫
e−ityϕ(t)dt

)
dy by Theorem 1.9

Therefore, f is well-defined and bounded.

Example: Cauchy f(x) = 1
π(1+x2)

. E[X] is not defined. ϕ(t) =
∫

eitx

π(1+x2)
dx = e−|t| by the last example

before Theorem 3.4.

Let X1, X2 be independent Cauchy, ϕX1+X2(t) = ϕ1(t)ϕ2(t) = e−2|t|, so ϕX1+X2
2

(t) = e−|t|, X1+X2
2 = X1.

Extending to n independent Cauchy, we have X1+···+Xn
n = X1 in distribution.

Example: X1, X2 ∼ N(0, 1) independent, then ϕX1+X2√
2

(t) = e−t
2/2, and X1+X2√

2
= X1. Extending to n

independent normal, X1+···+Xn√
n

= X1 in distribution.

Example: ϕ(t) = e−|t|α , X1+···+Xn

n1/α = X1 in distribution, but is ϕ a characteristic function? Yes if
0 ≤ α ≤ 2, no if α > 2.

Theorem: 3.6: Bochner’s Theorem

ϕ is a characteristic function if and only if ϕ is positive definite, i.e. for all measurable complex
function h,

∫∫
ϕ(t− s)h(t)h̄(s)dtds ≥ 0.

Proof. (⇒) Given ϕ a characteristic function.∫∫
ϕ(t− s)h(t)h̄(s)dtds =

∫∫∫
ei(t−s)xh(t)h(s)dtdsdµ(x)

=

∫∫∫
eitxh(t)eisxh(s)dtdsdµ(x)

= E

[(∫
eitxh(t)dt

)(∫
eitxh(t)dt

)]

= E

[∣∣∣∣∫ eitxh(t)dt

∣∣∣∣2
]
≥ 0

26



3.3 Central Limit Theorems

Lemma: 3.1:

µ

(
|x| ≥ 2

u

)
≤ 1

u

∫ u

−u
(1− ϕ(t)) dt

Proof. By Definition 3.2 and Theorem 1.9, we have:

1

u

∫ u

−u
(1− ϕ(t))dt = 1

u

∫ ∫ u

−u
(1− eitx)dtdµ

= 2

∫
1− sinux

ux
dµ

≥ 2

∫
|x|≥ 2

u

1− 1

|ux|
dµ

≥
∫
|x|≥ 2

u

dµ = µ

(
|x| ≥ 2

u

)
The last two inequalities are by restricting the integration domain.

Theorem: 3.7: Levy’s Continuity Theorem

Let µn, µ be probability measures with characteristic functions ϕn, ϕ.
1. If µn → µ weakly (

∫
fdµn →

∫
fdµ for bounded continuous f), then ϕn → ϕ pointwise

2. If ϕn → ϕ pointwise and ϕ is continuous at 0, then µn → µ weakly and µ has characteristic
function ϕ.

Proof. 1. ϕn =
∫
eitxdµn →

∫
eitxdµ = ϕ since eitx is a bounded continuous function.

2. Firstly, we show that µn is tight by using Lemma 3.1. Then if we take lim supn→∞ on both sides, and
choose u s.t. lim supn→∞ µn

(
|x| ≥ 2

u

)
is small, then µn is tight by Definition 3.1. Then there exists a

subsequence nk s.t. µnk
→ µ̃ = µ weakly, and µn → µ weakly.

Counter-example: when ϕ is not continous at 0, we can have µn ∼ N(0, n), ϕn(t) = e−nt
2/2 →{

1, t = 0

0, else
not a characteristic function.

Lemma: 3.2:

If
∫
|X|ndµ < ∞, then ϕ ∈ Cn and ϕ(n)(t) =

∫
(ix)neitxdµ. In particular, if E[|X|n] < ∞, then

ϕ(n)(0) = inE[Xn].

Proof. Suppose
∫
|X|dµ <∞,

ϕ′(t) =
ϕ(t+ h)− ϕ(t)

h
=

∫
1

h

(
ei(t+h)x − eitx

)
dµ =

∫ (
eihx − 1

h

)
eitxdx

Note that
∣∣∣ eihx−1

h

∣∣∣ ≤ |x|, so by Theorem 1.6, ϕ′(t)→
∫
ixeitxdµ.

Similarly, ϕ′′(t) = lim
h→0

∫
ix

(
eihx − 1

h

)
eitxdµ, so if

∫
|X|2dµ <∞ by Theorem 1.6, ϕ′′(t) =

∫
(ix)2eitxdµ.
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Inductively, we prove for all n.

Theorem: 3.8: Central Limit Theorem

Let X1, X2, ..., Xn be i.i.d. with V ar(Xm) = σ2 <∞ and σ ̸= 0. Then,∑n
m=1Xm − E[Xm]

σ
√
n

→ N(0, 1)

The convergence is in distribution.

Proof. WLOG, assume E[Xn] = 0, if not we just define Yn = Xn − E[Xn]. Consider the characteristic
function of 1

σ
√
n

∑n
m=1Xm. Then

E
[
e
i t
σ
√
n

∑n
m=1Xm

]
= E

[
e
i t
σ
√

n
Xn
]m

= ϕ

(
t

σ
√
n

)n
Consider the Taylor expansion, ϕ(0) = 1, ϕ′(t) = E[iXeitX ], ϕ′(0) = iE[X], ϕ′′(t) = E[−X2eitX ], ϕ′′(0) =
−E[X2], ϕ(n)(0) = inE[Xn].

If things are nice,

ϕ(t) = E[eitX ] = E

[ ∞∑
n=0

intn

n!
Xn

]
=

∞∑
n=0

intn

n!
E[Xn]

Therefore,

ϕ

(
t

σ
√
n

)n
=

(
1 +

t

σ
√
n
ϕ′(0) +

t2

2σ2n
ϕ′′(0) + · · ·

)n
=

(
1− t2

2n
+ · · ·

)n
→ e−

t2

2

This shows that
∑n

m=1Xm

σ
√
n

→ N(0, 1) in distribution. Now we need to show the error bound is small, by
proving the following inequality:∣∣∣∣∣eix −

n∑
m=0

(ix)m

m!

∣∣∣∣∣ ≤ min

(
|x|n+1

(n+ 1)!
,
2|x|n

n!

)
Note that for a Cn+1 function f , the integral form of the Taylor remainder at 0 is:

Rn(x) = f(x)−
n∑

m=0

f (m)(0)

m!
xm =

1

n!

∫ x

0
(x− s)nf (n+1)(s)ds

For f(x) = eix, f (n+1)(x) = in+1eix. By recursive IBP,∫ x

0
(x− s)neisds = xn+1

n+ 1
+

i

n+ 1

∫ x

0
(x− s)n−1eisds

eix −
n∑

m=0

(ix)m

m!
=
in+1

n!

∫ x

0
(x− s)neisds

Therefore,∣∣∣∣∣eix −
n∑

m=1

(ix)m

m!

∣∣∣∣∣ ≤ 1

n!

∣∣∣∣∫ x

0
(x− s)neisds

∣∣∣∣ ≤ 1

n!

∫ x

0
(x− s)nds = xn+1

(n+ 1)!
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Similarly,

i

n

∫ x

0
(x− s)neisds = −x

n

n
+

∫ x

0
(x− s)n−1eisds

in+1

n!

∫ x

0
(x− s)neisds = in

(n− 1)!

∫ x

0
(x− s)n−1(eis − 1)ds

Use |eis − 1| ≤ 2 to get the remainder ≤ 2|x|n
n!

So the error term ≤ E
[
min

(
|t|3

6n3/2σ3X
3
1 ,

|t|2
σ2n

X2
1

)]
ϕ(t) = E[eitX1 ] = 1 + itE[X1]− t2

2 E[X2] +R3(t), where |R3(t)| ≤ E
[
min

(
t3

6X
3, t2X2

)]
. So we need this

to be o
(
1
n

)
if E[X2] <∞. i.e. nE

[
min

(
|t|3

6n3/2σ3X
3
1 ,

|t|2
σ2n

X2
1

)]
→ 0.

This can be achieved by splitting at |X1| = C, and consider Cn−1/2|t|3E[X3
1 ]1|X1|<C+|t|2E[X2

1 ]1|X1|≥C .

Example: Let X1, ..., Xn be i.i.d. Xi ∼ Ber(p), P (Xi = 1) = p, P (Xi = 0) = 1 − p, E[Xi] = p,
V ar(Xi) = p(1− p).

Theorem 2.3 gives X1+···+Xn
n = p.

Since Xi are i.i.d., V ar(X1 + · · · + Xn) = nV ar(X1), V ar
(
X1+···+Xn

n

)
= 1

nV ar(X1), V ar
(
X1+···+Xn√

n

)
=

V ar(X1). Therefore, P
(√
n
(
X1+···+Xn

n − p
))

= V ar(X1).

Theorem 3.8 gives

lim
n→∞

P

(∣∣∣∣∣ 1√
p(1− p)

√
n

(
X1 + · · ·+Xn

n
− p
)∣∣∣∣∣ ≤ 2

)
= 0.95

which means that 95% of time, X1 + · · ·+Xn ∈
[
np− 2

√
np(1− p), np+ 2

√
np(1− p)

]
.

If we toss a fair coin 1000 times, we should expect [468, 532] heads with 95% probability.

Remark 6. 2−n
(
n
n
2

)
∼ 1√

n
by Stirling approximation n! ∼

√
2πnnne−n

Theorem: 3.9:

Let z1, ..., zn, w1, ..., wnC, |zi|, |wi| ≤ C, then∣∣∣∣∣
n∏

m=1

zm −
n∏

m=1

wm

∣∣∣∣∣ ≤ Cn−1
n∑

m−1

|zm − wm|

Proof. Proof by induction. Base case is n = 1. In the induction step, we consider the sum from 2 to n,
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which has n− 1 terms:∣∣∣∣∣
n∏

m=1

zm −
n∏

m=1

wm

∣∣∣∣∣ =
∣∣∣∣∣z1

n∏
m=2

zm − z1
n∏

m=2

wm + (z1 − w1)
n∏

m=2

wm

∣∣∣∣∣
≤ |z1|

∣∣∣∣∣
n∏

m=2

zm −
n∏

m=2

wm

∣∣∣∣∣+ |z1 − w1|

∣∣∣∣∣
n∏

m=2

wm

∣∣∣∣∣ by Triangle inequality

≤ C · Cn−2
m∑
m=2

|zm − wm|+ |z1 − w1|Cn−1 by IH

= Cn−1
n∑

m=1

|zm − wm|

Theorem: 3.10: Lindeberg-Feller Central Limit Theorem

Consider triangular array of r.v.s X11, X21, X22, ..., E[Xn,m] = 0 independent in each row s.t.
1.
∑n

m=1E[X2
n,m]→ σ2 > 0

2.
∑n

m=1E[X2
n,m1|Xn,m|>ϵ]→ 0 for all ϵ > 0 (No single r.v. has dominating contribution)

Then Xn,1 + · · ·+Xn,n → N(0, σ2) in distribution.

Proof. Consider the characteristic functions ϕn,m(t) = E[eitXn,m ]. We want to show
∏n
m=1 ϕn,m(t) →

e−
σ2t2

2 . From the proof of Theorem 3.8, we have∣∣∣∣∣ϕn,m(t)−
(
1−

t2σ2n,m
2

)∣∣∣∣∣ ≤ E
[
min

(
|tXn,m|2

6
,
2|tXn,m|2

2

)]
≤ E

[
|tXn,m|3 1|Xn,m|≤ϵ

]
+ E

[
|tXn,m|21|Xn,m|>ϵ

]
≤ ϵt3E

[
X2
n,m

]
+ t2E

[
X2
n,m1|Xn,m|>ϵ

]
Using the two properties, we get

lim sup
n→∞

n∑
m=1

∣∣∣∣∣ϕn,m(t)−
(
1−

t2σ2n,m
2

)∣∣∣∣∣ ≤ ϵσ2t3 → 0

Since
∑n

m=1 σ
2
n,m → σ2, for n > N0, we have σ2n,m = E[X2

n,m] ≤ ϵ2+E[X2
n,m1|Xn,m|>ϵ] (split the expectation

into 2 parts).

Then |ϕn,m(t)| ≤ 1,
∣∣∣1− t2σ2

n,m

2

∣∣∣ ≤ 1. Therefore, by Theorem 3.9,

lim sup
n→∞

∣∣∣∣∣
n∏

m=1

ϕn,m(t)−
n∏

m=1

(
1−

t2σ2n,m
2

)∣∣∣∣∣ = 0

Similarly, we can show that∣∣∣∣∣
n∏

m=1

e−t
2σ2

n,m/2 −
n∏

m=1

(
1−

t2σ2m,n
2

)∣∣∣∣∣ ≤
n∑

m=1

∣∣∣∣∣e−t2σ2
n,m/2 −

(
1−

t2σ2m,n
2

)∣∣∣∣∣→ 0
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Example: Let X1, ..., Xn be i.i.d. symmetric distribution P (Xi > x) ∼ 1
x2

, E[Xi] = 0, E[X2
i ] =∞.

Define Yn,m = Xm1|Xm|≤n1/2 log logn.

E[X2
n,m] =

∫ n1/2 log logn

0
2yP (|Xi| > y)dy

∼ 2

∫ n1/2 log logn

0

1

y
dy + const

= const + 2 log(n1/2 log logn)

∼ const + log n

Define Xn,m =
Yn,m√
n logn

, nE[X2
n,m]→ 1, since E[X2

n,m]→ log n.

Since |Xn,m| > ϵ is equivalent to Yn,m > ϵ
√
n log n, but ϵ

√
n log n ≥ n1/2 log log n for large n, then

nE[X2
n,m1|Xn,m|>ϵ] = 0 for large n.

By Theorem 3.10, Xn,1 + · · · + Xn,n → N(0, 1) in distribution., equivalently Yn,1+···+Yn,n√
n logn

→ N(0, 1) in
distribution.

Then, P (Xn,m ̸= Xm) = P
(
|Xm| > n1/2 log logn

)
∼ 1

n(log logn)2
, which implies

P (∪{Xm ̸= Xn,m}) ≤
n∑

m=1

P (Xm ̸= Yn,m) ≤
1

(log log n)2
→ 0

So X1+···+Xn√
n logn

→ N(0, 1) in distribution.

Consider more generally, P (|X| ≥ x) ∼ x−α

1. α > 2: Regular Theorem 3.8

2. α = 2: Example above

3. 0 < α < 2: Both Theorems will fail.

Consider the characteristic function P (|X| ≥ x) = x−α

2 .

The density function is f(x) =

{
α |x|−(α+1)

2 , |x| > 1

0, else
.

ϕ(t) = α

∫ ∞

1
eitx

dx

2xα+1
+ α

∫ −1

−∞
eitx

dx

2|x|α+1

= α

∫ ∞

1
cos tx

dx

xα+1

1− ϕ(t) = α

∫ ∞

1
(1− cos tx)

dx

xα+1

Let x =
y

t
, t > 0

= αtα
∫ ∞

t
(1− cos y)

dy

yα+1

→ Cαtα as t→ 0,
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since the integral converges to C <∞.

E

[
eit

X1+···+Xn
bn

]
=
(
E
[
eitX1/bn

])n
= ϕn

(
t

bn

)
=

(
1−

(
1− ϕ

(
t

bn

)))n
∼
(
1− C |t|

α

bαn

)n
If bn = ee

en , we get E
[
eit

X1+···+Xn
bn

]
= 1 and X1+···+Xn

bn
→ 0, so we can have a characteristic function by

properly choosing bn.

If bn = n1/α, bαn = n, E ∼
(
1− C |t|α

n

)n
. The characteristic function is ψ(t) = e−C|t|α , which is continuous

at 0. This means that X1+···+Xn

n1/α → ψ′, which has characteristic function ψ(t). (If α = 1, Cauchy; If α = 2,
Gaussian)

Theorem: 3.11: Poisson Limit Theorem

Let X11, X21, X12, ... be triangle array of r.v.s independent in each row, P (Xn,m = 1) = pn,m =
1− P (Xn,m = 0), where pn,m ∈ (0, 1). If the following holds

1.
∑n

m=1 pn,m → λ ∈ (0,∞)
2. maxm∈[1,n] pn,m → 0

then Xn,1 + · · ·+Xn,n → Poisson(λ) in distribution.

Note the r.v.s are rarely 1. If we let Yn,m = Xn,m− pn,m and check the conditions for Theorem 3.10:

•
∑n

m=1E[Y 2
n,m] =

∑n
m=1 pn,m − p2n,m → λ

•
∑n

m=1E[Y 2
n,m1|Yn,m|≥ϵ] ̸→ 0.

Proof.

E
[
eit(Xn,1+···+Xn,n)

]
=

n∏
m=1

(1− pn,m + pn,me
it)

When pn,m = λ
n , we get (1 + λ

n(e
it − 1))n.

Since
∏n
m=1 e

pn,m(eit−1) → eλ(e
it−1), we just need to show the error between products is small. By Theo-

rem 3.9:∣∣∣∣∣
n∏

m=1

(1− pn,m + pn,me
it)−

n∏
m=1

epn,m(eit−1)

∣∣∣∣∣ ≤
n∑

m=1

∣∣∣1− pn,m + pn,me
it − epn,m(eit−1)

∣∣∣
≤

n∑
m=1

∣∣∣∣∣p2n,m|eit − 1|2

2

∣∣∣∣∣
≤ 2

n∑
m=1

p2n,m → 0

Example: Number of radioactive decays in [0, 1] is Poisson
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Proof. Let Xn,m =number in [m−1
n , mn ), Xn,m is i.i.d. if decay is slow.

If n is large enough, Xn,m is 0 or 1, P (Xn,m = 1) ∼ λ
n .

By Theorem 3.11, Xn,1 + · · ·+Xn,n → Poisson(λ) in distribution.

Example: 106 people, typically 1 fatal accident/year, one year it happens to be 3 accidents

Proof. p = 10−6, n = 106, X1, ..., Xn has σ2 = p(1− p) ∼ p = 10−6, σ = 10−3,
√
n = 103. mean m = 1.

By Theorem 3.8, X1 + · · ·+Xn ∈ [1− 2
√
nσ, 1 + 2

√
nσ] = [−1, 3] 95% of time

Using Theorem 3.11, λ = 1, P (≥ 3) = 1 − P (0, 1, 2) = 1 − (e−1 + e−1 + 0.5e−1) ≈ 0.08 instead of 0.05. 3
accidents is more likely to happen than CLT approximation.

The issue with CLT is that σ is not fixed and is dependent on n.

What is the error in CLT?
Let F1, F2 be distribution functions, ϕ1, ϕ2 be characteristic functions. Assume that ϕ1, ϕ2 are integrable,
and E[|Xi|] <∞. Then F1, F2 have densities f1, f2. By Theorem 3.4:

f1(x)− f2(x) =
1

2π

∫
e−itx(ϕ1(t)− ϕ2(t))dt

F1(x)− F2(x) =
1

2π

∫ x

−∞

∫
e−ity(ϕ1(t)− ϕ2(t))dtdy

F1(x)− F2(x)− (F1(−L)− F2(−L)) =
1

2π

∫ ∫ x

−L
e−itydy(ϕ1(t)− ϕ2(t))dt

=
1

2π

∫
e−itx − e−itL

−it
(ϕ1(t)− ϕ2(t))dt

By Riemann-Lebesgue Lemma,
∫
e−itL ϕ1(t)−ϕ2(t)it dt → 0 as L → ∞, because ϕ1(t)−ϕ2(t)

t is integrable. Note
that ϕ(t) ∼ 1 + itE[X] around t = 0. Then we get

F1(x)− F2(x)→
1

2π

∫
e−itx

−it
(ϕ1(t)− ϕ2(t))dt

|F1(x)− F2(x)| ≤
1

2π

∫
|ϕ1(t)− ϕ2(t)|

dt

|t|
by Triangle Inequality

Assume X1, X2, ... i.i.d. mean zero, variance one, if |t| <
√
n.

ϕ(t) = 1− t2

2
+

(it)3

6
E[X3] + · · ·∣∣∣∣ϕ( t√

n

)
−
(
1− t2

2n

)∣∣∣∣ ≤ |t|3

6n3/2
E[|X|3]∣∣∣∣ϕ( t√

n

)
− e−

t2

2

∣∣∣∣ = ∣∣∣∣ϕ( t√
n

)
−
(
e−t

2/(2n)
)n∣∣∣∣ ∼ ∣∣∣∣ϕ( t√

n

)n
−
(
1− t2

2n

)n∣∣∣∣
By Theorem 3.9, ≤ Cnn|t3|E[|X|3]

6n3/2

Substitute into the |F1(x)− F2(x)| bound, cutoff by a characteristic function
(
1− |x|

L

)
+
, which corresponds

to a probability distribution hL(x) = 1−cosLx
πLx2

sup
x
|F1(x)− F2(x)| ≤ 2 sup

x
|F1 ∗ hL(x)− F2 ∗ hL(x)|+

8 ∥F2∥∞
L
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Then we can bound |F1(x)− F2(x)| by the following and take L =
√
n, C = e−t

2/4, so we get the dersired
bound:

|F1(x)− F2(x)| ≤
1

2π

∫ L

−L
|ϕ1(t)− ϕ2(t)|

dt

|t|
+

8 ∥F2∥∞
L

≤ E[|X|3]
6
√
n

∫
e−t

2/4|t|3 dt
|t|

+
8 ∥F2∥∞

L

Theorem: 3.12: Berry-Esseen

Let Fn be the distribution function of X1+···+Xn

σ
√
n

, where Xi are i.i.d. with mean zero and variance
σ2. Then

sup
x

∣∣∣∣Fn(x)− 1√
2π

∫ x

−∞
e−y

2/2dy

∣∣∣∣ ≤ CE[|X|3]
σ3
√
n

In our example, E[|X|3] = p(1− p)3 + (1− p)p3 ∼ p, σ2 ∼ p.

sup
x

∣∣∣∣Fn(x)− 1√
2π

∫ x

−∞
e−y

2/2dy

∣∣∣∣ ≤ p

p3/2
√
n
=

1
√
np

Therefore, the actual difference between the Poisson and Gaussian for n = 106, p = 10−3 is about 1
32 (scaled

by a non-negligible constant).

X1, X2, ..., Xn i.i.d. Bernoulli with p, then X1 +X2 + · · ·+Xn ∼ Poisson(1).
X1, X2, ..., Xn i.i.d. Poisson with λ = 1, with m = σ = 1, then X1 +X2 + · · ·+Xn ∼ Poisson(n).

P

(
Poisson(n)− n√

n
≤ x

)
= P

(
Poisson(n) ≤

√
nx+ n

)
=

√
nx+n∑
k=0

nk

k!
e−n

3.4 Poisson Process

Definition: 3.3: Total Variation

If µ is a signed measure on (Ω,F), then its total variation is ∥µ∥TV = supA∈F |µ(A)|.
If µ is a probability measure, then ∥µ∥TV = 1.

Hahn decomposition gives µ = µ+ − µ− = µ|A − µAC , ∥µ∥TV = µ+(Ω) + µ−(Ω). Equivalently

∥µ∥TV = sup
A1∪···∪An=Ω

n∑
i=1

|µ(Ai)| = sup
∑
|F (xi+1 − F (xi))| = ∥F∥TV

We are interested in defining the distance between two probability measures d(µ, ν) = ∥µ− ν∥TV .

If Ω = {0, 1, ...},
∑
|µ(x)− ν(x)| ≥ |µ(A)− ν(A)|+

∣∣µ(AC)− ν(AC)∣∣. If A = {x : µ(A) ≥ ν(A)}, then we
have

∑
|µ(x)− ν(x)| = (µ(A)− ν(A))− ((1− µ(A))− (1− ν(A))) = 2(µ(A)− ν(A)). Therefore,

∥µ− ν∥TV =
1

2

∞∑
x=0

|µ(x)− ν(x)| = sup
A
|µ(A)− ν(A)|

We now show d(µ, ν) = ∥µ− ν∥TV is a metric
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1. d(µ, ν) = d(ν, µ)

2. d(µ, ν) ≥ 0, d(µ, ν) = 0 if and only if µ = ν

3. d(µ, ν) + d(ν, ρ) ≥ d(µ, ρ), since |µ(x)− ρ(x)| ≤ |µ(x)− ν(x)|+ |ν(x)− ρ(x)| and sum up.

If ∥µn − µ∥TV → 0, then µn(x)→ µ(x) for all x, µn → µ weakly.

Example: Let Xi ∼ Ber
(
1
2

)
i.i.d. µn ∼

X1+···+Xn−n
2√

n
. Let µ be a Gaussian, ∥µn − µ∥TV = 2.

Example: Product measures satisfy ∥µ1 × µ2 − ν1 × ν2∥TV ≤ ∥µ1 − ν1∥TV + ∥µ2 − ν2∥TV

∥µ1 × µ2 − ν1 × ν2∥TV =
1

2

∑
x,y

|µ1(x)µ2(y)− ν1(x)ν2(y)|

≤ 1

2

∑
x,y

µ1(x) |µ2(y)− ν2(y)|+ ν2(y) |µ1(x)− ν1(x)|

=
1

2

∑
y

|µ2(y)− ν2(y)|+
1

2

∑
x

|µ1(x)− ν1(x)|

= ∥µ1 − ν1∥TV + ∥µ2 − ν2∥TV

Example: Convolutions satisfy ∥µ1 ∗ µ2 − ν1 ∗ ν2∥TV ≤ ∥µ1 − ν1∥TV + ∥µ2 − ν2∥TV

∥µ1 ∗ µ2 − ν1 ∗ ν2∥TV =
1

2

∑
x

∣∣∣∣∣∑
y

µ1(x− y)µ2(y)−
∑
y

ν1(x− y)ν2(y)

∣∣∣∣∣
≤ 1

2

∑
x,y

|µ1(x− y)µ2(y)− ν1(x− y)ν2(y)|

=
1

2

∑
x,y

|µ1(x)µ2(y)− ν1(x)ν2(y)|

Consider µ ∼ Ber
(
1
2

)
, ν ∼ Poisson(p), ν(n) = pn

n! e
−p, n = 0, 1, 2, ....

2 ∥µ− ν∥TV = |µ(0)− ν(0)|+ |µ(1)− ν(1)|+
∞∑
n=2

|µ(n)− ν(n)|

=
∣∣1− p− e−p∣∣+ ∣∣p− pe−p∣∣+ 1− e−p − pe−p

= e−p − 1 + p+ p− pe−p + 1− e−p − pe−p

= 2p(1− e−p) = 2p

(
p− p2

2
+ · · ·

)
≤ 2p2

Another proof for Theorem 3.11

Proof. Let µn,m ∼ Xn,m, νn,m ∼ Poisson(pn,m).

Poisson

(
n∑

m=1

pn,m

)
= νn,1 ∗ · · · ∗ νn,n → Poisson(λ)
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Similarly, Xn,1 + · · ·Xn,n
∑
µn,1 ∗ · · · ∗ νn,n.

∥µn,1 ∗ · · · ∗ µn,n − νn,1 ∗ · · · ∗ νn,n∥ ≤
n∑

m=1

∥µn,m − νn,m∥TV

≤ 2
n∑

m=1

p2n,m ≤ 2max pn,m

n∑
m=1

pn,m → 0

Theorem: 3.13: Generalized Poisson Limit Theorem

Let Xn,m, m = 1, ..., n be independent with values in {0, 1, ...} s.t. P (Xn,m = 1) = pn,m, P (Xn,m ≥
2) = ϵn,m. It satisfies:

1.
∑n

m=1 pn,m → λ ∈ (0,∞)
2. max1≤m≤n pn,m → 0
3.
∑n

m=1 ϵn,m → 0
Then Xn,1 + · · ·+Xn,n → Poisson(λ) in total variation

Proof. Rename X̃n,m =

{
Xn,m, Xn,m = 1

0, else
Then

P (Xn,1 + · · ·+Xn,n ̸= X̃n,1 + · · ·+ X̃n,n) ≤ P (some Xn,m ̸= X̃n,m)

≤
n∑

m=1

P (Xn,m ̸= X̃n,m) =

n∑
m=1

ϵm,n → 0

Let N(s, t) =# decays in (s, t] s.t.

1. N(s, t), N(s′, t′) are independent if (s, t] ∩ (s′, t′] = ∅

2. distribution of N(s, t) only depends on t− s

3. P (N(0, h) = 1) = λh+ o(h)

4. P (N(0, h) ≥ 2) = o(h)

Then N(0, t) ∼ Poisson(λt)

Definition: 3.4: Poisson Process

Let 0 ≤ t0 < t1 < · · · < tn <∞, Nt = N(t) = N(t, ω) is a Poisson process with rate λ if
1. Ntk −Ntk−1

are independent
2. Nt −Ns ∼ Poisson(λ(s− t))

Let ξ1, ξ2, ... be independent random variables s.t. Tn = ξ1+ · · ·+ ξn, then P (ξt > t) = e−λt for t ≥ 0. Note
that ξ is memoryless: P (ξ > t + s|ξ > t) = P (ξ > s). Nt = sup {n : Tn ≤ t}, where T0 = 0, is a Poisson
process.
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Recall that fTn(s) =
λnsn−1

(n−1)! e
−λs. Then, P (Nt = 0) = P (T1 > t) = e−λt. For n ≥ 1,

P (Nt = n) = P (Tn ≤ t < Tn+1) =

∫ t

0
P (Tn = s)P (ξn+1 > t− s)ds

=

∫ t

0

λnsn−1

(n− 1)!
e−λse−λ(t−s)ds = e−λt

(λt)n

n!

Therefore, Nt has a Poisson distribution with mean λt.

To check Ntk+1
−Ntk are independent, we can compute P (Tn+1 ≥ u|Nt = n) = P (Tn+1>u,Tn≤t)

P (Nt=n)
.

Let T ′
1 = TN(t)+1 − t, T ′

k = TN(t)+k − TN(t)+k−1. T ′
1, T

′
2, ... are i.i.d. and independent of Nt. If 0 = t0 <

t1 < · · · < tn, then N(ti)−N(ti−1) are independent.

Let Y1, Y2, ... be i.i.d. r.v.s, N be an independent nonnegative integer valued random variable, and S =
Y1 + · · ·+ YN with S = 0 if N = 0. Then

1. If E[|Yi|] <∞ and E[N ] <∞, then E[S] = E[N ]E[Y ]

2. If E[Y 2
1 ] <∞ and E[N2] <∞, then V ar(S) = E[N ]V ar(Y1) + V ar(N)E[Y 2

1 ]

3. If N ∼ Poisson(λ), then V ar(S) = λE[Y 2
1 ].

Let Nj(t) be the number of i ≤ N(t) with Yi = j. Then Nj(t) are independent Poisson process with rate
λP (Yi = j).

Poisson Point Processes: Consider a measure space (S,S, µ), where S is a set, S a σ-algebra, µ a σ-finite
measure. Let m : S → {0, 1, ...} be a random integer-valued measure. For A1, ..., An ∈ S, m(A1), ...,m(An)
are independent Poisson with rate µ(Ai).
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4 Martingales

4.1 Conditional Expectation

Consider X a random variable in L1(Ω,F , P ), and a sub σ-algebra G ⊂ F . Note that X is not a random
variable on (Ω,G, P ). We define the conditional expectation to be the random variable E[X|G] ∈ L1(Ω,G, P )
s.t. ∫

G
E[X|G]dP =

∫
G
XdP ∀G ∈ G

Theorem: 4.1: Radon-Nikodym

Let µ and ν be σ-finite measures on (Ω,F). If ν ≪ µ, there is a F-measurable function f s.t. for all
A ∈ F ,

∫
A fdµ = ν(A). f is denoted dν/dµ and called the Radon-Nikodym derivative.

Existence:

Proof. Suppose X ≥ 0. Define Q(A) =
∫
AXdP , for Q≪ P .

By Theorem 4.1, there is dQ
dP = E[X|G] s.t.

∫
GE[X|G]dP =

∫
GXdP for all G ∈ G.

For general X, do X = X+ −X−,

Uniqueness:

Proof. Suppose Y, Y ′ both satisfy the definition. Then
∫
A Y − Y

′dP = 0, for all A ∈ G. If A = {Y ′ ≥ Y },
then Y ′ ≤ Y . If A′ = {Y ′ ≤ Y }, then Y ≥ Y ′, so we must have Y = Y ′.

Recall conditional probabilities P (A|B) = P (A∩B)
P (B) .

We can define P (A|G) = E[1A|G], where G =
{
∅, B,BC ,Ω

}
.∫

B
E[1A|G]dP =

∫
B
1AdP = P (A ∩B)∫

BC

E[1A|G]dP = P (A ∩BC)

Example: Ω = (0, 1). Consider the σ-field generated by Fi =
[
i
2n ,

i+1
2n

)
.

E[f |Fi] =
∑(

2n
∫ (i+1)/2n

i/2n
f(x̃)dx̃

)
1[ i

2n
, i+1
2n )(x)

Example: If we have a 2D strip G × [0, 1], then E[f |G] =
∫ 1
0 f(x, y)dy.

Example: If X is independent of G, i.e. P (X ∈ A, Y ∈ B) = P (X ∈ A)P (Y ∈ B), ∀B ∈ G, then
E[X|G] = E[X].
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Proposition: 4.1: Properties of Conditional Expectation

1. If G ⊂ F , Y ∈ G, and E[XY ] < ∞, then E[XY |G] = Y E[X|G], i.e.
∫
A Y E[X|G]dP =∫

AXY dP
2. If G = {∅,Ω} is trivial or X is independent of G, then E[X|G] = E[X]
3. If X is G-measurable, then E[X|G] = X
4. If G1 ⊂ G2 ⊂ F , then E [E[X|G2]|G1] = E[X|G1]
5. If X ∈ L2(Ω,F , P ), then E[X|G] is the orthogonal projection onto L2(Ω,G, P )
6. If ϕ is convex, then ϕ(E[X|G]) ≤ E[ϕ(X)|G]. (Jensen’s inequality)

Proof. 1. Check for Y = 1B, where B ∈ G,∫
A
E[Y X|G]dP =

∫
A
Y XdP∫

A
Y E[X|G]dP =

∫
A∩B

E[X|G]dP =

∫
A∩B

XdP =

∫
A
Y XdP

2. Check X = 1A, X independent of G means that for all B ∈ G, P (A ∩B) = P (A)P (B).∫
B
E[X]dP = P (A)P (B) = P (A ∩B) =

∫
B
XdP

4.2 Martingales, Almost Sure Convergence

Definition: 4.1: Martingales

Let (Ω,F , P ) be a probability space. Ft, t ≥ 0 is a filtration if σ-fields Fs ⊂ Ft ⊂ F whenever s ≤ t.
Let X1, X2, ... be r.v.s s.t. Xn ∈ Fn (adapted). If E[|Xn|] < ∞, and E[Xn+1|Fn] = Xn for all n,
then Xn is a Martingale.

Example: Let ξ1, ξ2, ... be i.i.d. with mean 0, Sn = ξ1 + · · ·+ ξn, Fn = σ(ξ1, ..., ξn), then

E[Sn+1|Fn] = E[Sn + ξn+1|Fn] = Sn + E[ξn+1|Fn] = Sn

Example: Now consider S2
n − nσ2 with E[ξ2i ] = σ2 <∞,

E[S2
n+1 − (n+ 1)σ2|Fn] = E[S2

n + nσ2 + ξ2n+1 + 2ξn+1Sn − σ2|calFn]
= S2

n − nσ2 + E[ξ2n+1|Fn] + 2SnE[ξn+1Fn]− σ2

= S2
n − nσ2 + σ2 + 0− σ2

= S2
n − nσ2

Example (moment generating functions): Let M(λ) = E[eλξ1 ] <∞. Consider eλSn−n logM(λ)

E
[
eλSn+1−(n+1) logM(λ)|Fn

]
= E

[
eλλSn+λξn+1−(n+1) logM(λ)|Fn

]
= eλSn−(n+1) logM(λ)E

[
eλξn+1 |Fn

]
= eλSn−(n+1) logM(λ)M(λ)

= eλSn−n logM(λ)
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Example (characteristic functions): Let ϕ(λ) = E
[
eiλξ1

]
, eiλSn−n log ϕ(λ) is also a martingale.

Note: E
[
eiλ(Sn+1−Sn)|σ(S1, ..., Sn)

]
= ϕ(λ), so eiλ(Sn+1−Sn) is independent of S1, ..., Sn.

Definition: 4.2: Markov Chain

A Markov chain on (S,S) is a sequence of random variables Xi. ∀B ∈ S, P (Xn+1 ∈
B|σ(X1, ..., Xn)) = P (Xn+1 ∈ B|σ(Xn)) = P (Xn, B). For each x ∈ S, P (x,B) is a probability
measure, for each B, P (x,B) is a measurable function.

If F is a σ-field on Ω, then w1, w2 can be distinguished by it if ∃A1, A2 ∈ F with A1 ∩A2 = ∅ and w1 ∈ A,
w2 ∈ A2. Ft can distinguish paths befor time t but not afterwards.

For ϕ a S-measurable function, define Pϕ(x) =
∫
ϕ(y)P (x, dy)

Example: If ϕ(Xn)−
∑n−1

j=1 (1ϕ)(Xj) is martingale,

E

ϕ(Xn+1)−
n∑
j=1

(1ϕ)(Xj)|σ(X1, ..., Xn)

 = E[ϕ(Xn+1)|σ(X1, ..., Xn)]−
n∑
j=1

(1ϕ)(Xj)

=

∫
ϕ(y)P (Xn)dy −

n∑
j=1

(1ϕ)(Xj)

then it is Markov chain.

If E[|X|] <∞ and Fn is the filtration, then Xn = E[X|Fn] is martingale.

If Fn ↑ F , then does Xn → X?

Example: Ω = [0, 1], Fn =
[
i
2n ,

i+1
2n

)
divisions, F Borel, then it does converge.

Non-example: for general martingales, Sn = ξ1 + · · · + ξn, P (ξi = 1) = P (ξi = −1) = 1
2 . It does not

converge, since Sn√
n
→Gaussian.

Definition: 4.3: Super/sub-martingale

From Definition 4.1, if we replace E[Xn+1|Fn] = Xn to be E[Xn+1|Fn] ≤ Xn, then it is supermartin-
gale. If we replace with E[Xn+1|Fn] ≥ Xn, then it is submartingale.

If Xn is martingale on Fn and ϕ is convex, then ϕ(Xn) is submartingale.

Hn is a predictable sequence if Hn ∈ Fn−1 for n ≥ 1. The martingale transform is

(H ·X)n =
n∑

m=1

Hm(Xm −Xm−1)

Gambler’s martingale: ξ1, ξ2, ... independent with P (ξi = 1) = P (ξi = −1) = 1
2 , Xn = ξ1 + · · · + ξn,

Hn =

{
2Hn−1, ξ1, ..., ξn−1 = −1
0, ξn−1 = 1

Double bet when we lose. If we lose k times and then win, the net

weinnings will be 1. However, there is no system for beating an unfavorable game.

Theorem: 4.2:

Let Xn, n ≥ 0 be a supermartingale. If Hn ≥ 0 is predictable and each Hn is bounded, then (H ·X)n
is a supermartingale.
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Proof.

E[(H ·X)n+1|Fn] = E

[
n+1∑
m=1

Hm(Xm −Xm−1)|Fn

]
= (H ·X)n +Hm+1E[(Xm+1 −Xm)|Fn]
= (H ·X)n

Definition: 4.4: Stopping Time

A r.v. N is a stopping time if {N = n} ∈ Fn for all n <∞.

Example (optional stopping): If Hn = 1N≥n, then {N ≥ n} = bsN ≤ n− 1c ∈ Fn−1, so Hn is predictable.
Then by Theorem 4.2, (H ·X)n = XN∧n −X0 is a supermartingale.

Example (random walk): the first time to get to a specific point 16 is stopping time; the last time to get
to is not

Example: P (ξi = 1) = P (ξi = −1) = 1
2 , Xn = ξ1+ · · ·+ ξn. Let N be the first time Xn = A or Xn = −A.

X2
n − n, X2

n∧N − (n ∧N) are martingale, so E[X2
n∧N − (n ∧N)] = 0. E[N ] = A2.

To get the distribution, use eλXn−n logM(λ) is martingale, where M(λ) = eλ−e−λ

2 . E
[
eλXn−n logM(λ)

]
= 1 =

eλ−e−λ

2 E [e−n logM(λ)]

If we want to know the first time Xn = A. Apply the same method to get E[X2
n∧N ] = E[N ∧ n] → E[N ]

as n→∞. But E[X2
n∧N ] ̸→ A.

Define instead N =first time Xn = A or −mA. Then E[N ] = E[X2
Nm] = A m

m+1+(Am)2+ 1
m+1 →∞.

Theorem: 4.3:

If N is a stopping time and Xn is a supermartingale, then XN∧n is a supermartingale.

Suppose Xn is a submartingale. Let a < b, N0 = −1 and define N2k−1 = inf {m > N2k−2 : Xm ≤ a} and
N2k = inf {m > N2k−1 : Xm ≥ b}. Nj are stopping times and {N2k−1 < m ≤ N2k} = {N2k−1 ≤ m− 1} ∩

{N2k ≤ m− 1}C ∈ Fm−1, so Hm =

{
1, N2k−1 < m ≤ N2k,

0, else
defines a predictable sequence. X(N2k−1) ≤

a and X(N2k) ≥ b, so between the two times, Xm crosses from below a to above b (upcrossing).

Everytime an upcrossing is completed, we make a profit of ≥ b − a. Let Un = sup {k : N2k ≤ n} be the
number of upcrossings completed by time n.

Theorem: 4.4: Upcrossing Inequality

If Xm is a submartingale, then

(b− a)E[Un] ≤ E[(Xn − a)+]− E[(X0 − a)+]

Proof. Let Ym = a+ (Xm − a)+. Ym is submartingale with the same number of upcrossing.

(b− a)Ua ≤ (H · Y )m and Yn − Y0 = (H · Y )n + ((1−H) · Y )n. Then E[(1−H) · Y0] ≥ 0, E[(H · Y )m] ≤
E[Yn − Y0]
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Theorem: 4.5: Martingale Convergence Theorem

If Xn is a submartingale with supnE[(Xn)+] < ∞, then Xn → X a.s. Convergence may not be in
L1, but X ∈ L1.

Proof. By Lemma 1.2,

E[X+] ≤ lim inf
n→∞

E[(Xn)+] <∞

E[X−] ≤ lim inf
n→∞

E[(Xn)−] = lim inf
n→∞

E[(Xn)+]− E[Xn]

= lim inf
n→∞

E[(Xn)+]− E[E[Xn|F0]] = lim inf
n→∞

E[(Xn)+]− E[X0] <∞

Corollary 1. If Xn ≥ 0 is a supermartingale, then Xn → X a.s. and E[X] ≤ E[X0].

Proof. Apply Theorem 4.5 to Yn = −Xn.
The inequality follows from Lemma 1.2, E[X] ≤ lim infn→∞E[Xn] ≤ E[X0].

Let X1, X2, ... be martingale s.t. |Xn+1 −Xn| ≤ B, N−L = inf {n : Xn ≤ −L} is a stopping time. Xn∧N−L

is a martingale and Xn∧N−L
≥ −L−B, so it converges a.s.

Let L→∞, then on {lim infn→∞Xn > −∞}, Xn converges a.s.
By symmetry, on {lim supn→∞Xn <∞}, Xn converges a.s.
Either Xn converges on some set A, or B = {lim infXn = −∞ and lim supXn =∞}. Ω = A ∪ B ∪ C,
where µ(C) = 0.

Equivalently, let Xn be a martingale with bounded differences, i.e. ∃M ∈ R s.t. |Xn −Xn+1| ≤M a.s. for
all n. C = {limn→∞Xn <∞}, D = {limn→∞Xn = −∞, lim supn→∞ <∞}. Then P (C ∪D) = 1.

4.3 Uniformly Integrable

Let Xn be martingales. For m > n, Xn = E[Xm|Fn]. i.e. if A ∈ Fn, then
∫
AXmdP =

∫
AXndP .

If Xn → X a.s., does
∫
AXmdP →

∫
AXdP?

Definition: 4.5: Uniformly Integrable

Let Xn be r.v.s. Xn are uniformly integrable if lim
L→∞

sup
n

∫
|Xn|>L

|Xn|dP = 0.

Theorem: 4.6:

Let XL =

{
X, |X| < L

0, else
. If Xns are uniformly integrable, and Xn → X a.s., then X ∈ L1.

Conversely, if Xi ∈ L1, Xn → X a.s., and X ∈ L1, then Xn are uniformly integrable.

Proof.

E [|Xn −X|] ≤ E
[∣∣Xn −XL

n

∣∣]+ E
[∣∣XL

n −XL
∣∣]+ E

[∣∣X −XL
∣∣]

By Theorem 1.6, E
[∣∣XL

n −XL
∣∣]→ 0.
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By uniform integrability, E
[∣∣Xn −XL

n

∣∣] = ∫|Xn|>L |Xn|dP , E
[∣∣X −XL

∣∣] = ∫|X|>L |X|dP .

Note that
∫
|Xn|>L |Xn|dP ≤ 1, so

∫
|Xn|dP ≤ 1 + L. Therefore, X ∈ L1 by Lemma 1.2.

For the backwards part, note by triangle inequality and Theorem 1.1,∣∣∣∣∫ |Xn| dP −
∫
|X| dP

∣∣∣∣ ≤ ∫ ||Xn| − |X|| dP ≤
∫
|Xn −X| dP

Also, ∫
|Xn|>L

|Xn|dP =

∫
|Xn|dP −

∫
|XL

n |dP →
∫
|X|dP −

∫
|XL|dP

So, lim supn
∫
|Xn|>L |Xn|dP −

∫
|X|>L |X|dP .

Therefore, limL→∞ lim supn
∫
|Xn|>L |Xn|dP = limL→∞

∫
|X|>L |X|dP = 0

Remark 7. It is also equivalent to E[|Xn|]→ E[|X|] as n→∞.

Theorem: 4.7:

Let Xn be a submartingale. Then the following are equivalent: Xn is uniformly integrable; Xn → X
a.s. and in L1; Convergence in L1.

Theorem: 4.8: de la Valle Poussin

There exists convex ϕ(x) s.t. ϕ(0) = 0, ϕ(x)
x → ∞ and supnE[ϕ(xn)] < ∞ if and only if Xn is

uniformly integrable.

If ϕ(x) = |x|1+δ, then∫
|Xn|>L

|Xn|dP =

∫
1|Xn|>L|Xn|dP ≤

∫
|Xn|δ

Lδ
|Xn|dP =

1

L

∫
|Xn|1+δdP

Theorem: 4.9:

If Xn = E[X|Fn], Fn may not necessarily be a filtration, then Xn is uniformly integrable.

Proof. Since |E[X|Fn]| ≤ E[|X||Fn], we have
∫
|Xn|≥L |Xn|dP ≤

∫
|Xn|>L |X|dP . So P (|Xn| > L) ≤

1
LE[|Xn|] ≤ E[|X|]

L .

We just need that for each ϵ > 0, there is δ > 0 s.t. if P (A) < δ, then
∫
A |X|dP < ϵ. Otherwise, there are

sets AL with P (AL) < 1
L and

∫
AL
|X|dP ≥ ϵ.

Theorem: 4.10:

If Xn is martingale, Xn → X a.s. and Xn are uniformly integrable, then Xn → X in L1 and
Xn = E[X|Fn].
Suppose X ∈ L1 and Fn is a filtration, then Xn = E[X|Fn] is uniformly integrable martingale.
Therefore, Xn → X∞ a.s.

∫
AXdP =

∫
AX∞dP , ∀A ∈ σ(∪nFn), so X∞ = E[X|σ(∪nFn)]

Remark 8. Note that σ(∪nFn) may not be F , F may contain more information; X∞ may not be X.
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Theorem: 4.11:

Let (Fn)n be a filtration, X ∈ L1. Then E[X|Fn]→ E[X|F∞] a.s. and in L1.

Proof. Let Yn = E[X|Fn]. It is a uniformly integrable martingale, converging to some Y ∈ F∞.

If A ∈ Fn, then

E[Y 1A] = lim
m→∞

E[Ym1A] = E[Yn1A] = E[E[X|Fn]1A] = E[X1A]

so E[Y 1A] = E[X1A] for all Y ∈ ∪∞n=1FA.

Corollary 2. If A ∈ F∞, then E[1A|Fn]→ 1A a.s. and in L1.

Let X1, X2, ... be r.v.s T = ∩nσ(Xn, Xn+1, ...) is the tail field.

Theorem: 4.12: Kolmogorov 0-1 Law

If X1, X2, ... are independent, then T is trivial. i.e. if A ∈ T , then P (A) = 0 or 1.

Proof. Let A ∈ T , Fn = σ(X1, ..., Xn). Then Xn = E[1A|Fn] = E[1A] = P (A).

As n→∞, E[1A|Fn]→ E[1A|σ(∪Fn)] = 1A. Since P (A) = 1A, we must have P (A) = 0 or 1.

4.4 Backwards Martingales

Let Xn be r.v.s. with n = 0,−1,−2, .... The filtrations are · · · ⊂ F−n−1 ⊂ F−n ⊂ F−n+1 ⊂ · · · ⊂ F0.
Xn ∈ Fn. Xn is backwards martingale if E[Xn|Fn−1] = Xn−1.

• X−1 = E[X0|F−1]

• X−2 = E[X−1|F−2] = E[X0|F−2]

• X−n = E[X0|F−n]

The backwards martingales satisfy:

• Xn, n ≤ 0 are uniformly integrable

• Xn → X−∞ a.s.

•
∫
AX−∞dP =

∫
AX0dP for A ∈ ∩Fn

• X−∞ = E[X0| ∩ Fn]

If Fn ↓ F−∞, then E[X|Fn]→ E[X|F−∞] a.s. and in L1.

Upcrossing Inequality in Backwards Martingale: Assuming E[X0] < ∞, then (b − a)E[Un] ≤
E[(X0 − a)+] <∞, where Un =#of upcrosssings of [a, b] in [−n, 0]. Therefore, E[U∞] <∞, U∞ <∞ a.s.
X−n → X−∞ a.s. and in L1.

Since
∫
AX−ndP =

∫
AX0dP for all A ∈ F−n, and

∫
AX−ndP →

∫
AX−∞dP for A ∈ F−∞,

then
∫
AX−∞dP =

∫
AXdP for all A ∈ F−∞. In particular, X−∞ = E[X0|F−∞].

Example (Strong Law of Large Numbers): Let ξ1, ξ2, ... be i.i.d. mean zero s.t. E[|ξi|] < ∞, Sn =
ξ1 + · · ·+ ξn, F−n = σ(Sn, Sn+1, · · · ). Define Xn = Sn

n , Xn is F−n-measurable. Notice that E[ξk|F−(n+1)]
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are equal for all k ∈ {1, 2, ..., n+ 1} and E[ξk|F−(n+1)](n+ 1) = Sn+1.

E[X−n|F−(n+1)] = E

[
Sn+1

n
− ξn+1

n
|F−(n+1)

]
=
Sn+1

n
− 1

n
E[ξn+1|F−(n+1)]

=
Sn+1

n
− 1

n

Sn+1

n+ 1

=
Sn+1

n+ 1
= X−(n+1)

Therefore, Xn is a backwards martingale; and Sn
n → E[ξ1|F−∞] a.s. and in L1. To show that E[ξ1|F−∞] =

E[X1], we neeed to apply the Hewitt-Savage -1 law. Since F−n ⊂ En, F−∞ = ∩n≥1F−n ⊂ E1. X1 is
independent of F−∞, so E[X1|F−∞] = E[X1].

Let X1, X2, ... be r.v.s. En be the σ-field of events invariant under permutations of X1, ..., Xn. It is the small-
est σ-field w.r.t. which all functions ϕ(X1, ..., Xn) are measurable. ϕ are symmetric under permutations.
i.e. ϕ(X1, ..., Xn) = ϕ(Xπ(1), ..., Xπ(n)), for π ∈ Sn. E = ∩nEn is the exchangeable σ-field.

e.g.: ϕ(x1, ..., xn) = x1x2 · · ·xn is a symmetric function.

For k ≤ n,

E[ϕ(X1, ..., Xn)|En] =
1

|Sn|
∑
π∈Sn

ϕ(Xπ(1), ..., Xπ(n))

E[ϕ(X1, ..., Xk)|En] = Average of ϕ(Xi1 , ..., Xik) for i1, ..., ik disjoint in {1, ..., n}

=
1

n(n− 1) · · · (n− (k − 1))

∑
i1,...,ik disjoint in {1,...,n}

ϕ(Xi1 , ..., Xik)

Let n→∞, E[ϕ(X1, ..., Xn)|En]→ E[ϕ(X1, ..., Xn)|E ]

Claim: E[ϕ(X1, ..., Xk)|E ] ∈ σ(XL, XL+1, XL+2, ...) for any L.

Proof. X1 only appears in k(n− 1) · · · (n− (k − 1)), then E[ϕ(X1, ..., Xn)|E ] ∈ σ(X2, X3, ...)
X1, X2 only appears in k(k + 1)(n− 2) · · · (n− (k − 1)), then E[ϕ(X1, ..., Xn)|E ] ∈ σ(X3, X4, ...)
Inductively, we can prove the claim.

Therefore, E[ϕ(X1, ..., Xk)|E ] ∈ t, where T is the tail field. Then E ⊂ T , T is trivial, so E is trivial.
This is Hewitt-Savage 0-1 law. Formally, let En =events generated by (Xi)

∞
i=1 that are invariant under

permutations of first n-coordinates. Then E =
⋂∞
n=1 En is trivial. P (A) = 0 or 1 if A ∈ E .

Write ϕ(X1, ..., Xk) = f(X1, ..., Xk−1)g(Xk) by symmetry

n

n− (k − 1)

∑
i1,...,ik−1

f(Xi1 , ..., Xik−1
)

n(n− 1) · · · (n− (k − 2))

∑
ik

g(Xik)

n

=
∑
i1,...,ik

f(Xi1 , ..., Xik−1
)g(Xik)

n(n− 1) · · · (n− (k − 1))

+
k − 1

n− (k − 1)

∑
j

∑
i1,...,ik−1

f(Xi1 , ..., Xik−1
)g(Xij )

k(k − 1)n(n− 1) · · · (n− (k − 2))

Therefore, E[f(X1, ..., Xk−1)g(Xk)|E ] = E[f(X1, ..., Xk−1)|E ]E[g(Xk)|E ].
Inductively, E

[∏k
j=1 fj(Xj)|E

]
=
∏k
j=1E[fj(Xj)|E ], so given E , X1, ..., Xk are independent and identical.

This is de Finetti’s Theorem.
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Assume X1, X2, ... r.v.s with values in [0, 1]. We don’t really know the mean. Given E , they are i.i.d., E
encodes the mean.

P (X1, ..., Xk|E) =
(
k

j

)
pj(1− p)k−j

P (X1, ..., Xk) =

∫ (
k

j

)
pj(1− p)k−jdµ(p)

if we have j 1s and k − j 0s, for some probability measure on [0, 1].

Lemma: 4.1:

A backwards martingale is uniformly integrable.

Proof. If Xn is a backwards martingale, then |Xn| is a backwards submartingale, so
∫
|Xn|≥l |Xn|dP ≤∫

|Xn|≥l |X0|dP .

By Markov inequality, P (|Xn| ≥ l) ≤ E[|Xn|]
λ ≤ E[|X0|]

λ .

If X0 ∈ L1, then ∀ϵ > 0, ∃δ > 0 s.t. if P (A) < δ,
∫
A |X0|dP < ϵ.

Theorem: 4.13: Ballot Theorem

Let ξi be i.i.d. non-negative integer valued r.v.s. Let Sk =
∑k

j=1 ξj . Let G be the event

{Sj < j : 1 ≤ j ≤ n}. Then P (G|Sn) =
(
1− Sn

n

)+.

Proof. Define a backward martingale, F−n = σ(Sn, Sn+1, ...) = σ(Sn, ξn+1, ...), E[X−j |F−j−1] = X−j−1,
where Xj = S−j/j.

Let T = inf {k ≥ −n,Xn ≥ 1}, XT = 1 on GC ∩ {Sn < n}. On G ∩ {Sn < n}, we have T = −1. Since
S1 < 1, it must be true that S1 = 0, since xjs are non-negative integers. So XT = 0 on G ∩ {Sn < n}.

P (GC ∩ {Sn < n} |Sn) = E[XT 1{Sn<n}|F−n] = 1{Sn<n}E[XT |F−n] = 1Sn<nX−n = 1Sn<n
Sn
n

Recall that Yk = XT∧k is a martingale, so XT = Y−1 ⇒ Y−n = X−n.

Example: Consider an election with two candiates A and B. Assume that everyone casts votes with
probability 50-50, and A gets α votes, B gets β votes.

Then Theorem 4.13 says the probability that A wins ahead the entire time when counting votes, given that
A wins is α−β

α+β .

Proof. Let Si =

{
2, B gets votes
0, A gets votes

, Sj = 2 times the number of B votes. Sj < j is equivalent to number

of B votes is < j
2 . 1− Sn

n = 1− 2β
α+β = α−β

α+β .
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4.5 Examples

Polya’s Urn Scheme: Start with an urn that has r red balls and g green balls. Draw a ball from urn
uniformly, replace it back in urn and add c balls of the same color. Let Xn be the fraction of green balls in
the urn after n draws. Then Xn is a martingale:

Xn+1 =

{
j+c
i+j+c w.p. j

i+j if choose green
j

i+j+c w.p. i
i+j if choose red

E[Xn+1|Fn] =
j + c

i+ j + c

j

i+ j
+

j

i+ j + c

i

i+ j
=

j(i+ j + c)

(i+ j + c)(i+ j)
=

j

i+ j
= Xn

By Theorem 4.5, limn→∞Xn = X exists.

Computing the probability of getting green on first m draws, then red on the next l = n−m draws:

g

g + r

g + c

g + r + c

g + 2c

g + r + 2c
· · · g + (m− 1)c

g + r + (m− 1)c

r

g + r + (m− 1)c

r + c

g + r +mc
· · · r + (l − 1)c

g + r + (n− 1)c

Any other sequence of draws with m green balls and l red balls has the same probability. The sequence of
colors of drawn balls is exchangeable.

Consider c = g = r = 1. Let Gn = (n + 2)Xn = number of green balls in urn after n draws. Gn is a r.v.
taking values between 1 and n+ 2.

P (Gn = m+ 1) =

(
n

m

)
m!(n−m)!

(n+ 1)!
=

1

n+ 1
,

Gn is uniformly distributed on {1, 2, ..., n+ 1}. After scaling, it is a uniform distribution over (0, 1).

Branching Process: Zn ≥ 0, Zn ∈ Z, Z0 = 1.
Let ξ be a non-negative integer-valued r.v.

{
ξ
(n)
i : i ≥ 1, n ≥ 0

}
be a family of r.v.s with distribution ξ.

Given Zn,

Zn+1 =

{
0, Zn = 0

ξ
(n+1)
1 + ξ

(n+1)
2 + · · ·+ ξ

(n+1)
Zn

, Zn > 0

Fn = σ(ξ
(i)
j , 1 ≤ i ≤ n, j ≥ 0) is a filtration, Zn ∈ Fn.

Assume µ = E[ξ] ∈ (0,∞), Zn
µn is a martingale:

E[Zn+1|Fn] =
Zn∑
j=1

E[ξ
(n+1)
j |Fn] =

Zn∑
j=1

E[ξ
(n+1)
j ] = Znµ

If µ < 1, then Zn → 0 a.s.

P (Zn > 0) ≤ E[Zn] = µnE[Z0] = µn → 0 a.s.

by Lemma 2.1

If µ = 1, then Zn is a non-negative martingale, so limn→∞ Zn = Zϕ exists.

If P (ξ = 1) < 1 and µ = 1, then ∀N,K > 0, P (Zn = K,∀n ≥ N) = 0, Zn → 0 a.s.
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Proof. For any M > N

P (Zn = K,∀n ≥ N) ≤ P (Zn = K,∀N ≤ n ≤M) = P (ZM = K|ZM−1 = K, ..., ZN = K)

= P (ZM = K|ZM−1 = K) = P (Z2 = K|Z1 = K) = c ∈ [0, 1)

Then inductively, P (Zn = K,∀N ≤ n ≤ M) ≤ cP (Zn = K,∀N ≤ n ≤ M − 1) ≤ CM−N → 0 as
M →∞.

4.6 Maximal Inequalities

Theorem: 4.14: Doob’s Inequality

Let Xn be a submartingale w.r.t. Fn, n = 1, 2, ..., X+
n =

{
Xn, Xn ≥ 0

0, Xn < 0
. Then

P

(
max
1≤k≤n

X+
k ≥ λ

)
≤ E[X+

n ]

λ

Proof. Let Ak =
{
X+
k ≥ λ, butX

+
1 , ..., X

+
k−1 < λ

}
. max1≤k≤nXk ≥ λ is the disjoint union of A1, ..., An.

P

(
max
1≤k≤n

Xk ≥ λ
)

=
n∑
k=1

P (Ak)

≤
n∑
k=1

1

λ

∫
Ak

X+
k dP (Markov Inequality)

≤
n∑
k=1

1

λ

∫
Ak

X+
n dP (Submartingale)

≤ 1

λ

∫
XndP

If Xn is a submartingale, then X+
n is a submartingale, by Jensen’s inequality on martingales.

If Xn is a martingale, then P (max1≤k≤n |Xk| ≥ λ) ≤ E[X2
n]

λ2

Theorem: 4.15: Lp-convergence

Let Xn be a submartingale, X̄n = max1≤m≤nX
+
m. If p > 1, then

E[X̄p
n] ≤

(
p

p− 1

)p
E[(X+

n )
p]

If Yn is a martingale and Y ∗
n = max1≤j≤n |Yj |, then

E[(Y ∗
n )

p] ≤
(

p

p− 1

)p
E[|Yn|p]

Corollary 3. If p > 1, Xn is a martingale and supnE[|Xn|p] < ∞, then limn→∞Xn = X a.s. and
Xn → X in Lp.
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Proof. Holder’s inequality ⇒ supnE[|Xn|] <∞. Theorem 1.5 gives limn→∞Xn = X a.s.

|X −Xn| = limm→∞ |Xm −Xn| ≤ 2 supn |Xn| ∈ Lp. By Theorem 1.6, E[|Xn −X|p]→ 0 as n→∞.

There is no L1 maximal inequality of the form E
[
sup1≤j≤n |Xj |

]
≤ CE[|Xn|] for all martingales Xj and

n.

Example: consider the branching process Zn with E[S] = µ = 1 and P (ξ = 1) < 1. Zn is a positive
martingale, limn→∞ Zn = Z exists and Z = 0, supnE[|Zn|] = 1.

If there was a L1-maximal inequality, then Zn → Z in L1.
If this is true, then 0 = E[Z] = limn→∞E[Zn] = 1.

When µ > 1, ϕ(S) =
∑∞

n=0 SnP (ξ = K), P (Zn = 0 for large n) = ρ. ρ is the solution of ρ = ϕ(ρ).

The process Xn = Zn
µn is a nonnegative martinale s.t. limn→∞Xn = X a.s. If P (X = 0) < 1, then

P (X = 0) = ρ. If X is nontrivial, then {X = 0} = {Zn → 0} a.s.

Assume E[ξ2] <∞, then

E[Z2
n+1|Fn] = E

 Zn∑
j=1

ξ
(n+1)
j

2

|Fn


=

Zn∑
i=1

Zn∑
j=1

E[ξ
(n+1)
i ξ

(n+1)
j |Fn] =

Zn∑
i=1

Zn∑
j=1

E[ξ
(n+1)
i ξ

(n+1)
j ]

= ZnE[ξ2] + Zn(Zn − 1)µ2 = ZnV ar(ξ) + Z2
nµ

2

⇒ E[Xn+1] = E[X2
n] +

σ2

µn+2

If E[X0]
2 = 1, E[X2

1 ] = 1+σ2

µ and E[X2
n] = 1+σ2

∑n+1
k=2 µ

−k. Therefore, Xn → X in L2 and E[Xn]→ E[X],
X is not trivial.

Theorem: 4.16: Doob’s Decomposition

Let Xn be a submartingale, then there exists a unique decomposition Xn = Mn + An, where Mn is
a martingale, and An is an increasing predictable process s.t. An = 0 and An ∈ Fn−1.

Proof. Suppose Xn = Mn + An, then Xn+1 = Mn+1 + An+1, Xn+1 −Xn = (Mn+1 −Mn)− (An+1 − An).
Take conditional expectation on both sides w.r.t. Fn.

E[Xn+1 −Xn|Fn] = E[Mn+1 −Mn|Fn] + E[An+1 −An|Fn] = 0 +An+1 −An
⇒ An+1 = An + E[Xn+1|Fn]−Xn

Inductively, An =
∑n

j=1E[Xj |Fj−1]−Xj−1. Then Mn = Xn −An is a martingale.

Example: If Xn is a martingale (with Xn ∈ L2 and X0 = 0), then (Xn)
2 is a submartingale, so there

exists Doob decomposition X2
n =Mn +An,

An =

n∑
j=1

E[X2
j |Fj−1]−X2

j−1 =
n∑
j=1

E[(Xj −Xj−1)
2|Fj−1]

This is related to quadratic variation.
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Then Theorem 4.15 says

E

[
sup

1≤m≤n
|Xn|2

]
≤ 4E[X2

n] = 4E[An]

Take limits to infinity:

E

[
sup
m
|Xm|2

]
= lim

n→∞
E

[
sup

1≤m≤n
|Xn|2

]
≤ lim

n→∞
4E[An] = 4E[A∞]

Theorem: 4.17:

Let Xn be a square integrable martingale with X0 = 0. Then limn→∞Xn exists and is finite on the
event that {A∞ < a}

Proof. Fix 0 < a < ∞. Let N = infn {An+1 > a}. If N = n, An ≤ a. Since An is predictable, N is a
stopping time.

By the above inequality, E
[
supk |XN∧k|2

]
≤ 4E[AN∧∞] ≤ 4a. XN∧k is bounded in L2, so limk→∞XN∧k

exists and is finite.

Therefore, on event {A∞ < a}, limk→∞Xk exists and is finite.

Theorem: 4.18:

If Xj are independent, centered and
∑

j V ar(Xj) <∞, then
∑∞

j=1Xj exists a.s.

4.7 Martingale Central Limit Theorem

For each n, let
{
F (n)
i

}m(n)

i=1
be a filtration, random variables

{
ξ
(n)
i

}m(n)

i=1
s.t. E

[∣∣∣ξ(n)i

∣∣∣] < ∞, ξ(n)i ∈ F (n)
i

and E
[
ξ
(n)
i |F

(n)
i−1

]
= 0. Then X(n)

k =
∑k

j=1 ξ
(n)
j is a martingale w.r.t.

{
F (n)
i

}
i
.

Theorem: 4.19: Martingale Central Limit Theorem

Assume (1) for all n,
∑m(n)

j=1 E

[∣∣∣ξ(n)j

∣∣∣2 |Fj−1

]
= 1 and (2)

∑m(n)
j=1 E

∣∣∣ξ(n)j

∣∣∣3 → 0 as n → ∞. Then

Xn
m(n) → N (0, 1) in distribution as n→∞.

Proof. Drop superscripts. Define Xk =
∑k

j=1 ξk, σ
2
j = E

[
|ξj |2 |Fj−1

]
.

Let (Zj)j be a collection or i.i.d. N (0, 1) independent of Fm(n). Define Yk =
∑m(n)

j=k+1 σjZj .

Consider Y0 =
∑m(n)

j=1 σjZj . Condition on Fm(n), Y0 is a Gaussian with variance
∑m(n)

j=1 σj , Y0 ∼ N (0, 1).
This is because for any measurable function f ,

E[f(Y0)] = E
[
E
[
f(Y0)|Fm(n)

]]
= E [E [f(N (0, 1))]] = E [f(N (0, 1))]

Let f be a smooth function with bounded characteristic functions. We want to show that as n → ∞,
E[f(Xm(n))]− E[f(Y0)]→ 0.
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Expand out as telescoping series:

E[f(Xm(n))]− E[f(Y0)] =

m(n)∑
k=1

E [f(Xk + Yk)− f(Xk−1 + Yk−1)]

Each term in the sum can be rewritten as:

E [f(Xk + Yk)− f(Xk−1 + Yk−1)] = E [f(Xk−1 + ξk + Yk)− f(Xk−1 + σkZk + Yk)]

By Taylor expansion,

= E
[
f ′(Xk−1 + Yk)(ξk − σkZk)

]
+

1

2
E
[
f ′′(Xk−1 + Yk)(ξ

2
k − σ2kZk)

]
+O

(
E
[
|ξk|3

]
+ E

[
σ3k |Zk|

3
])

Let Vk =
∑k

j=1 σ
2
j = 1 −

∑m(n)
j=k+1 σ

2
j . Consider Ŷ = Yk√

1−Vk
=

∑n
j=k+1 σjZj∑n
j=k+1 σ

2
j

. Conditional on Fm(n), Ŷ ∼

N (0, 1). Ŷ is independent from Fm(n).

Write Yk =
√
1− VkŶ .

E
[
f ′(Xk−1 + Yk)(ξk − σkZk)|Fn−1, Ŷ

]
= f ′(Xk−1 +

√
1− VkŶ )

(
E
[
ξk|Fn−1, Ŷ

]
− σkE

[
Zk|Fn−1, Ŷ

])
E[ξk|Fn−1, Ŷ ] = E[ξk|Fn−1] = 0

E[Zk|Fn−1, Ŷ ] = E[Zk] = 0

⇒E
[
f ′(Xk−1 + Yk)(ξk − σkZk)|Fn−1, Ŷ

]
= 0

Similarly, the second order term is zero. Therefore, E[f(Xm(n))]− E[f(Y0)]→ 0.

Example: Simple random walk on Z, have p = 1
8 to walk left or walk right, and p = 3

4 to stay at the same
position. Let Xn be the current position after n steps, then Xn√

n
→ N (0, 1).

Recall the basic definition of conditional probability P (A|F). Suppose A = ∪iBi disjoint union. Then
1A =

∑∞
i=1 1Bi .

P (A|F) = E[1A|F ] = E

[ ∞∑
i=1

1Bi |F

]
=

∞∑
i=1

E[1Bi |F ] =
∞∑
i=1

[(Bi|F)]

The equalities hold almost surely. The conditional probabilities behave like a measure. However, we may
want to let it operator on some point ω ∈ Ω, so we need a more regular definition.

Definition: 4.6: Regular Conditional Probabilities

Let (Ω,F , P ) be a probability space. Let (S,S) be a measurable space, X : Ω→ S be a measurable
map (S-valued r.v.). Let G ⊂ F be a sub σ-algebra. Then a regular conditional distribution (r.c.d.)
of X given G is a map µ : Ω× S → [0, 1] s.t.

1. ∀A ∈ S, ω 7→ µ(ω,A) is a version of P (X ∈ A|G)
2. For a.e. ω ∈ Ω, A 7→ µ(ω,A) is a probability measure on (S,S).

Example: Let X,Y ∈ R with joint density f(x, y) : R2 → R s.t. f(x, y) > 0 for all (x, y). Then the
conditional distribution ofX given Y (G = σ(Y )) onA is µ(ω,A) =

∫
A f(x, Y (ω))dx/

∫
R f(x, Y (ω))dx
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Theorem: 4.20:

If S is a separable metric space, and S is a Borel σ-algebra, then regular conditional distribution
exists.

Theorem: 4.21: Conditional Expectation

If µ is a r.c.d. of X given G and f : S → R is a measurable with E[|f(X)|] < ∞, then the r.v.
w 7→

∫
f(x)dµ(w, x) is a version of E[f(X)|G].

Proof. WLOG f ≥ 0. If f is an indicator function, then holds by definition of µ. By linearity, it holds for
simple functions. Then by Theorem 1.5, it holds for f ≥ 0.

Example: If (Y,Z) are independen and Z ∼ N (0, 1), and if X = ZY , then the distribution of X given Y
is N (0, Y 2).

Example: If r.c.d. of X given Y, is independent of ω ∈ Ω, i.e. µ(ω,A) = ν(A) for a.e. ω ∈ Ω, then X is
independent of Y.

Proof. Let B ∈ Y, A ∈ S, then

P (X ∈ A,B) = E[µ(ω,A)1B] = E[ν(A)1B] = ν(A)P (B) = P (X ∈ A)P (B)

4.8 Optional Stopping Theorem

A stopping time T ≥ 0, T ∈ Z ∪ {∞} is s.t. {T ≤ n} ∈ Fn for all n i.e. {T = n} ∈ Fn.

Define FT = {A : A ∩ {T = n} ∈ Fn,∀n}. This is a σ-algebra. T ∈ FT . If Xn ∈ Fn for all n, then
XT 1{T<∞} ∈ FT .

If S, T are stopping times, S ∧ T is stopping time. FS∧T = FS ∩ FT .

If T is a stopping time, 0 ≤ T ≤ K for some K ∈ N. If Xn is a submartingale, then E[X0] ≤ E[XT ] ≤
E[XK ].

Example: If Zn is a branching process with offspring distribution µ = 1, then Zn is martingale. Zn = 0
for all large n a.s. T = inf {n : Z0 = 0}, T <∞ a.s. ZT = 0, E[ZT ] = 0 ̸= E[Z0].

Corollary 4. For stopping time T and submartingale Xn, E[X0] ≤ E[XT∧N ] ≤ E[Xn]

Lemma 6. Let Xn be a uniformly integrable martingale and T a stopping time. Then XT∧n is a uniformly
integrable submartingale.

Proof. Since Xn is uniformly integrable, by Theorem 4.10, limn→∞Xn = X∞ a.s. and in L1.

We check that XT ∈ L1,

E [|XT∧n|] = 2E[(XT∧n)
+]− E[XT∧n]

≤ 2E[(Xn)
+]− E[X0]

≤ 2 sup
n
E[|Xn|]− E[X0] <∞.
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By Jensen’s inequality, (Xn)
+ is also a submartingale. By Lemma 1.2, E[|XT |] ≤ lim infn→∞E[|XT∧n|] <

∞.

E
[
|XT∧n| 1{|XT∧n|>K}

]
= E

[
|XT | 1{|XT |>K}1{T≤n}

]
+ E

[
|Xn| 1{|Xn|>K}1{T>n}

]
≤ E

[
|XT | 1{|XT |}>K

]
+ sup

n
E
[
|Xn| 1{|Xn|>k}

]
As K →∞, RHS→ 0.

Corollary 5. If Xn is a uniformly integrable submartingale, T is a stopping time, then E[X0] ≤ E[XT ] ≤
E[X∞].

Proof. From previous corollary, E[X0] ≤ E[XT∧n] ≤ E[Xn].

Take n→∞, XT∧n → XT a.s. and in L1, Xn → X∞ in L1.

Theorem: 4.22: Optional Stopping Theorem

If S ≤ T are stopping times and YT∧n is a uniformly integrable submartingale, then E[YS ] ≤ E[YT ]
and YS ≤ E[YT |FS ].

Proof. The first part follows from the corollary with Xn = YT∧n, E[YS ] = E[XS ] ≤ E[X∞] = E[YT ].

Let A ∈ FS , we want to show E[1AYS ] ≤ E[1AYT ]. Let N =

{
S on A
T on AC

. We show that N is a stopping

time.

{N = n} = ({N = n} ∩A) ∪
(
{N = n} ∩AC

)
= ({S = n} ∩A) ∪

(
{T = n} ∩AC ∩ {S ≤ n}

)
By definition, {S = n} ∩A ∈ Fn.

If A ∈ FS , since FS is a σ-algebra, then AC ∈ FS , and AC ∩ {S ≤ n} =
⋃n
j=1A

C ∩ {S = j} ∈ Fn.

Apply the first part with S = N T = T , we get E[YN ] ≤ E[YT ]. Note that:

E[YN ] = E[YS1A] + E[YT 1AC ] E[YT ] = E[YT 1A] + E[YT 1AC ]

Therefore, E[YS1A] ≤ E[YT 1A]

Example (Simple Random Walk): Let ξi i.i.d, P (ξi = 1) = P (ξi = −1) = 1
2 . Let Sn =

∑n
j=1 ξi.

T0 = inf {n : Sn = 0} the stopping time.

Let a < 0 < b, T = Ta ∧ Tb, ST∧n is uniformly integrable. Note T <∞ a.s.

0 = E[S0] = E[ST ] = aP (Ta < Tb) + bP (Ta > Tb) = ap+ b(1− p),

so P (Ta < Tb) =
b

b−a , P (Ta > Tb) =
−a
b−a .

Xn = S2
n − n is a martingale.

0 = E[X0] = E[XT∧n] = E[S2
T∧n]− E[T ∧ n]⇒ E[S2

T∧n] = E[T ∧ n]

Take n→∞. By Theorem 1.5 and 1.6, E[S2
T ] = E[T ]. Then

E[S2
T ] = a2P (Ta < Tb) + b2P (Tb < Ta) =

a2b− ab2

b− a
= −ab
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If a→ −∞, E[Tb] =∞.

Note: If not a simple random walk P (ξi = 1) ̸= P (ξi = −1), there is a bias and it is not a martingale.

Example: Let ξi i.i.d, P (ξi = 1) = p, P (ξi = −1) = 1− p, p > 1
2 . Let Sn =

∑n
j=1 ξi.

Let θ ∈ (0, 1),

E[θSn |Sn−1 = m] = θm+1p+ θm−1(1− p) = θm
(
θp+

1− p
θ

)
If θ = 1−p

p , then ϕ(Sn) is a martingale, where ϕ(x) = θx.

Let T = Ta ∧ Tb, a < 0 < b. Then

1 = E[θST ] = ϕ(a)P (Ta < Tb) + ϕ(b)(1− P (Ta < Tb))

This gives P (Ta < Tb) =
1−ϕ(b)

ϕ(a)−ϕ(b)

If we set b→∞, P (Ta <∞) = limb→∞ P (Ta < Tb) =
1

ϕ(a) < 1.

P
(
min
n
Sn ≤ −m

)
= P (T−m <∞) =

1

ϕ(−m)
= θm ⇒ E

[∣∣∣min
n
Sn

∣∣∣] = ∞∑
m=1

P
(∣∣∣min

n
Sn

∣∣∣ ≥ m) <∞
Xn = Sn − (2p− 1)n is a martingale, so XTb∧n is also a martingale.
Therefore, E[STb∧n] = (2p− 1)E[Tb ∧ n].

By Theorem 1.5, RHS gives limn→∞(2p− 1)E[Tb ∧ n] = (2p− 1)E[Tb].

For the LHS, Tb <∞ a.s. so limn→∞ STb∧n = b a.s. We have ∀n, |STb∧n| ≤ b+ |minn Sn|. By Theorem 1.6,
limn→∞E[STb∧n] = b, so E[Tb] =

b
2p−1 .
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5 Markov Chains

Let I be a countable state space, λ a probability measure on I s.t.
∑

i∈I λi = L, and P = (pij)i,j∈I a
transition matrix (i.e. pij ≥ 0 and

∑
j∈I pij = 1, for all i ∈ I).

A sequence of r.v.s (Xm)m≥0 taking values in I is Markov(λ, P ) if X0 ∼ λ, and all i, j ∈ I satisfies the
Markov property, P (Xn+1 = j|Xn = i,Xn−1, ..., X1) = P (Xn+1 = j|Xn = i) = pij

Theorem: 5.1:

(Xn)0≤n≤N is Markov(λ, P ) if and only if P (X0 = i0, ..., XN = iN ) = λi0pi0i1pi1i2 · · · piN−1iN

Proof. (⇒) N = 2, if Markov, then

P (X2 = i2, X1 = i1, X0 = i0) = P (X2 = i2|X1 = i1)P (X1 = i1|X0 = i0)P (X0 = i0) = λi0pi0i1pi1i2

And inductively, it will be satisfied for all N

(⇐) if the equality holds for N = 2, compute

P (X2 = i2|X1 = i1, X0 = i0) =
P (X2 = i2, X1 = i1, X0 = i0)

P (X1 = i1, X0 = i0)
=
λi0pi0i1pi1i2
λi0pi0i1

= pi1i2

Theorem: 5.2: Markov Property

Conditional on Xm = i, we have (Xn+m)n≥0 is Markov(δ, P ) and is independent of σ(X0, ..., Xm).

Proof. If A ∈ σ(X0, ..., Xm),

P (Xm = i0, ..., Xm+n = in, A|Xm = i) = δi0pi0i1 · · · pin−1inP (A|Xm = i)

WLOG, A = {X0 = j0, ..., Xm = jm}, then

δi0pi0i1 · · · pin−1inP (A|Xm = i) = P (Xm = i0, ..., Xm+n = in, X0 = j0, ..., Xm = jm, Xm = i)/P (Xm = i)

This can be shown by expanding and rearranging the terms.

Definition: 5.1: Lead/Communicate

We say i leads to j if Pi(Xn = j) > 0 for some n ≥ 0, and write i→ j. Here Pi is the probability of
(Xn)n≥0 started at X0 = i.
Write i↔ j if i→ j and j → i, say i communicates with j.

By definition i↔ j.

Theorem: 5.3:

The following are equivalent
1. i→ j
2. there exists a sequence i1, ..., in s.t. i1 = i, ..., in = j and pi1i2 · · · pin−1in > 0

3. (Pn)ij := p
(n)
ij > 0 for some n
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Proof. Note p(n)ij = Pi(Xn = j) ≤ Pi(Xm = jfor any m ≥ 0) =
∑

m Pi(Xm = j) =
∑

m p
(m)
ij . This shows

(3)⇔ (1)

(3)⇔ (2) beacause p(m)
ij =sum over terms of the type appearing in (2)

Corollary 6. If i→ j and j → k, then i→ k.

Definition: 5.2: Communication Class

i↔ j is an equivalence relation, C = I/↔ are called communicating classes.
A communicating class C is closed if whenever i ∈ C and j ∈ I s.t. i→ j, then j ∈ C.
A state i ∈ I is absorbing if {i} is a closed communicating class.

Definition: 5.3: Hitting Time

For a set A ⊂ I, define hitting time of A as HA = infn {Xn ∈ A}, HA is a stopping time w.r.t.
Fn = σ(X1, ..., Xn). Define the hitting probability hAi = Pi(H

A < ∞) and expected hitting time
kAi = E[HA].

Theorem: 5.4:

hAi are the unique minimal non-negative solution to hAi =

{
1, i ∈ A∑

j pijh
A
j , i /∈ A

. Any other solution

has Xi ≥ hAi for all i ∈ I.

Proof. If i ∈ A, then hAi = 1. Otherwise

hAi = Pi(H
A <∞) = Pi(1 ≤ HA <∞)

=
∑
j

Pi(1 ≤ HA <∞|X1 = j)Pi(X1 = j)

=
∑
j

pijPj(H
A <∞) =

∑
j

pijh
A
j

Let Xi be another solution of the equations. For i /∈ A:

Xi =
∑
j

pijXj =
∑
j∈A

pi,j +
∑
j /∈A

pijXj

=
∑
j1∈A

pij1 +
∑
j1 /∈A

∑
j2

pij1pj1j2Xj2

=
∑
j1∈A

pij1 +
∑
j1 /∈A

∑
j2∈A

pij1pj1j2 +
∑
j1 /∈A

∑
j2 /∈A

pij1pj1j2Xj2

Continue iterating and drop the final term. All the remaining terms are positive. This gives Xi ≥ Pi(HA ≤
n) for all n.

Take n→∞, Xi ≥ limn→∞ Pi(H
A ≤ n) = Pi(H

A <∞) = hAi .
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Theorem: 5.5:

kAi is the minimal nonnegative solution to kAi =

{
0, i ∈ A
1 +

∑
j pijk

A
j , i /∈ A

Example: Simple random walk. If P (Xn+1 = i + 1|Xn = i) = p, P (Xn+1 = i − 1|Xn = i) = q = 1 − p,
and hi = Pi(Xn = 0, n ≥ 0), then:

hi = phi+1 + qhi−1 ⇒ phi + qhi = phi+1 + qhi−1 ⇒ p(hi − hi+1) = q(hi−1 − hi)

If p = q, general solution is hi = A+Bi, i ≥ 0, 0 ≤ hi ≤ 1, h0 = 1, so hi = 1 for all i.

If p ̸= q, general solution is hi = A+B
(
q
p

)i
.

If q > p, then B = 0, hi = A = h0 = 1.

If p > q, then h0 = A+B = 1, hi = 1−B
(
1−

(
q
p

)i)
. By minimality, B = 1, hi =

(
q
p

)i
.

Define ui+1 = hi − hi+1, ui+1 =
qi
pi
ui =

∏i
j=1

qj
pj
u1. Let γi =

∏i
j=1

qj
pj

and γ0 = 1.

If A = u1, then hi = 1−A
(∑i

j=1 γj

)
.

If
∑i

j=1 γj =∞ a.s., then we must take A = 0 to enforece 0 ≤ hi ≤ 1, hi = 1 for all i.

Otherwise, by minimality, A = 1∑
j γj

, hi = 1−
∑i

j=0 γj∑∞
j=0 γj

.

Check with the solutions given by optional stopping theorem.

Theorem: 5.6: Strong Markov Property

Let T be a stopping time. Conditional on {T <∞} and XT = i, the process {XT+n}n≥0 is
Markov(δ1, P ) and independent of FT .

Proof. If B ⊂ FT , we want to show:

P (XT = j0, ..., XT+n = jn, T <∞, XT = i, B)

P (XT = i, T <∞)
=
P (X0 = j0, ..., Xn = jn)P (B,XT = i, T <∞)

P (XT = i, T <∞)

Consider {T = m},

P (XT = j0, ..., XT+n = jn, B ∩ {T = m} , XT = i)

=P (Xm = j0, ..., Xmn = jn, Xm = i, B ∩ {T = m})
By basic Markov property (5.2) at time m

=Pi(X0 = j0, ..., Xn = jn)P (B ∩ {T = m} , Xm = i)

Summing over m gives the desired equality.

Example: in simple random walk, we consider Hj = infm]bsXm = j.

For 0 < s < 1, we want to compute E1[s
H0 ].

57



Condition E2(s
H0) on H1 < ∞, H0 = H1 + H̃0, where H̃0 has the same distribution as H0 started from

site 1 by Theorem 5.6. It is independent of H1.

E2[s
H0 ] = E2[s

H01{H1<∞}]

= E2[s
H0 |H1 <∞]P2(H1 <∞)

= E2[s
H1+H̃0 |H1 <∞]

= E2[s
H1 ]E1[s

H0 ] = (E1[s
H0 ])2

Then E1[s
H0 ] = pE1[s

H0 |X1 = 2] + qE1[s
H0 |X1 = 0].

If ϕ(s) = E1[s
H0 ], then ϕ(s) = psϕ(s)2 + qs. This gives ϕ(s) = 1±

√
1−4pqs2

2ps .
Since ϕ(s) should be continuous on s ∈ (0, 1) and 0 ≤ ϕ(s) ≤ 1, we take the negative root ϕ(s) =
1−
√

1−4pqs2

2ps .

By Theorem 1.5, lims→1 ϕ(s) = P1(H1 <∞) = 1−
√
1−4pq
2p =

{
1, p < q
q
p , p > q

5.1 Recurrence and Transients

Definition: 5.4: Recurrent and Transient

A state i is recurrent if Pi(Xn = i infinitely many n) = 1. A state i is transient if Pi(Xn =
i infinitely many n) = 0.

Remark 9. A state can only be either recurrent or transient.

Let Ti = inf {n ≥ 1, Xn = i}. Consider Pi(Ti <∞). By Theorem 5.6, conditioned on Ti <∞, (XTi+n)n≥0 ∼
Markov(δi, P ).

Let Vi =# visits of Xn to state i, Pi(Vi ≥ n|Vi ≥ n− 1) = Pi(Ti <∞) by Theorem 5.6.

If T (n−1)
i =time of (n− 1)th visit to state i, then by Theorem 5.6, conditioned on T (n−1)

i <∞.
(X

n+T
(n−1)
i

)n ∼Markov(δi, P ).

Pi(Vi ≥ n) = Pi(Vi ≥ n|Vi ≥ n− 1)Pi(Vi ≥ n− 1) = Pi(Ti <∞)n

Theorem: 5.7:

If Pi(Ti <∞) = 1, then i is recurrent, and Ei[Vi] =∞
If Pi(Ti <∞) < 1, then i is transient and Ei[Vi] <∞

Proof.

Pi(Vi =∞) = lim
n→∞

Pi(Vi ≥ n) = 1

Ei[Vi] =
a∑

n=1

Pi(Vi ≥ n) =
∞∑
n=1

Pi(Ti <∞)n−1 =
1

1− Pi(T1 <∞)

Theorem: 5.8:

Let C be a communicating class. Then all states in C are either transient or recurrent
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Proof.

∞∑
n=0

Ei(1{xn=i}) = Ei[Vi] =

∞∑
n=0

p
(n)
ii

Let i ∼ j, there exists n,m s.t. p
(n)
ij > 0 and p

(n)
ji > 0. Then p

(n)
ij p

(r)
jj p

m
ji ≤ p

(n+r+m)
ii . This shows that

Ei[Vi] <∞ if and only if Ej [Vj ] <∞.

Theorem: 5.9:

1. Every recurrent class is closed.
2. Every finite closed class is recurrent.

Proof. 1. Suppose it is not closed. Then there exists i ∈ C, j /∈ C and m > 0 s.t. Pi(Xn = j) > 0, but
then Pi({Xm = j} ∩ {Xn = ii.o.}) = 0.

Pi(Xn = j) + Pi(Xn = 1i.o.) ≤ 1, Pi(Xn = ii.o.) < 1 so it has to be zero.

2. Given any initial distribution λ s.t. λ(C) = 1. We have for some i, P (Xn = ii.o.) > 0. Apply
Theorem 5.6 to Ti = inf {n ≥ 1, Xn = i}, we get P (Xn = ii.o.) = P (Xn = i for some n)Pi(Xn = ii.o.), so
Pi(Xn = ii.o.) = 1.

Definition: 5.5: Irreducible Markov Chain

P is irreducible if the full state space I is a communicating class

Theorem: 5.10:

If P is irreducible and recurrent, then for all initial distribution λ, we have P (Tj <∞) = 1 for all j

Proof. It sufficies to check Pi(Tj <∞) = 1 for all i, j.

Choose m s.t. p(m)
ji > 0.

Since j is recurrent,

1 = Pj(Xn = j, n ≥ m+ 1) =
∑
k∈I

Pj(Xn = j, n ≥ m+ 1|Xm = k)Pj(Xm = k)

=
∑
k∈I

Pj(Xn = j, n ≥ m+ 1|Xm = k)p
(m)
jk

Since
∑

k p
(m)
jk = 1, for all k with p(m)

jk > 0, we must have Pk(Tj <∞) = 1.

Example: Random walks

In 1D, if p = 1
2 , then it is recurrent, otherwise, it is transient

In 2D, if p = 1
4 for each direction, then it is recurrent.

Proof. If n is odd, then p(n)00 = 0, compute p(n)00 =
((

2n
n

)
1

22n

)2. (decompose to 1D cases)

By Stirling approximation, p(n)00 ∼ 1
n .
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In 3D, p = 1
6 is transient.

∑
n p

(n)
00 <∞, because

p
(n)
00 =

∑
i,j,k,i+j+k=n

(2n)!

(i!j!k!)2

(
1

6

)2n

=
(2n)!

(n!)2

(
1

2

)2n∑
i,j,k

(
n!

i!j!k!

)2(1

3

)2n

=
(2n)!

(n!)2

(
1

2

)2n∑
i,j,k

(
n

i, j, k

)2(1

3

)2n

Note
∑

i,j,k

(
n
i,j,k

) (
1
3

)n
= 1 and if n = 3m, then for all i+ j + k = n, we have

(
n
i,j,k

)
≤
(

n
m,m,m

)
Therefore, if n = 3m, we have

p
(n)
00 ≤

(2n)!

(n!)2
1

22n

(
n

m,m,m

)
1

3n
∼ 1

n3/2

Therefore,
∑

m p
(6m)
00 ∼

∑
m

1
m3/2 <∞. Also, 1

62
p
(6m−2)
00 ≤ p(6m)

00 , 1
64
p
(6m−4)
00 ≤ p(6m)

00 .

5.2 Invariance and Equilibrium

Definition: 5.6: Invaraint

A measure on I is (λi)i∈I , λi ≥ 0, and is distribution if
∑

i∈I λi = 1.
A measure λ is invariant for P if λP = λ, i.e.

∑
i∈I λipij = λj for all j.

Lemma 7. Let λ be an invariant distribution. If Xn ∼ Markov(λ, P ), then

1. Xn ∼ λ for all n

2. (Xn+m)m≥0 ∼ Markov(λ, P )

Proof. 1. P (Xn = j) = (λPn)j = λj . 2 is Theorem 5.2.

In the finite-dimensional case, |I| <∞, an invariant distribution exists by Perron-Frobenius Theorem.

Let Tk = inf {n ≥ 1 : Xn = k}. For states k, i, define γki = Ek

[∑Tk−1
n=0 1Xn=i

]
, the expected number of

visits to i before visiting k. Note that γkk = 1 by definition.

Theorem: 5.11:

Let P be irreducible and recurrent. Then
1. γkk = 1
2. γkP = γk

3. 0 < γki <∞ for all i

Proof. 1. by definition.

2. Note that {Tk ≥ n} ∈ Fn−1.

Pk(Xn = j,Xn−1 = i, Tk ≥ n) = Pk(Xn = j, Tk ≥ n|Xn−1 = i)P (Xn−1 = i)

= Pk(Xn = j|Xn−1 = i)P (Tk ≥ n|Xn−1 = i)Pk(Xn−1 = i)

= pijP (Tk ≥ n,Xn−1 = i)
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Since P is recurrent, Tk ≤ ∞ a.s., so
∑Tk−1

n=0 1{Xn=i} =
∑Tk

n=1 1{Xn=i}

γki = En

[
Tk∑
n=1

1{Xn=i}

]
= En

[ ∞∑
n=1

1{Xn=i}1{Tk≥n}

]

=
∞∑
n=1

Pk(Xn = i, Tk ≥ n)

=
∞∑
n=1

∑
j∈I

Pk(Xn = i,Xn−1 = j, Tk ≥ n)

=

∞∑
n=1

∑
j∈I

pjiPk(Xn−1 = j, Tk ≥ n)

=
∑
j∈I

∞∑
n=1

pjiEk
[
1{Xn−1=j}1{Tk≥n}

]
=
∑
j∈I

pjiE

[
Tk∑
n=1

1{Xn−1=j}

]

=
∑
j∈I

pjiEk

[
Tk−1∑
n=0

1{Xn=j}

]
=
∑
j∈I

γkj pji

3. P is irreducible, so for all i ∈ I, there exists n,m s.t. p(n)ik > 0 and p(m)
ki > 0.

1 = γkk =
∑
j

γkj p
(n)
jk ≥ γ

k
i p

(n)
ik ⇒ γki <∞

Similarly, γki =
∑

j γ
k
j p

(m)
ji ≥ γkkp

(m)
ki > 0.

Theorem: 5.12:

Let P be irreducible, and let λ be an invariant measure with λk = 1 for some k ∈ I. Then
1. λi ≥ γki , for all i ∈ I
2. If P is recurrent, then λ = γk

Proof. 1. λj =
∑

i λipij =
∑

i ̸=k λipij + pkj . Expand on the sum, to get

λj = Pk(Xn = j, Tk ≥ N) + · · ·+ Pk(X2 = j, Tk ≥ 2) + Pk(X1 = j, Tk ≥ 1)

= Ek

[
N∑
n=1

1{Xn=j}1{Tk≥n}

]

Take N →∞, λj ≥ Ek
[∑Tk

n=1 1{Xn=j}

]
If j ̸= k, then λj ≥ Ek

[∑Tk−1

k=0 1Xn=j

]
γkj .

2. If P is irreducible and recurrent, µ = λ − γk is an invariant measure, µk = 0. Let i ∈ I, we have for
some n, p(n)ik > 0, then

0 = µk =
∑
j

µjp
(n)
jk ≥ µip

(n)
ik ,

so µi = 0 for all i.
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Start from γki = Ek

[∑Tk−1
n=0 1{Xn=i}

]
.

∑
i

γki =
∑
i

Ek

[
Tk−1∑
n=0

1{Xn=i}

]

= Ek

[
Tk−1∑
n=0

∑
i

1{Xn=i}

]

= Ek

[
Tk−1∑
n=0

1

]
= Ek[Tk]

Definition: 5.7: Positive Recurrent

A state k is positive recurrent if Ek[Tk] <∞. Otherwise if recurrent but not positive recurrent, call
null recurrent.

Theorem: 5.13:

Let P be irreducible. The following are equivalent
1. Every state is recurrent
2. There exists a positive recurrent state k
3. There exists an invariant distribution π for P .

Futhermore, πk = 1
Ek[Tk]

Proof. 1⇒ 2 by definition

2⇒ 3, P is recurrent so γk is an invariant measure πj =
πk
j

Ek[Tk]
is an invariant distribution

3⇒ 1 we need to check that πj > 0 for all j.
Since P is irreducible, there exists n s.t. p(n)ij > 0. Then πj =

∑
l πlp

(n)
lj ≥ πip

(n)
ij > 0.

Now, for any fixed state k, define λj =
πj
πk

. Then λ is an invariant distribution and λk = 1.
By Theorem 5.12, λj ≥ γkj , so

∑
j λj =

∑
j
πj
πk

= 1
πk
<∞. Ek[Tk] =

∑
j γ

k
j <∞. k is positive recurrent, so

P is recurrent.

If P is recurrent, then πk = 1
Ek[Tk]

from λj = γkj .

Example: 1D random walk, λP = λ

If p = q = 1
2 , λi =

1
2λi+1 +

1
2λi−1. The general solution is λi = A + Bi, A,B ∈ R. Every state is null

recurrent. Every invariant measure has λ1 = A

If p ̸= 1
2 . λi = pλi−1 + qλi+1, λi = A+B

(
p
q

)i
. If B ≥ 0, A ≥ 0, this is an invariant measure.

A distribution π is invariant if πP = π. If n→∞, will Xn → π? The following lemma shows that invariant
measure determines the long-term behavior.

Lemma 8. Suppose |I| <∞ and there exists c ∈ I s.t. limn→∞ p
(n)
ij = πj for all j. Then π is invariant.

Proof.∑
k

πkpkj = lim
n→∞

∑
k

p
(n)
ik pkj = lim

n→∞
p
(n)
ij = πj
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Example: P =

[
0 1
1 0

]
. P 4 = P 2 = I, P 5 = P 3 = P . In particular, limn→∞ p

(n)
ij does not exist.

Definition: 5.8: Aperiodic State

A state is aperiodic if p(n)ii > 0 for all sufficiently large n

Lemma 9. If P is irreducible and has an aperiodic state i, then for all j, k, we have p(n)jk > 0 for sufficiently
large n, depending on j, k

Proof. For r, s, p(n+r+s)jk = p
(n)
ji p

(r)
ii p

(s)
ik . Since P is invariant, r, s > 0 exist.

Theorem: 5.14:

Let P be irreducible and aperiodic and have an invariant distribution π. Let λ be any distribution
Xn ∼ Markov(λ, P ). Then ∀j ∈ I, limn→∞ P (Xn = j) = πj .

Proof. Let Yn ∼ Markov(π, P ), independent of Xn. Consider Wn = (Xn, Yn) on I × I.
Wn is a Markov chain on I × I with transition matrix P̂ ((i, j)→ (k, l)) = pikpjl.

By Lemma 9, p(n)ik > 0, p
(n)
jl > 0, so P̂ (n)((i, j)→ (k, l)) = p

(n)
ik p

(n)
jl > 0 for n large enough. P̂ is irreducible.

P̂ has invariant measure given by π × π(i, j) = πiπj .

Fix state b ∈ I, let T = inf {n ≥ 0, (Xn, Yn) = (b, b)}. Since P̂ is irreducible and has recurrent states, P̂ is
recurrent and P (T <∞) = 1.

Let Zn =

{
Xn, n ≤ T
Yn, n > T

.

Claim: (Xn)n≥0 ∼ (Zn)n≥0.
By Theorem 5.6, (WT+n)n≥0 ∼ Markov(δ(b,b), P̂ ) independent of FT .

(Wn)n≥0 ∼ (W̃n)n≥0, W̃n =Wn(n ≤ T ), W̃n = (Yn, Xn)(n > T )

Wn is the path up to time T and the path after time T .

Then, we have

P (Xn = j) = P (Zn = j) = P (Zn = j, T < n) + P (Zn = j, T ≥ n)
= P (Yn = j, T < n) + P (Zn = j, T ≥ n)
P (Yn = j)− P (Yn = j, T ≥ n) + P (Zn = j, T ≥ n)
= πj

as n→∞.

Theorem: 5.15: Time Reversal

Let Xn ∼ Markov(π, P ) with π invariant distribution for irreducible P . Then for all N , Yn = XN−n,
0 ≤ n ≤ N , Yn ∼ Markov(π, P̂ ), where p̂ji =

pijπi
πj

. Also π is invariant for P̂ and P̂ is irreducible.
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Proof.
∑

i p̂ji =
∑

i
πipij
πj

=
πj
πj

= 1, so P̂ is stochastic∑
j πj p̂ji =

∑
j πipij = πi is invariant for P̂ .

P (Y0 = i0, ..., YN = iN ) = P (X0 = i0, ..., XN = i0)

= πiNpiN iN−1 · · · pi1i0
= p̂iN−1iNπiN−1piN−1iN−2 · · ·
= πi0 p̂i0i1 · · · p̂iN−1iN

Definition: 5.9: Detailed Balance

(λ, P ) are in detailed balance if ∀i, j, λipij = λjpji

Lemma 10. If (λ, P ) are in detailed balance, then λ is invariant for P .

Proof.
∑

j λjpji =
∑

j λipij = λi as row eigen vectors.

Definition: 5.10: Reversible Markov Chain

Let P be irreducible and Xn ∼ Markov(λ, P ). Xn is reversible if (XN−n)0≤n≤N ∼ Markov(λ, P ) for
all N .

Theorem: 5.16:

If P is irreducible and Xn ∼ Markov(λ, P ). Then the following are equivalent:
1. Xn is reversible
2. P and λ are in detailed balance.

Proof. (⇒) if Xn is reversible, then λ is invariant for P .

By Theorem 5.15, (XN−n)n ∼ Markov(λ, P̂ ) ∼ Markov(λ, P ). Then λip̂ij = λipij = λjpji because P̂ = P .
This shows that (λ, P ) are in detailed balance.

(⇐) λ is invariant for P . By Theorem 5.15, (XN−n) ∼ Markov(λ, P̂ ), detailed balance⇒ P̂ = P reversible.

Remark 10. If (λ, P ) are in detailed balance, then P is self-adjoint w.r.t. quadratic form given by ⟨v, u⟩λ =∑
i viuiλi.

⟨v, Pu⟩λ =
∑
j

vj
∑
i

pjiuiλj =
∑
j

vjuipjiλi = ⟨Pv, u⟩λ

5.3 Ergodic Theorem

Theorem: 5.17:

Let P be irreducible and let Vi(n) be the number of visits to state i before time n − 1, Vi(n) =∑n−1
j=0 1{Xj=i}, where Xn ∼ M(λ, P ) for any initial distribution λ. Then for all i, we have

limn→∞
Vi(n)
n = 1

mi
= 1

Ei[Ti]
a.s.
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Proof. In the transient case, mi =∞, and limn→∞
Vi(n)
n = 0

In the recurrent case, fix some state i, let T (i) = infn≥0 {Xn = i}. Then by Theorem 5.6, (Xm+T (i)) ∼
M(δ, P ). Since T (i) <∞ a.s., it suffices to show when λ = Si. Let Sj be the length of jth excursion from
state i.

If T (k) = kth time to visit state i, T (k)− T (k − 1) = Sk+1. By Theorem 5.6, Sj are i.i.d. r.v.s with mean
mi = Ei [infn≥0 {Xn = i}]. Then S1 + · · ·+ SV (n)−1 ≤ n, but S1 + · · ·+ SV (n) ≥ n.

1 ·mi ←
V (n)− 1

V (n)

S1 + · · ·+ SV (n)−1

V (n)− 1
=
S1 + · · ·+ SV (n)−1

V (n)
≤ n

V (n)
≤
S1 + · · ·+ SV (n)

V (n)
→ mi

By squeeze theorem, n
V (n) → mi.

Theorem: 5.18:

Let P be irreducible and positively recurrent, πk = 1
mk

is an invariant measure, Xn ∼M(λ, P ) with
any initial distribution λ. Let f : I → R be bounded. Then almost surely,

lim
n→∞

1

n

n−1∑
j=0

f(Xj) =

∫
fdπ =

∑
i∈I

f(i)πi

Proof. By definition, 1
n

∑n−1
j=0 f(Xj) =

∑
i∈I f(i)

Vi(n)
n . Assume for all i, Vi(n)

n → πi as n → ∞. Consider
the difference:

lim
n→∞

1

n

n−1∑
j=0

f(Xj)−
∫
fdπ =

∑
i∈I

f(i)

(
Vi(n)

n
− πi

)

Let ϵ > 0, there exists finite J ⊂ I s.t.
∑

i/∈J πi < ϵ. WLOG, assume |f(i)| ≤ 1 for all i.∣∣∣∣∣∑
i∈I

f(i)

(
Vi(n)

n
− πi

)∣∣∣∣∣ ≤∑
i∈J

∣∣∣∣Vi(n)n
− πi

∣∣∣∣+∑
i/∈J

Vi(n)

n
+
∑
i/∈J

πi

≤ 2
∑
i∈J

∣∣∣∣Vi(n)n
− πi

∣∣∣∣+ 2
∑
i/∈J

πi

< 2ϵ

5.4 Continuous Time Markov Chains

Let the transition probabilities be qij ≥ 0 for j ̸= i. Suppose Xt = i, for any j ̸= i, let Tij ∼ Exp(qij).
Let k = argminj Tij , then jump to state k at time t + Tik. Recall that for exponentially distributed r.v.s,
T ∼ Exp(λ), P (T > t+ s|T > s) = P (T > t).

Continuous Time Random Processes: Let (Ω,F , P ) be a probability space. For all t ≥ 0, we have a
r.v. ω 7→ Xt(ω). For each ω, we have a random function t 7→ Xt(ω).

If we want to know P (Xt = i for some t ∈ [0,∞)), we need the smallest σ-alg for which Xt is measurable
to be σ(Xt : t ≥ 0) ⊂ F . This makes sense for discrete cases as well.
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If t→ Xt(ω) is right continuous for every ω ∈ Ω, then

{Xt = i for some t ∈ [0,∞)} =
∞⋂
n=1

⋃
j1,..,jn∈I,j1 ̸=i,jn ̸=i

{Xq1 = j1, ..., Xqn = jn} ,

where qn is enumeration of rationals.

For right continuous process, specify Xt by jump times Ji and jump chain Yn = XJn . The holding times
are Sn = Jn− Jn−1. The explosion time is ζ = supn Jn. A process is minimal if Xt = {∞} for t ≥ ζ.

Theorem: 5.19:

Let Tk be independent and Tk ∼ Exp(q). Assume q =
∑

k qk < ∞. Let T = infk Tk. Then the
infimum is achieved at a unique index K, independent of the value T . T ∼ Exp(q) and P (K = j) =
qj
q .

Proof.

P (T > t,K = j) = P (Tj > t, Tl > Tj ,∀l ̸= j)

=

∫ ∞

0
P (Tj > t, Tl > Tj , ∀l ̸= j|Tj = s)P (Tj = s)ds

=

∫ ∞

t
P (Tl > s,∀l ̸= j)qje

−qjsds

=

∫ ∞

t

∏
l ̸=j

e−qlsqje
−qjsds

= qj

∫ ∞

t
e−qsds =

qj
q
e−qt

Definition: 5.11: Poisson Process

Xt is a Poisson process with rate λ > 0 if jump chain Yn = n for all n ≥ 0 and holding times are
i.i.d. Sn ∼ Exp(λ).

If Sn are i.i.d. Exp(λ) and Jn =
∑n

j=1 Sj , then Xt = n if and only if Jn ≤ t < Jn+1 is a Poisson process.
By Theorem 2.3, Jn →∞ as n→∞ almost surely, so ζ =∞ (no explosion).

Theorem: 5.20: Poisson Process Markov Property

For all s ≥ 0, the process X̃t = Xt+s −Xs is Poisson(λ) and is indepedent of σ(Xr, r ≤ s).

Proof. Condition on {Xs = i} = {Ji ≤ s} ∩ {Ji+1 > s} = {Ji ≤ s} ∩ {Si+1 > s− Ji}.

For r ≤ s, Xr =
∑i

n=1 1{Jn≤r} ∈ σ(S1, ..., Si).

Now compute the jump chain and holding times of X̃t conditional on {Xs = j}, Ỹn = n, S̃1 = Ji+1 − s =
Si+1 + Ji − s. For n ≥ 2, S̃n = Sn+i.

P (S̃1 > u+ (s− J1)|Ji ≤ s, Si+1 > s− Ji) = e−λu

Conditional on {Xs = i}, S̃1 ∼ Exp(λ), indepedent of J1, ..., Ji. Therefore, for n ≥ 2, S̃n are independent
of J1, ..., Ji and are i.i.d. Exp(λ).

66



Let B ∈ σ(Xr : r ≤ s).

P (S̃k > tk, B) =
∑
i

P (S̃k > tk, B|Xs = i)P (Xs = i)

=
∑
i

P (S̃k > tk)P (B|Xs = i)P (Xs = i) = P (B)P (Sk > tk)

Theorem: 5.21: Properties of Poisson Process

Let Xt be right continuous process that is integer valued X0 = 0. The following are equivalent
1. Holding times are i.i.d. Exp(λ), Yn = n
2. (Xt)t≥0 has independent increments, i.e. If Ik = (ak, bk) are disjoint, then (Xtk −Xtk−1

)k are
i.i.d. and as h→ 0, we have uniformly in t, P (Xt+h−Xt = 0) = 1−λh+o(h), P (Xt+h−Xt =
1) = λh+ o(h).

3. Increments are independent and stationary, i.e. distribution of Xt+s −Xs depends only on t

and for all t, Xt ∼Poisson(λt), P (Xt = k) = (λt)k

k! e
−λt

Proof. 1⇒ 2: Suppose holding times are i.i.d. Exp(λ).

P (Xt+h −Xt ≥ 1) = P (Xh ≥ 1) = P (J1 ≤ h) = 1− e−λh = λh+ o(h)

P (Xt+h −Xt ≥ 2) = P (Xh ≥ 2) = P (S1 + S2 ≤ h) ≤ P (S1 ≤ h, S2 ≤ h) = (P (S1 ≤ h))2

≤ Ch2 = o(h)

By Theorem 5.20, Xb3 −Xa3 is independent of σ(Xs, s ≤ a3).

2⇒ 3: Set pj(t) = P (Xt = j). Assume j ≥ 1.

pj(t+ h) = P (Xt+h = j) =

j∑
i=0

P (Xt+h = j,Xt = i)

=

j∑
i=0

P (Xt+h −Xt = j − i,Xt = i)

=

j∑
i=0

P (Xt+h −Xt = j − i)P (Xt = i)

= P (Xt+h −Xt = 0)P (Xt = j) + P (Xt+h −Xt = 1)P (Xt = j − 1) + o(h)

= (1− λh)pj(t) + λhpj−1(t) + o(h)

Rearranging to get pj(t+h)−pj(t)
h = −λpj(t) + λpj−1(t) + o(1).

Similarly, check the other side, pj(s)−pj(s−h)
h = −λpj(s− h) + λpj−1(s− h) + o(1).

So pj(t) is Lipschitz (difference quotients are bounded), and pj(t) is differentiable a.e.

Solve the system


p′j(t) = −λpj(t) + λpj−1(t), j ≥ 1

p′0(t) = −λp0(t)
p0(0) = 1

pj(0) = 0, ∀j ≥ 1

explicitly, we get pj(t) = P (Xt = j) = (λt)j

j! e
−λt.

With the same calculation, we get X̃t ∼ Xt.
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Theorem: 5.22:

Let Xt ∼ Poisson(λ), Yt ∼ Poisson(µ) be independent. Then Zt = Xt + Yt ∼ Poisson(λ+ µ).

Proof. Since Xt and Yt have independent and stationary increments, so does Zt. Zt+s−Zs = (Xt+s−Xs)+
(Yt+s − Ys).

Theorem: 5.23:

Let Xt ∼ Poisson(λ).
1. Conditional on exactly one jump occuring in the interval [s, s + t], the jump is uniformly

distributed in the interval.
2. Conditional on Xt = n, then n jumps have density f(t1, ..., tn) = n!

tn 1{0<t1<···<tn<t}

Proof. 1. By Theorem 5.2, it suffices to show for s = 0. Compute the density of first jump J1.

P (J1 ≤ u|Xt = 1) =
P (Xu ≥ 1 ∩Xt = 1)

Xt = 1
=
P (Xu = 1, Xt −Xu = 0)

P (Xt = 1)
=

(λu)e−λue−λ(t−u)

(λt)e−λt
=
u

t

2. Note {Xt = n} = {Jn ≤ t < Jn+1}.
Density of J1, ..., Jn conditional on {Jn ≤ t < Jn+1} are S1, ..., Sn+1 ∼ Exp(λ).
The density is λn+1e−λ(S1+···Sn+1)1{S1>0,...,Sn+1>0}.

Change of vairable from (S1, ..., Sn+1) to (J1, ..., Jn+1). Density of J is given by λn+1e−λJn+11{0<J1<···<Jn+1}.

Let A ⊂ Rn,

P ((J1, ..., Jn) ⊂ A| {Jn ≤ t < Jn+1}) =
P ((J1, ..., Jn) ⊂ A ∩ {Jn ≤ t < Jn+1})

P (Jn ≤ t < Jn+1)

The numerator is

λn+1

∫
(t1,...,tn)∈A,tn≤t<tn+1

e−λtn+11{t1<t2<···<tn+1} = λne−λt
∫

1{t1<···<tn<t}

Construction of Poisson processes Let I be state space, Q be transition matrix s.t.

1. qij ≥ 0 for i ̸= j

2.
∑

j ̸=i qij <∞

3. qii = −
∑

j ̸=i qij

Define qi = −qii =
∑

j ̸=i qij , Π a I×I matrix s.t. for i ̸= j, Πij =

{
qij
qi
, qi ̸= 0

0, else
, Πii =

{
0, qi ̸= 0

1, qi = 0
.

Xt ∼ Markov(λ,Q) if Yn ∼ Markov(λ,Π) and if conditional on Y0, ..., Yn−1, the holding times S1, ..., Sn

are independent Sj ∼ Exp(qYj−1). Xt =

{
Yn, Jn ≤ t < Jn+1

∞, t ≥ supn Jn

First construction: Let Yn ∼ Markov(λ,Π). Let Ti be i.i.d. Exp(1), independent of Yn. Then the set
Si =

Ti
qYi−1

is a Poisson process.
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Second construction: Let (T jn)n≥1,j∈I i.i.d. Exp(1). Set X0 ∼ λ. For n ≥ 1, conditional on {Yn−1 = i},
for all j ̸= i, set Sjn = T j

n
qij

. Set Sn = infj ̸=i S
j
n and let Yn = j s.t. Sjn = Sn. We have P (Yn = j|Yn−1 = i) =

qij
qi

= Πij , and Sn ∼ Exp(qYn−1).

Third construction: X0 ∼ λ. For all states i ̸= j. Let N ij
t ∼ Poisson(qij) with N i,j

t independent of Nk,l
t

if (i, j) ̸= (k, l).

Theorem: 5.24:

Let Xt ∼M(λ,Q). Then Xt does not explode if one of the following is satisfied:
1. I is finite
2. supi qi <∞
3. X0 = i and i is recurrent for the jump chain

Proof. 1⇒ 2.

2. Let Tn = qYn−1Sn. Then Tn ∼ Exp(1) i.i.d. The explosion time ζ = supn Jn =
∑∞

n=1 Sn.(
sup
i
qi

)
ζ =

∞∑
n=1

sup qiTn
qYn−1

≥
∞∑
n=1

Tn →∞ a.s.

Therefore ζ =∞, since supi qi <∞ by assumption

3. Let Nk ≤ Nk+1 s.t. YNk
= i. Then TNk

∼ Exp(1) i.i.d. ζ ≥
∑∞

k=1 SNk
=
∑∞

k=1

TNk
qi

=∞.

Remark 11. Explosion is related to the jump chain being transient.

Theorem: 5.25: Continuous Time Markov Property

Let Xt ∼ M(λ,Q), ζ = sup Jn. Conditional on t < ζ, Xt = i, (Xs+t)s ∼ M(δ,Q) independent of
Ft = σ(Xu, u ≤ t).

T : Ω → [0,∞] is a stopping time if {T ≤ t} ∈ Ft for all t ≥ 0. The σ-algebra associated to T is
FT = {A : A ∩ {T ≤ t} ∈ Ft, ∀t}. If S ≤ T are stopping times, then FS ⊂ FT .

Theorem: 5.26: Continuous Time Strong Markov Property

Let Xt ∼ M(λ,Q), T be a stopping time. Conditional on T < ζ and XT = i. Then (XT+s)s≥0 ∼
M(δ,Q), independent of FT .

Proof. Assume ζ = ∞ and T < ∞ a.s. For all n, define Tn = k
2n if T ∈

[
k−1
2n ,

k
2n

)
. Tn is a stopping time.

Tn → T as n→∞.

Since Xt is right continuous XTn → XT , XTn+s → XT+s as n→∞.

Since Tn ≥ T , FT ⊂ FTn .
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Let A ∈ FT ,

P (XT+s = j, A,XT = i) = lim
n→∞

P (XTn+s = j, A,XTn=i)

=
∑
k

P

(
XTn+s = j, A,XTn = i, Tn =

k

2n

)
=
∑
k

P

(
X k

2n
+s = j, A ∩

{
Tn =

k

2n

}
, X k

2n
= i

)
=
∑
k

Pi(Xs = j)P

(
A ∩

{
Tn =

k

2n

}
|X k

2n
= i

)
P
(
X k

2n
= i
)

=
∑
k

Pi(Xs = j)P

(
A ∩

{
Tn =

k

2n

}
∩X k

2n
= i

)
= Pi(Xs = j)P (A ∩ {XTn = i})
→ Pi(Xs = j)P (A ∩ {XT = i}) = P (XT+s = j, A,XT = i)

as n→∞.

Let Xt ∼M(λ,Q), P (t) = (Pij(t))i,j∈I , Pij(t) = Pi(Xt = j). Define:

Forward equation :
d

dt
P (t) = P (t)Q

Backward equation :
d

dt
P (t) = QP (t)

Finite state space:

Pi(two jumps ≤ h) = Pi

(
J1 ≤ h ∩

(
J1 +

J2
qY1

)
≤ h

)
≤ Pi(J1 ≤ h, J2 ≤ Ch) ≤ Ch2,

where J1 + J2
qY1

is the second jump time.

If j = i, Pi(Xn = i) = Pi(J1 > h) + o(h) = e−qih + o(h) = 1− qih+ o(h)

If j ̸= i, Pi(Xn = j) = Pi(J1 ≤ h, Y1 = j) + o(h) = πij(1− e−qih) + o(h) = qiπij + o(h) = qij + o(h)

Pij(t+ h) =
∑
k

Pi(Xt = k)Pk(Xh = j) =
∑
k

Pik(δkj + qkjh) + o(h)

⇒ Pij(t+ h)− Pij(t)
h

=
∑
k

Pik(t)Qkj + o(1)

⇒ d

dt
Q = PQ

Theorem: 5.27: Backward Equation

Let Q be a transition matrix, (P (t))i,j = Pi(Xt = j). Then P is the minimal nonnegative solution
to P ′ = QP (the backward equation). P is a semigroup P (s+ t) = P (s)P (t).
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Proof.

Pij(t) = Pi(Xt = j, t < J1) + Pi(Xt = j, J1 ≤ t)

= e−qitδij +
∑
k

Pi(Xt = j,XJ1 = k, J1 ≤ t)

= e−qitδij +
∑
k

∫ t

0
Pi(Xt = j,XJ1 = k|J1 = s)e−qisqids

= e−qitδij +
∑
k

∫ t

0
Pk(Xt−s = j)Pi(XJ1 = k|J1 = s)e−qisqids

= e−qitδij +
∑
k

∫ t

0
Pkj(t− s)πikqie−qisds

Let u = t− s.

eqitPij(t) = δij

∫ t

0

∑
k ̸=i

qie
−qiuπikqkj(u)du

pij is continuous in t and the integral of sum is uniformly convergent. Also, qiπik = qik, we have P ′ = QP .

Minimality: suppose P̃ij(t) is another non-negative solution to the equation. Then

P̃ij = e−qitδij +
∑
k ̸=i

∫ t

0
qie

−qiπikP̃kj(t− s)

Since also

Pi(Xt = j, t < Jn+1) = e−qitδij +
∑
k ̸=i

∫ t

0
qie

−qisπikPk(Xt−s = j, t− s < Jn)ds,

we have P̃ij(t) ≥ Pi(Xt = j, t < Jn+1)

Theorem: 5.28: Forward Equation

P is also the minimal non-negative solution of the forward equation P ′ = PQ. i.e. d
dtPij(t) =∑

k Pik(t)qkj .

For Pij(t− s) = P (Xt = j|Xs = i), we have the following forward/backward equations:

∂

∂t
Pij(t, s) =

∑
k

Pik(t, s)Qkj(t), with Pij(s, s) = δij

∂

∂t
Pij(t, s) = −

∑
k

Qik(s)Pkj(s, t), with Pij(t, t) = δij

Example(Time-homogenous Markov Chain): Let F : I → R be bounded,
f(i, t) = Ei[F (Xt)] =

∑
j Pij(t)F (j).

∂tf(i, t) =
∑
j

∂tPij(t)F (j) =
∑
j

qikPkj(t)F (j) = (Qf(·, t))i

∂tf(·, t) = Qf(·, t) solves the backwards equation with initial condition f(·, 0) = F .
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5.4.1 Properties

The properties of continuous-time Markov chain follows from the jump chain

Class structure:

1. Leads: i→ j if Pi(Xt = j, t ≥ 0) > 0

2. Communicates: i ∼ j if i→ j and j → i

3. Communicating class, irreducibility, absorbing states, closed classes are the same as in discrete settings

Theorem: 5.29:

The following are equivalent
1. i→ j
2. i→ j for jump chain (communicating class for Xt are the same as for jump chain Yn)
3. i = i0, i1, ..., in = j, qi0i1qi1i2 · · · qin−1in > 0
4. Pij(t) > 0 for all t > 0
5. Pij(t) > 0 for some t.

Proof. 2⇒ 3: based on discrete case, there exists a sequence i = i0 ̸= i1 ̸= · · · ̸= in = j s.t.
πi0i1 · · ·πin−1in > 0, and πij =

qij
qi

3⇒ 4: suppose qab > 0 for a ̸= b,

Pab(t) ≥ Pa(Xt = b, J1 < t, S2 > t) = πab(1− e−qat)e−qbt

=
qab
qa

(1− e−qat)e−qbt > 0

If 3 holds, then Pij(t) ≥ Pi0i1(t/n)Pi1i2(t/n) · · ·Pin−1j(t/n).

Hitting times and hitting probabilities:
Given A ⊂ I, define DA = inf {t ≥ 0 : Xt ∈ A}, HA = inf {n ≥ 0, Yn ∈ A}. Pi(D

A < ∞) = P (HA <
∞).

Theorem: 5.30:

Let hAi = Pi(D
A <∞). Then hA is the minimal non-negative solution to

{
hAi = 1, i ∈ A∑

j qijh
A
j = 0, i /∈ A

Assume qi > 0, ∀i /∈ A, then KA
i = Ei[D

A] are minimal non-negative solution to{
KA
i = 0, i ∈ A

KA
i = 1

qi
+ 1

qi

∑
j /∈A qijK

A
j , i /∈ A

Proof. For i /∈ A, hAi =
∑

j ̸=i πijh
A
j =

∑
j ̸=i

qij
qi
hAj

For i /∈ A, Ei[DA − J1|Y1 = j] = KA
j by Theorem 5.26.

KA
i = Ei[D

A − J1] + Ei[J1] =
1

qi
+
∑
j ̸=i

Ei[D
A − J1|Y1 = j]πij =

1

qi
+

∑
j ̸=i,i/∈A

qij
qi
KA
j

Recurrence & Transience:
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• i is recurrent if Pi({t : Xt = i} is unbounded) = 1

• i is transient if Pi({t : Xt = i} is unbounded) = 0

Remark 12. If Pi(ζ <∞) > 0, then it is not recurrent.

Theorem: 5.31:

1. If i is recurrent for jump chain, then i is recurrent
2. If i is transient for jump chain, then i is transient
3. Every state is either recurrent or transient
4. Recurrence/transience are class properties

Proof. 1. If i is recurrent for jump chain, then P1(ζ =∞) = 1, we return to i infinitely many times. Every
bounded intervals has finitely many times, {t : Xt = i} is bounded

2. similar to 1

Theorem: 5.32:

Let Ti = inf {t ≥ Ji, Xt = i}.
1. If qi = 0 or Pi(Ti <∞) = 1, then i is recurrent and

∫∞
0 Pii(t)dt =∞

2. If qi > 0 and Pi(Ti <∞) < 1, then i is transient and
∫∞
0 Pii(t)dt <∞.

Proof. If qi > 0, N1 = inf {n ≥ 1, Yn = i}, then Pi(Ti <∞) = Pi(N1 <∞).∫ ∞

0
Pii(t)dt =

∫ ∞

0
Ei
[
1{Xt=i}

]
= Ei

[∫ ∞

0
1{Xt=i}dt

]
= Ei

[ ∞∑
n=0

Sn+11{Yn=i}

]

=

∞∑
n=0

Ei[Sn+1|Yn = i]Pi[Yn = i]

=
∞∑
n=0

1

qi
π
(n)
ii =

1

qi

∞∑
n=0

π
(n)
ii

Definition: 5.12: Continuous-Time Invariant Measure

A measure λ is invariant if λQ = 0.

If I is finite, P (t) = etQ and λP (t) = λ.

If Q is irreducible, then qi > 0 for all i.

Theorem: 5.33:

If Q is irreducible and recurrent, then there exists a unique invariant measure λ up to scaler multi-
plication.

73



Proof. λ is invariant if and only if (µΠ)i = µi with µi = qiλi

(µΠ)i =
∑
j ̸=i

µjΠji =
∑
j ̸=i

λjqj
qji
qj

=
∑
j ̸=i

λjqji = λiqi

If Q is irreducible, then we say state i is positive recurrent if mi = Ei[Ti] <∞.

Theorem: 5.34:

Let Q be irreducible. The following are equivalent
1. All states are positive recurrent
2. There exists a positive recurrent state
3. Q is non-explosive and has invariant distribution λ

In all cases, mi =
1
λiqi

Proof. 1⇒ 2 is trivial.

First, or any state i, define µij = Ei

[∫ Ti∧ζ
0 1{Xs=j}ds

]
,
∑

j µ
i
j = Ei[Ti ∧ ζ].

Second, consider the jump chain Yn, define Ni = inf {n > 0, Yn = i}.

µij = E

[ ∞∑
n=0

Sn+11{Yn=j,n<Ni}

]

=
∞∑
n=0

Ei [Sn+1|Yn = j, n < Ni]Pi(Yn = j, n < Ni)

=
∞∑
n=0

1

qj
Pi(Yn = j, n < Ni)

=
1

q
Ei

[
Ni−1∑
n=0

1Yn=j

]
=
γij
qj

2 ⇒ 3: 2 means ζ = ∞. Jump chain is irreducible and recurrent. γij is invariant measure. Therefore, by
Theorem 5.33, µij is an invariant measure for Q. µi is a distribution.

3 ⇒ 1: Let λ be invariant distribution. Fix a state i and define νj =
λjqj
λiqi

. Then by Theorem 5.33, ν is
invariant for jump chain and νi = 1. By discrete theory, νj ≥ γij for all j.

mi =
∑
j

µij =
∑
j

γij
qj

≤
∑
j

νj
qj

=
∑
j

λjqj
qjλiqi

=
1

λiqi

∑
j

λj =
1

λiqi

This also shows all the states are positive recurrent.
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Theorem: 5.35:

Let Q be invariant and recurrent. Let λ be the invariant measure. Then
1. ∀s, λP (s) = λ, i.e. (P (s))ij = Pi(Xs = j)
2. If µ is a measure s.t. µP (s) = µ for some s, then µ is proportional to λ.

Proof. Since Q is irreducible and recurrent, by Theorem 5.34, Q is non-explosive.

∀s > 0, P (s) is a stochastic matrix with strictly positive entries. P (s) is irreducible.

Fix state i, µj = Ei

[∫ Ti
0 1{Xi=j}dt

]
, we know µQ = 0 by Definition 5.12. We want to show µP (s) = µ.

Theorem 5.26 implies Ei
[∫ s

0 1{Xt=j}dt
]
= Ei

[∫ Ti+s
Ti

1{Xt=j}dt
]
.

µj = Ei

[∫ Ti

0
1{Xt=j}dt

]
= Ei

[∫ Ti

s
1{Xt=j}dt

]
+ Ei

[∫ s

0
1{Xt=j}dt

]
= Ei

[∫ Ti

s
1{Xt=j}dt

]
+ Ei

[∫ Ti+s

Ti

1{Xt=j}dt

]
= Ei

[∫ Ti+s

s
1{Xt=j}dt

]
= Ei

[∫ Ti

0
1{Xt=j}dt

]
=

∫ ∞

0
Ei
[
1{Xt+s=j,t<Ti}

]
dt

=
∑
k

∫ ∞

0
Pi(Xs+t = j, t < Ti, Xt = k)dt

=
∑
k

∫ ∞

0
Pi(Xs+t = j|Xt = k, t < Ti)Pi(Xt = k, t < Ti)dt

=
∑
k

∫ ∞

0
Pkj(s)Ei

[
1{Xt=k,t<Ti}

]
dt

=
∑
k

Pkj(s)Ei

[∫ Ti

0
1{Xt=k}dt

]
=
∑
k

µkPkj(s)

Therefore, µP (s) = µ.
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6 Brownian Motions

Consider simple random walk on Z, Xj is i.i.d. with P (Xj = ±1) = 1
2 , Sn =

∑n
j=1Xj . We want to look at

Bn(t) =
1√
n
Snt.

By Theorem 3.8,

1. limn→∞Bn(t) = N (0, t) in distribution.

2. For r < s < t, Bn(t)− Bn(s)→ N (0, t− s), Bn(s)− Bn(r)→ N (0, s− r). (Bn(t)− Bn(s), Bn(s)−
Bn(r))→ (N (0, t− s),N (0, s− r)), where the normal distributions are independent.

Definition: 6.1: Brownian Motion

A stochastic process {B(t)}t≥0 is a collection of r.v.s, supported on a common probability space.
A stochastic process B(t) is a Brownian motion started from x ∈ R if

1. B(0) = x
2. B(t) has independent increments. B(t)−B(s) ∼ N (0, t− s)
3. Almost surely, t 7→ B(t) is a continuous function

A property P holds almost surely, if there exists event A with P (A) = 0 s.t. all ω ∈ Ω s.t. P does not hold
is in A.

Let B(t) be a standard Brownian motion, started from x = 0

1. −B(t) is a Brownian motion

2. ∀λ > 0, t 7→ 1
λ2
B(λt) is a Brownian motion

3. Markov property: Fix s ≥ 0. Then B(s)(t) = Bt+s −Bs is a Brownian motion.

4. Time inversion: X(t) =

{
0, t = 0

tB
(
1
t

)
, t > 0

is a Brownian motion

Proof. 4. The two processes (X(t1), ..., X(tp)) and (B(t1), ..., B(tp)) have the same finite-dimensional dis-
tributions.

If s < t,

E[B(t)B(s)] = E[(B(t)−B(s))B(s)] + E[(B(s))2] = s

Similarly,

E [X(t)X(s)] = tsE

[
B

(
1

s

)
B

(
1

t

)]
= ts

1

t
= s

Also, limt→0+ X(t) = 0 a.s.

Brownian motion exists

Proof. It suffices to construct it on [0, 1]. The idea is to sum up Gaussian r.v.s.

Let Dn =
{
k
2n , 0 ≤ k ≤ 2n, k ∈ Z

}
, D = ∪nDn.

A process B(t) indexed by t ∈ Dn is a Brownian motion on Dn if it has independent increments and
B(t)−B(s) ∼ N (0, t− s).

76



Let Y (t), t ∈ D be i.i.d. Y (t) ∼ N (0, 1). Then B0(t) on D0 can be defined by B0(0) = 0, B0(1) = Y (1).
By induction, we construct a Brownian motion on Dn denoted Bn(t) s.t. Bn(t) = Bn−1(t) for t ∈ Dn−1.

Let t ∈ Dn \Dn−1, r = t− 1
2n and s = t+ 1

2n . Set Zt = Yt

2
n+1
2

. Define B(t) = 1
2(B(r) +B(s)) + Zt. Then

B(t)−B(r) =
1

2
(B(s)−B(r)) + Zt

B(s)−B(t) =
1

2
(B(s)−B(r))− Zt

Then

V ar(B(t)−B(r)) =
1

4
V ar(B(s)−B(r)) +

1

2n+1
=

1

4
(s− r) + 1

2n+1
=

1

4

1

2n−1
+

1

2n+1
=

1

2n

This is the same for V ar(B(s) − B(t)). The covariance Cov(B(t) − B(r), B(s) − B(t)) = 1
4V ar(B(s) −

B(t))− V ar(Zt) = 0, so the increments are independent.

From the construction, B(t)|Dn is a Brownian motion.

Define B(n)(t) linear interpolation of B(t)|Bn , and Mn = supt∈[0,1]
∣∣B(n)(t)−B(n−1)(t)

∣∣. By Wierstrass
M-test, it sufficies to show

∑
nMn <∞ a.s.

Then B(n)(t) is Cauchy w.r.t. uniform continuity of functions.
∣∣B(m)(t)−B(n)(t)

∣∣ ≤∑m
j=n+1Mj .

Mn = sup
t∈Dn\Dn−1

|Zt| =
1

2
n+1
2

sup
t∈Dn\Dn−1

|Yt|

P

(
|Mn| >

λ

2
n+1
2

)
≤ 2nP (|Y1| > λ)

E
[(

2
n+1
2 Mn

)p]1/p
≤ (2n)1/pE [|Y1|p]1/p

E

[ ∞∑
n=1

Mn

]
=

∞∑
n=1

E[Mn] ≤
∞∑
n=1

E[Mp
n]

1/p ≤ Cp
∞∑
n=1

1

2
n+1
2

2
n
p <∞

Therefore, almost surely, B(n)(t)→W (t) uniformly, so W (t) is continuous.

We want to show W (t) has the same finite-dimensional distribution as Brownian motion. We show for
r < s < t, (W (t)−W (s),W (s)−W (r)) ∼ (B(t)−B(s), B(s)−B(r)).

Choose n large enough s.t. for rn, sn, tn ∈ Dn, rn → r, sn → s, tn → t as n→∞ and rn < sn < tn.

Since W is a.s. continuous, W (t) = limn→∞W (tn) a.s.

(W (tn),W (sn),W (rn)) = (B(tn)|Dn , B(sn)|Dn , B(rn)|Dn)

We have B(tn)−B(sn) ∼ N (0, tn − sn) and B(tn)−B(sn) independent of B(sn)−B(rn)

Theorem: 6.1: Blumenthal’s 0-1 Law

Let Ft = σ(Bu, u ≤ t), F0+ = ∩s>0Fs. If A ∈ F0+, then P (A) ∈ {0, 1}.
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Proof. Let A ∈ F0+, g : Rn → R be bounded continuous.

E[1Ag(Bt1 , ..., Btn)] = lim
ϵ→0

E[1Ag(Bt1 −Bϵ, ..., Btn −Bϵ)]

= lim
ϵ→0

E[1A]E[g(Bt1 −Bϵ, ..., Btn −Bϵ)]

= E[1A]E[g(Bt1 , ..., Btn)]

A is independent of σ(Bs : s > 0) = σ(Bs : s ≥ 0). Since Brownian motion is continuous, B0 = lims→0Bs ∈
σ(Bs : s > 0).

Proposition: 6.1:

Let B(t) be a Brownian motion started from 0.
1. Almost surely, ∀ϵ > 0, sup0≤t≤ϵB(t) > 0, inf0≤t≤ϵB(t) < 0
2. If Ta = inf {t ≥ 0, B(t) = a}, then Ta <∞ a.s.
3. lim supt→∞B(t) =∞, lim inft→∞B(t) = −∞

Proof. 1. Let A =
⋂∞
n=1

{
sup0≤t≤ 1

n
B(t) > 0

}
. We want to show that P (A) = 1.

A ∈ F0+ , by Theorem 6.1, we just need to check P (A) = 0

P (A) = lim
n→∞

P

(
sup

0≤t≤ 1
n

B(t) > 0

)
≥ lim sup

n→∞
P

(
B

(
1

n

)
> 0

)
=

1

2

2. We want to show that supt≥0B(t) ≥M for all M > 0 a.s.

From 1, P
(
sup0≤t≤1B(t) > 0

)
. Let ϵ > 0, ∃δ > 0 s.t. P

(
sup0≤t≤1B(t) > δ

)
≥ 1 − ϵ by continuity of

probability measures. Using Brownian scaling

1− ϵ ≤ P
(

sup
0≤t≤1

B(t) > δ

)
= P

(
sup
0≤t≤t

M

δ
B(t) ≥M

)
= P

(
sup

0≤≤(M/δ)2

M

δ
B

(
t

(
δ

M

)2
)
≥M

)

= P

(
sup

0≤≤(M/δ)2

M

δ
B̃(t) ≥M

)

≤ P
(
sup
t≥0

B̃(t) ≥M
)

2⇒ 3 by deterministic

• t 7→ B(t+ s)−B(s) is a Brownian motion, independent of Fs

• lim supt→0+
B(t)√
t
=∞ a.s. lim inft→0−

B(t)√
t
= −∞ a.s. Brownian motion is nowhere differentiable.

Let Ft = σ(Bs : 0 ≤ s ≤ t). T ∈ [0,∞] os a stopping time if ∀t ≥ 0, {T ≤ t} ∈ Ft. FT =
{A ∈ F∞ : A ∩ {T ≤ t} ∈ Ft, ∀t ≥ 0}.

78



Example: Ta = inf {t ≥ 0 : B(t) = a} is a stopping time.

{Ta ≤ t} =
∞⋂
n=1

{
inf
s∈[0,t]

|Bs − a| ≤
1

n

}
=

∞⋂
n=1

⋃
s∈[0,t]∩Q

{
|Bs − a| ≤

1

n

}
∈ Ft

Example: Ta = inf {t ≥ 0 : B(t) > a} is not a stopping time w.r.t. Ft, but it is a stopping time w.r.t.
Ft+ =

⋂
s>tFs.

Theorem: 6.2: Brownian Motion Strong Markov Property

Let T be a stopping time s.t. T <∞ a.s. Then B(T )(s) = 1{T<∞}(B(T + s)−B(T )) is a Brownian
motion independent of FT .

Proof. Fix A ∈ FT , t1 < · · · < tp, g : Rp → R is continuous and bounded.

E
[
1Ag(B

(T )(t1), ...B
(T )(tp))

]
= E[1A]E[g(B(t1), ..., B(tp))]

Consider p = 1, set Tn =
{
k
2n : T ∈

[
k−1
2n ,

k
2n

)
, g(B(T )(t)) = limn→∞ g(B(Tn)(t)), so

E
[
1Ag(B

T )(t)
]
= lim

n→∞
E
[
1Ag(B

Tn(t))
]

= lim
n→∞

∞∑
k=1

E

[
1A∩{ k−1

2n
≤T< k

2n }g
(
B

(
k

2n
+ t

)
−B

(
k

2n

))]

= lim
n→∞

∞∑
k=1

E[g(B(t))]P

(
A ∩

{
k − 1

2n
≤ T <

k

2n

})
= E[g(B(t))]P (A)

Because A ∩
{
k−1
2n ≤ T < k

2n

}
∈ Fk/2n

Corollary 7. {t ≥ 0 : B(t) = 0} has no isolated point.

Theorem: 6.3: Reflection Principle

Fix t > 0, St = sups≤tBs. Let a ≥ 0, b ∈ (−∞, a]. P (St ≥ a,Bt ≤ b) = P (Bt ≥ 2a− b).

Proof. Let Ta = inf {t ≥ 0 : B(t) = a}, {St ≥ a} = {Ta ≤ t}.

P (St ≥ a,Bt ≤ b) = P (Ta ≤ t, Bt ≤ b)
= P (Ta ≤ t, B(t)−B(Ta) ≤ b− a)
= P (Ta ≤ t, B̃(t− Ta) ≤ b− a)
= P (Ta ≤ t,−B̃(t− Ta) ≤ b− a)
= P (Ta ≤ t,−B(t) +B(Ta) ≤ b− a)
= P (Ta ≤ t, B(t) ≥ 2a− b) = P (B(t) ≥ 2a− b)

where B̃(s) = B(Ta)(s), B̃ is a Brownian motion independent of Ta because Ta ∈ FTa .
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After hitting a, reflecting the Brownian motion around a gives another Brownian motion with reflected
probability.

Let S = C(R,R) be the set of continuous functions, define the σ-algebra, S = σ(ω(t), t ≥ 0), where
ω : S → R are Borel measurable functions as coordinate maps.

Let (Ω,F , P ) be a measure space that supports Brownian motion, ω 7→ B(·, ω) is measurable.

Define the measure on (S,S) given by µ(A) = P (B ∈ A). This is Wiener measure.

Consider Theorem 6.3 again,

P (Ta ≤ t, BTa(t− Ta) ≤ b− a) = P ((T, B̃) ∈ H),

where T is an r.v. taking values in R+, B̃ ∈ S, P is the law of stopping time Tas×Wiener measure.
H = {(s, ω) ∈ R+ × C(R+,R), ω(t− s) ≤ b− a} ⊂ R+ × S.

Since B̃ = −B̃ in distribution, P ((T, B̃) ∈ H) = P ((T,−B̃) ∈ H).

Definition: 6.2: Continuous Martingale

Given a stochastic process (Mt)t≥0 and a filtration (Ft)t≥0. Mt is a continuous martingale if
1. t 7→Mt is continuous
2. Mt ∈ Ft
3. E[|Mt|] <∞
4. E[Mt|Fs] =Ms a.s.

Example: Bt, Ft = σ(Bu : 0 ≤ u ≤ t). E[Bt|Fs] = E[Bt −Bs|Fs] +Bs = Bs

Example: B2
t − t is a martingale.

Example: Zt = eλBt−λ2

2
t is a martingale by Laplace transform.

Theorem: 6.4: Continuous Martingale Optional Stopping

Let S < T be bounded stopping time, Mt be a continuous martingale. Then E[MT |FS ] =MS

Proof. Discretize the process. Fix N , define X(N)
n = M n

2N
, G(N)

n = F n

2N
. Then (X

(N)
n , G

(N)
n ) is a discrete

time martingale.

Let T (N) = k if T ∈
[
k−1
2N

, k
2N

)
, S(N) = k if S ∈

[
k−1
2N

, k
2N

)
.

By Theorem 4.22,E[X
(N)

T (N) |G
(N)

S(N) ] = X
(N)

S(N) .

Let A ∈ FS ⊂ FS(N)

2N

⊂ GN
S(N) . We then get E[1AX

((N))

T (N) ] = E[1AX
((N))

S(N) ].

Since T (N)

2N
→ T and S(N)

2N
→ S, X(N)

T (N) =MT (N)

2N

→MT , X(N)

S(N) →MS a.s.

If X is fixed, E[X|G] as G varies are uniformly integrable.

lim
N→∞

E[1AX
(N)

T (A) ] = E[ lim
N→∞

X
(N)

T (N)1A] = E[1AMT ]
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Example: Let a < 0 < b, T = Ta ∧ Tb. E[BT∧t] = 0. As t→∞,

E[BT∧t] = E[BT ] = aP (Ta < Tb) + bP (Tb < Ta) = 0

Therefore, P (Ta < Tb) =
b

b−a .

6.1 Brownian Motion as Markov Chains

By definition B(t)−B(s) ∼ N (0, t− s) independent of B(s).

P (B(t) ∈ A|Fs) =
∫
A
e
−−(x−B(s))2

2(t−s)
dx√

2π(t− s)
= p(t− s,B(s), A)

p : R+×R×B(R)→ R+ is transition kernel, mapping from time, state space, and σ-algebra of state space
to probability.

If transition kernel satisfy the property P (B(t) ∈ A|Fs) = p(t − s,B(s), A), with p measurable, then it is
a Markov chain, but we consider Brownian motion only here, and it is a Markov chain. The continuous
Markov chain is related to PDEs.

Example: The transition kernel pt(x, y) = 1√
2πt
e−

(x−y)2

2t is associated with heat equation:

∂tpt =
1

2
∂2xpt(x, y)

Example: Yt = |Bt| is a Markov process w.r.t. Ft = σ(Yu : 0 ≤ u ≤ t).

P (Yt ∈ A|Fs) = P (|(Bt −Bs) +Bs| ∈ A|Fs)

Condition on Bs

P (|(Bt −Bs) +Bs| ∈ A|Fs) = P
(∣∣√t− sZ + |Bs|

∣∣ ∈ A)
P (|(Bt −Bs) +Bs| ∈ A|Fs) = P (

∣∣∣Z̃∣∣∣ ∈ A),
for Z̃ ∈ N(Ys, t− s).

Theorem: 6.5: Levy

Let St = sup0≤s≤tBs, t 7→ St −Bt ∼ Yt = |Bt|.

Remark 13. This is a different version of Theorem 6.3.

Theorem: 6.6:

Let f : R→ R be a nice function. Then

X(t) = f(B(t))− 1

2

∫ t

0
(∂2xf)(B(u))du

is a martingale.
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Proof.

E[X(t)|Fs] = E[f(B(t))|Fs]−
1

2

∫ t

s
E[(∂2xf)(B(u))|Fs]du−

1

2

∫ s

0
(∂2xf)(B(u))du

= EB(s)[f(B̃(t− s))]− 1

2

∫ t−s

0
EB(s)[∂

2
xf(B(u))]du− 1

2

∫ s

0
(∂2xf)(B(u))du

We can compute the second term using heat kernel.

1

2
Ey[∂

2
xf(Bu)] =

1

2

∫
∂2xf(x)pu(x, y)dx =

1

2

∫
f(x)∂2xpu(x, y)dx

=

∫
f(x)∂upu(x, y)dx = ∂u

∫
f(x)pu(x, y)dx

= ∂uEy[f(B(u))]

Replace Ey with EB(s), we have

−1

2

∫ t−s

0
EB(s)[∂

2
xf(B(u))]du = −

∫ t−s

0
∂uEB(s)[f(B̃(u))]du

= −EB(s)[f(B̃(t− s))] + EB(s)[f(B̃(0))]

= −EB(s)[f(B̃(t− s))] + f(B(s))

Therefore,

E[X(t)|Fs] = −
1

2

∫ s

0
∂2xf(B(u))du+ f(B(s)) = X(s)

X(t) is a martingale.

Remark 14. This is related to Ito’s formula.

Definition: 6.3: Binary Splitting

A martingale Xn is called binary splitting if each Xn takes only finitely many values. Condiitonal
on X0 = x0, ..., Xn = xn, Xn+1 takes only two possible values.

Lemma 11. Given X with E[X2] <∞, there exists a binary splitting Xn that converges to X a.s. and in
L2

Proof. Let X0 = E[X], ζ0 =

{
1, X ≥ X0

−1, X < X0

, G1 = σ(ζ0).

Define X1 = E[X|G1] =

{
E[X1{X≥E[X]}]/P (X ≥ E[X]), ζ0 = 1

E[X1{X<E[X]}]/P (X < E[X]), ζ0 = −1

Then for n ≥ 1, recursively define Gn = σ(ζ0, ..., ζn−1), and Xn = E[X|Gn].

By Jensen’s inequality, E[X2
n] ≤ E[X2] < ∞, so Xn is an L2-bounded martingale. limn→∞Xn = X∞ a.s.

and in L2.

Now we show that X∞ = X by showing limn→∞ ζn(X −Xn+1) = |X −X∞|.

Consider pointwise, if limn→∞Xn(ω) = X∞(ω) = X(ω), then fine.
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If limn→∞Xn(ω) = X∞(ω) > X(ω), then for sufficiently large n, ζn = −1,

ζn(X −Xn+1) = Xn+1(ω)−X(ω)→ |X∞(ω)−X(ω)|

The case X∞(ω) < X(ω) is the same.

E[ζ(X −Xn+1)] = E[ζ(X − E[X|Gn+1])] = E[ζnX]− E[ζnE[X|Gn+1]]

= E[ζnX]− E[E[ζnX|Gn+1]] = 0

Let Yn = ζn(X − Xn+1). Then Yn → |X −X∞| a.s. and L2-bounded. Therefore, E[|X −X∞|] =
E[limn→∞ Yn] = limn→∞E[Yn] = 0.

Xn is a binary splitting, because conditional on {X1 = x1, ..., Xn = xn}, Xn+1 can take only two different
values, based on ζn.

Theorem: 6.7: Skorokhod Embedding

Let X be any random variable s.t. E[X] = 0, E[X2] < ∞. Let Bt be a Brownian motion. There
exists a stopping time T s.t. B(T ) ∼ X and E[T ] = E[X2].
Any mean zero finite variance r.v. X can be found in a Brownian motion.

Proof. We construct an increasing sequence Tk s.t. ∀n, (B(Tk))
n
k=1 ∼ (Xk)

n
k=1, where Xk is the binary

splitting converging to X.

Let X0 = E[X] = 0, X1 takes two values a < 0 < b, E[X1] = 0. Let T1 = inf {B(t) ∈ {a, b}}, so
B(T1) ∼ X1.

Assume Tk, k = 1, ..., n are constructed so that (B(Tk))
n
k=1 ∼ (Xk)

n
k=1.

Condition on B(T1) = x1, ..., B(Tn) = xn, Xn+1 takes two values a, b, and E[Xn+1|σ(X1, ..., Xn)] = Xn =
xn = B(Tn). Then Xn+1 −Xn is centered at 0. Then

Tn+1 = inf {t > Tn : Bt − xn ∈ {a− xn, b− xn}}

Conditional on B(T1) = x1, ..., B(Tn) = xn, we have B(Tn+1)−B(Tn) ∼ Xn+1 − xn, so B(Tn+1) ∼ Xn+1.

Since limn→∞ Tn = T , we have B(T ) = limn→∞B(Tn) and B(T ) ∼ X.

By Theorem 1.5 and 6.4 applied to Mt = B2
t − t, we have:

E[T ] = lim
n→∞

E[Tn] = lim
n→∞

E[B(Tn)
2] = lim

n→∞
E[X2

n] = E[X2],

since X converges in L2.

Donsker’s invariance scaling: let Yn be i.i.d. centered r.v.s s.t. E[Y 2
n ] = 1, Sn =

∑n
k=1 Yk. Define S(t) the

linear interpolation of Sn, S∗
n(t) =

S(nt)√
n

.

There exists a sequence of stopping times T1 < T2 < · · · < Tn s.t. B(Tn) ∼
∑n

k=1 Yk.

Proof. By Theorem 6.7, we can construct T1 s.t. B(T1) ∼ Y1, T2 s.t. B(T2)−B(T1) ∼ Y2.

By Theorem 5.6, (Tn − Tn−1) are i.i.d. with the same distribution as T1. limn→∞
Tn
n = E[T1] = 1.

Construct S∗
n(t) from Sn = B(Tn), limn→∞ P

(
sup0≤t≤1

∣∣∣B(nt)√
n
− S∗

n(t)
∣∣∣ > ϵ

)
= 0.
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Proof. Define W (t) = B(nt)√
n

. Let k = k(t) be the index s.t. k−1
n ≤ t <

k
n .

Let An =
{
sup0≤t≤1

∣∣∣B(nt)√
n
− S∗

n(t)
∣∣∣ > ϵ

}
An ⊂

{
∃t ∈ [0, 1] :

∣∣∣∣ Sk√n −Wn(t)

∣∣∣∣ > ϵ,

∣∣∣∣ Sk√n −Wn(t)

∣∣∣∣ > ϵ

}
⊂ {∃s, t ∈ [0, 2] : |s− t| < δ and |Wn(s)−Wn(t)| > ϵ} := Bn(s)⋃{
∃t :

∣∣∣∣Tkn − t
∣∣∣∣ > δ or

∣∣∣∣Tk−1

n
− t
∣∣∣∣ > δ

}
:= Cn(δ)

P (Bn(s)) = P (B1(s)) → 0 as s → 0. On the other hand, limn→∞ P (Cn(δ)) = 0. By Theorem 2.3,
Tn
n → 1.

Theorem: 6.8: Donsker’s Theorem

Consider the space C([0, 1]) with topology induced by ∥·∥∞, S∗
n → B in distribution. i.e. for all

continuous functionals F : C([0, 1])→ R, limn→∞E[F (S∗
n)] = E[F (B)].

Proof. By Lemma 1.1, it suffices to show for closed set K ⊂ C([0, 1]) that lim supn→∞(S∗
n ∈ K) ≤ P (B ∈

K).

For ϵ > 0, define Kϵ = {f ∈ C([0, 1]) : ∥f − g∥∞ ≤ ϵ for someg ∈ K}.

P (S∗
n ∈ K) ≤ P (Wn ∈ Kϵ) + P (∥Wn − S∗

n∥ > ϵ)

Therefore by the previous proofs.

lim sup
n→∞

P (S∗
n ∈ K) ≤ P (B ∈ Kϵ)

= lim
ϵ→0

P (B ∈ Kϵ) = P

( ∞⋂
n=1

B ∈ K1/n

)
= P

(
B ∈

∞⋂
n=1

K1/n

)
= P (B ∈ K)

6.2 Brownian Motion in Higher Dimensions and Harmonic Functions

Let U be a bounded open connected set in Rd. Given ϕ : ∂U → R continuous, u(x) solves Dirichlet problem
in U if ∆u(x) =

∑d
j=1

∂2

∂x2j
u(x) = 0 for x ∈ U and u(x)→ ϕ(z) if x→ z.

Definition: 6.4: Harmonic

u is harmonic in U if ∆u(x) = 0 for all x ∈ U .

Theorem: 6.9:

Let u : U → R be measurable and locally bounded. Then the following are equivalent:
1. u is harmonic
2. ∀Br(x) ⊂ U , u(x) = 1

|Br(x)|
∫
Br(x)

u(y)dy

3. ∀Br(x) ⊂ U , u(x) = 1
|∂Br(x)|

∫
∂Br(x)

u(y)dσ(y)
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Theorem: 6.10: Maximum Principle

1. If u is harmonic on U , then if it attains maximum in U , then u is constant.
2. If U extends to a continuous function on Ū , then maxx∈Ū u(x) = maxx∈∂U u(x)
3. If u, v are two harmonic functions extended continuously to Ū s.t. u = v on ∂U , then u = v

on U .

Definition: 6.5: Brownian Motion in Rd

Let W1(t), ...,Wd(t) be standard independent Brownian motions. Then Brownian motion in Rd
started at x ∈ Rd is W (t) = (W1(t), ...,Wd(t)) + x.

All properties from one-dimensional Brownian motion still hold.

Let τ = inf {t > 0 :W (t) ∈ ∂U} be a stopping time, ϕ : ∂U → R be continuous. Then u(x) = Ex[ϕ(W (τ))].

Proof. Let ¯Br(x) ⊂ U , τ̂ = inf {t > 0 :W (t) ∈ ∂Br(x)}.

u(x) = Ex[ϕ(W (τ))] = Ex[Ex[ϕ(W (τ))|Fτ̂ ]]
= Ex[EW (τ̂)[ϕ(W (τ))]] = Ex[u(W (τ̂))]

=
1

|∂Br(x)|

∫
∂Br(x)

u(y)dσ(y)

Now we want to show ∀z ∈ ∂U , x ∈ U , limx→z u(x) = ϕ(z).

Definition: 6.6: Exterior Cone Condition

u satisfies exterior cone condition if ∀z ∈ U , there exists a cone Cz(α) s.t. Cz(α) ∈ UC at least
locally.

1. For all α > 0, there exists 0 < a(α) < 1 s.t. ∀x with |x| ≤ 1
4 , we have Px(τ(∂B1(0)) < τ(C0(α))) ≤ a.

2. For all k ≥ 1, all x with |x| ≤ 4−k, we have Px(τ(∂B1(0)) < τ(C0(α))) ≤ ak.

Proof. If |x| ≤ 4−2, we have, τ(∂B1/4(0)) < τ(∂B1(0)) < τ(C0(α)). Then recursively, if |x| ≤ 4−k, we have

Px(τ(∂B1(0)) < τ(C0(α))) ≤
k∏
j=1

sup
x∈B

4−k (0)
P (τ(∂B4−k+j+1(0)) < τ(C0(α))) ≤ ak

Theorem: 6.11:

Let u obey exterior cone condition, ϕ : ∂U → R be continuous, then u(x) = Ex[ϕ(B(τ))] solves
Dirichlet problem.

Proof. Let z ∈ ∂U and ϵ > 0. Since ϕ is continuous, we have ∃δ > 0, |ϕ(z)− ϕ(x)| < ϵ for all |x− z| < δ,
x ∈ ∂U . Let Cz(α) be exterior cone at z.
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By previous two points, there exists n s.t. ∀ |x− z| < n, x ∈ U s.t. Px(τ(∂Bδ(z)) < τ(Cα(z))) < ϵ. For
such z,

|u(x)− ϕ(z)| ≤ Ex [|ϕ(W (τ))− ϕ(z)|]
= Ex

[
|ϕ(W (τ))− ϕ(z)| 1{τ(∂Bδ(z))<τ(Cz(α))}

]
+ Ex

[
|ϕ(W (z))− ϕ(z)| 1{τ(Cz(α))≤τ(∂Bδ(z))}

]
≤ 2 ∥ϕ∥∞ ϵ+ ϵ

LetA = {r < |x| < R}, u(x) =

{
log |x| , d = 2

|x|2−d , d ̸= 2
. Consider T = inf {Tr, TR}, where Tr = inf {t : |W (t)| = r},

TR = inf {t : |W (t)| = R}. ϕ(x) : ∂A→ R with ϕ(x) = u(x) on ∂A. Then ∀x ∈ A,

u(x) = Ex[ϕ(W (T ))] = u(r)Px(Tr < TR) + u(R)(1− Px(Tr < TR))

This gives

Px(Tr < TR) =
u(R)− u(x)
u(R)− u(r)

=

{
logR−log|x|
logR−log r , d = 2
R2−d−|x|2−d

R2−d−r2−d , d ̸= 2

Take R→∞, Px(Tr <∞) =

{
1, d ≤ 2
rd−2

|x|d−2 , d ≥ 3
.

If n = 2, Brownian motion is neighborhood recurrent.

i.e. for all open sets U , Px({t :W (t) ∈ U is unbounded}) = 1,
but for all y ̸= x, Px(∃t :W (t) = y) = 0, d ≥ 2.

In d ≥ 3, Brownian motion is transient, P0(limt→∞ |W (t)| =∞) = 1.

P0 (|B(t) ≤ n| for some t ≥ τ(∂Bn3(0))) ≤
nd−2

(n3)d−2
=

1

n2(d−2)
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MAT1128 Stochastic Differential Equations

7 Continuous Time Stochastic Processes

We start with Einstein’s construction of Brownian motion. Let Bt ∈ R3 be the position of a particle at
time t in R3. It should satisfy some evoluting probability density,

f(t, x)dx = P (Bt ∈ dx) = lim
h→0

P (Bt ∈ [x, x+ h])

h3
, i.e.

∫
A
f(t, x)dx = P (Bt ∈ A)

The transition probability: P (s, x, t, y)dy = P (Bt ∈ dy|Bs = x), equivalently, P (s, x, t, y) = P (Bt ∈
A|Bs ∈ x).

Assumption: Time and space homogeneity. P (s, x, t, y) = P (t − s, y − x). It does not matter where the
particle is in time and space. The probability density should not change.

f(t+ τ, x) =

∫
f(t, x− y)p(τ, y)dy

=

∫
(f(t− x)− y∇f(t, x) + 1

2
y2D2f(t, x) + · · · )p(τ, y)dy

= f(t, x)

∫
p(τ, y)dy −

∑
i

∂if(t, x)

∫
yip(τ, y)dy

+
1

2

∑
i,j

(∂i∂jf)(t, x)

∫
yiyjp(τ, y)dy + · · ·

Note that:

•
∫
p(τ, y)dy = 1 as probability density

•
∫
yip(τ, y)dy = 0 by antisymmetry (expectation)

•
∫
yiyjp(τ, y)dy = 0 if yi ̸= yj by antisymmetry

•
∫
y2i p(τ, y)dy is like sum of mean-zero i.i.d. r.v.s, V ar(X1 + · · ·+Xn) = CN ,

∫
y2i p(τ, y)dy ∼ Dτ , D

is the diffusion coefficient.

Then, it gives the heat equation with solution being Gaussian:

d

dt
f(t, x) =

D

2

d∑
i=1

∂2

∂x2i
f(t, x)

In 1D case, d = 1, D = 1, the solution is p(t, x) = 1√
2πt
e−

x2

2t

For a stochastic process Xt, t ∈ T = R+ = [0,∞), we need to know the probability distributions
Ft1...tn(Xt1 ≤ x1, ..., Xtn ≤ xn), assuming t1 ≤ t2 ≤ · · · ≤ tn ordered.

To handle the case Xi =∞, we need to have a consistent family of finite dimensional distributions.

Theorem: 7.1: Kolmogorov Extension Theorem

There exists a unique probability measure µ on R[0,∞), B[0,∞) s.t. µ ({Xt : Xt1 ≤ x1, ..., Xtn ≤ xn}) =
Ft1...tn(x1, ..., xn). B[0,∞) is the product σ-algebra (smallest σ-algebra containing the cylinder sets
{Xt : Xt1 ≤ x1, ..., Xtn ≤ xn})
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A Markov process is where we can decompose P (Xt1 ∈ dy1, ..., Xtn ∈ dyn) into each individual time
intervals.

P (Xt1 ∈ dy1, ..., Xtn ∈ dyn)
= P (t1, y1)dy1P (t2 − t1, y2 − y1)dy2 · · ·P (tn − tn−1, yn − yn−1)dyn∫ xn

−∞
· · ·
∫ x1

−∞
P (Xt1 ∈ dy1, ..., Xtn ∈ dyn)

=

∫ xn

−∞
dyn · · ·

∫ x1

−∞
dy1

1√
2πt1

e
− y21

2t1
1√

2π(t2 − t1)
e
− (y2−y1)

2

2(t2−t1) · · · 1√
2π(tn − tn−1)

e
− (yn−yn−1)

2

2(tn−tn−1)

A Gaussian process Xt = (Xt1 , ..., Xtn) is a n-dimensional Gaussian for all t1, ..., tn. a1Xt1 + · · ·+ anXtn

is Gaussian for all a ∈ Rn. E[Xt] = mt, Cov(Xt, Xs) = ct,s.

For a Brownian motion Bt, mt = E[Bt] = 0. E[BtBs] = E[B2
s ] + E[(Bt − Bs)(Bs − B0)] = s by

independent increments, if s < t.

Let Bt be a Brownian motion, u > 0. The following are also Brownian motions

1. B̃t = Bu+t −Bu

2. Let α > 0, B̃t = αBα−2t

3. B̃t = tB 1
t

Proof. Firstly, all E[B̃t] = 0, so we only need to consider the covariance. Assume s < t.

1. E[B̃tB̃s] = E[(Bu+t −Bu)(Bu+s −Bu)] = s+ u− u− u+ u = 0

2. E[αBα−2tαBα−2s] = α2α−2s = s

3. E
[
tB 1

t
sB 1

s

]
= ts1t = s.

Theorem: 7.2:

Brownian motion is continuous

Proof. Let t ∈ [0, 1), define Bn(t) =

{
B
(
i
2n

)
, t = i

2n , i = 0, ..., 2n

linear in between

We want
∑∞

n=1 P
(∑∞

m=n sup0≤t≤1 |Bm+1(t)−Bm(t)| > ϵ
)
<∞, because Lemma 2.5 says if the probability

of An is summable, then An cannot happen infinitely often.

Consider the Haar functions: Hn,j(x) = 2
n
2

(
1[ 2j

2n+1 ,
2j+1

2n+1 )
− 1[ 2j+1

2n+1 ,
2j+2

2n+1 )

)
.

The Haar functions are orthonormal basis of L2[0, 1),
∫ 1
0 HnjHnj = 1,

∫ 1
0 HnjHñj̃ = 0.

Let Sn,j(x) =
∫ x
0 Hn,j(y)dy, Bn+1(t)−Bn(t) =

∑2n−1
j=0 ξn,jSn,j(t), where

ξn,j = 2
n
2
+1

B(2j + 1

2n+1

)
−
B
(
j+1
2n+1

)
+B

(
j

2n+1

)
2

 = −
∫ 1

0
Ḣn,jB(t)dt =

∫ 1

0
Hn,j(t)Ḃ(t)dt
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Since E[B(t)B(t̃)] = t ∧ t̃, d
dt̃

d
dt t ∧ t̃ =

d
dt̃
1t≤t̃ = δ0(t− t̃), then

E[ξnjξñj̃ ] =

∫ 1

0

∫ 1

0
Ḣn,j(t)Ḣñ,j̃(t̃)E[B(t)B(t̃)]dtdt̃

=

∫ 1

0

∫ 1

0
Hn,j(t)Hñ,j̃(t̃)δ0(t− t̃)dtdt̃

=

∫ 1

0
Hn,j(t)Hñ,j̃(t)dt =

{
1, n, j = ñ, j̃

0

So ξn,j are i.i.d. N (0, 1). This is invariant under change of basis.

Suppose em are ONBs of L2[0, 1), fn are another, ⟨en, ξ⟩ i.i.d. N (0, 1).

fn =
∑
n

anmem

⟨fn, fñ⟩ =
∑
m,m̃

anmañm̃ ⟨em, em̃⟩ =
∑
m

anmañm = (AAT )nñ = Inñ

E[⟨fn, ξ⟩ ⟨fñ, ξ⟩] = ⟨fn, fñ⟩ = I,

so ⟨fn, ξ⟩ are i.i.d. N (0, 1).

Back to the major claim on probability

∥Bm+1(t)−Bm(t)∥∞ = 2−
m
2
−1max

j
|ξm,j |

P

(
−2−

m
2
−1max

j
|ξm,j | > 2−

m
4

)
≤ 2mP

(
|ξm,j | > 2

m
4 2
)
≤ 2me−2

m
4 +1

,

by Theorem 2.1, and the approximation of gaussian tail distribution.∑∞
m=n 2

−m/4 < ϵ for n large enough.

∞∑
n=1

P

( ∞∑
m=n

∥Bm+1 −Bm∥∞ > ϵ

)
≤

∞∑
n=1

∞∑
m=n

P (∥Bm+1 −Bm∥∞ > 2−m/4) ≤
∞∑
n=1

∞∑
m=n

2me−2m/4+1 <∞

Theorem: 7.3: Kolmogorov Continuity Theorem

Let X(t) be a stochastic process on [0, 1], if E
[
|X(t)−X(s)|β

]
≤ C |t− s|1+α for some α, β > 0,

then X(t) is α
β -Holder with probability 1, by changing X(s) on a set of probability zero.

Proof.

E
[
|B(t)−B(s)|β

]
= E

[
|t− s|β/2 Zβ

]
= |t− s|

β
2 E[Zβ], Z ∼ N (0, 1)

So α = β
2 − 1, B is

β
2
−1

β -Holder. As β increases, we get up to < 1
2 -Holder.

To see it is not 1
2 -Holder, check Z1 =

B( 1
2)−B(0)

( 1
2)

1/2 , Z2 =
B( 3

4)−B(
1
2)

( 1
4)

1/2 ,... Zi ∼ N (0, 1) i.i.d. ∥B∥1/2 ≥

maxi |Zi| =∞.

P

(
max
i
Zi > λ

)
= 1− P

(
max
i
Zi ≤ λ

)
= 1− P (Z1 ≤ λ)n = 1− (1− P (Z1 > λ))n
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If λ ∼
√
2 log n, P (Z1 ≥ λ) ∼ 1

n .

Definition: 7.1: Bounded Variation

The total variation of f is

∥f∥TV,[0,t] = sup
0≤t0<t1<···<tn≤t

∑
|f(ti+1)− f(ti)|

f is bounded variation if ∥f∥TV,[0,t] <∞.

Theorem: 7.4:

1. f is bounded variation if and only if it is the difference of bounded monotone functions
2. Measures are equivalent to functions of bounded variation, µ([0, t]) = f(t)
3. If f is bounded variation, then f is differentiable a.e.

Definition: 7.2: Quadratic Variation

A stochastic process Xt has quadratic variation ⟨Xt, Xt⟩ if
∑

i

∣∣Xti+1 −Xti

∣∣2 → ⟨Xt, Xt⟩ in proba-
bility as the meshsize maxi |ti+1 − ti| → 0.

Brownian motion is of bounded quadratic variation

Proof. Let yi = |B(ti+1)−B(ti)|2 − (ti+1 − ti), we want to show that
∑

i yi <∞. Consider the variance

Since Brownian motions are i.i.d. E[yiyj ] = E[yi]E[yj ] = 0 if i ̸= j.

E

(∑
i

yi

)2
 =

∑
i,j

E[yiyj ] =
∑
i

E[y2i ]

=
∑
i

E

[(∣∣∣√ti+1 − tiZ
∣∣∣2 − (ti+1 − ti)

)2
]

=
∑
i

(ti+1 − ti)2E[(Z2 − 1)2]

≤ Cmax
i
|ti+1 − ti|

∑
i

(ti+1 − ti)

= Cmax
i
|ti+1 − ti| t→ 0 as max

i
|ti+1 − ti| → 0

By Theorem 2.1,

P

(∣∣∣∣∣∑
i

|B(ti+1)−B(ti)|2 − t

∣∣∣∣∣ > ϵ

)
≤ Cmaxi |ti+1 − ti| t

ϵ2

So
∑

i |B(ti+1)−B(ti)|2 → t in probability as maxi |ti+1 − ti| → 0.

But Brownian motion is not of bounded variation nor α-Holder for α ≥ 1
2 .

Proof. Bounded variation:∑
|B(ti+1)−B(ti)|2 ≤ max |B(ti+1)−B(ti)|

∑
i

|B(ti+1)−B(ti)|
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LHS→ t, but max |B(ti+1)−B(ti)| → 0, and it has to be
∑

i |B(ti+1)−B(ti)| → ∞.

Similar for α-Holder for α > 1
2 :∑

|B(ti+1)−B(ti)|2 ≤
(
max

|B(ti+1)−B(ti)|
|ti+1 − ti|α

)2∑
i

|ti+1 − ti|2α

Still LHS→ t, but
∑

i |ti+1 − ti|2α → 0.

Theorem: 7.5:

Bt is nowhere differentiable

Proof. Can show that Ḃt =
∑

k Zke
2πikt (1933 Paley, Wiener, Zygmund)

Dvoredsky, Erdos, Kac: If B is differentiable at s ∈ [0, 1], then ∃ϵ > 0 and l s.t. |B(s)−B(t)| ≤ l |t− s|
for 0 < t− s < ϵ.

Choose n large enough that i−1
n < s ≤ i

n < i+1
n < i+2

n < i+3
n ≤ s + ϵ, and

∣∣∣B ( jn)−B ( j−1
n

)∣∣∣ ≤ 7l
n for

j = i+ 1, i+ 2, i+ 3. Then⋃
l

⋂
m

⋃
n≥m

⋃
0≤i≤n+1

⋂
i+1≤j≤i+3

{∣∣∣∣B( jn
)
−B

(
j − 1

n

)∣∣∣∣ ≤ 7l

n

}

it must have some point that’s differentiable. (the union/intersection just means that there exists some
l s.t. for all m, there is sufficiently large m and 0 ≤ i ≤ n + 1 s.t. for all i ≤ j ≤ i + 1 the event{∣∣∣B ( jn)−B ( j−1

n

)∣∣∣ ≤ 7l
n

}
happens)

Note that
⋂
m

⋃
n≥m is equivalent to lim infn→∞, we want to show that for every l the probability → 0.

P

⋂
m

⋃
n≥m

⋃
0≤i≤n+1

⋂
i+1≤j≤i+3

{∣∣∣∣B( jn
)
−B

(
j − 1

n

)∣∣∣∣ ≤ 7l

n

}
≤ lim inf

n→∞
P

 ⋃
0≤i≤n+1

⋂
i+1≤j≤i+3

{∣∣∣∣B( jn
)
−B

(
j − 1

n

)∣∣∣∣ ≤ 7l

n

}
≤ lim inf

n→∞

n+1∑
i=0

P

 ⋂
i+1≤j≤i+3

{∣∣∣∣B( jn
)
−B

(
j − 1

n

)∣∣∣∣ ≤ 7l

n

}
≤ lim inf

n→∞
(n+ 2)P

 ⋂
1≤j≤3

{∣∣∣∣B( jn
)
−B

(
j − 1

n

)∣∣∣∣ ≤ 7l

n

}
= lim inf

n→∞
(n+ 2)P

[{∣∣∣∣B( 1

n

)∣∣∣∣ ≤ 7l

n

}]3
= lim inf

n→∞
(n+ 2)P

[
1√
n
|Z| ≤ 7l

n

]3
= lim inf

n→∞
(n+ 2)P

[
|Z| ≤ 7l√

n

]3
≤ C n

n3/2
→ 0

For Brownian motion, its filtrations can be defined by Ft = σ(Bs, s ≤ t).
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Bt is martingale w.r.t. Ft.

E[Bt|Fs] = E[Bt −Bs|Fs] + E[Bs|Fs] = 0 +Bs = Bs

B2
t is submartingale w.r.t. Ft

E[B2
t |Fs] = E[(Bt −Bs +Bs)

2|Fs]
= E[(Bt −Bs)2|Fs] + 2E[(Bt −Bs)Bs|Fs] + E[B2

s |Fs]
= t− s+ 2BsE[Bt −Bs|Fs] +B2

s

= B2
s + (t− s) ≥ B2

s

This also shows that B2
t − t is a martingale.

eλBt−λ2

2
t is a martingale for λ ∈ R if and only if B is a Brownian motion.

Proof. We want to show E

[
eλBt−λ2

2
t|Fs

]
= eλBs−λ2

2
s

That is equivalent to E
[
eλ(Bt−Bs)−λ2

2
(t−s)|Fs

]
= 1 or E[eλ(Bt−Bs)|Fs] = e

λ2

2
(t−s)

This is true because Bt −Bs is independent of Fs and it’s the moment generating function.

This is a generating function, and gives:

d

dt

∣∣∣∣
λ=0

eλBt−λ2

2
t = Bt

d2

dt2

∣∣∣∣
λ=0

eλBt−λ2

2
t = B2

t − t

Theorem: 7.6: Continuous Time Doob’s Inequality

Let Xt be a nonnegative submartingale w.r.t. Ft, t ≥ 0 with right continuous sample paths. Then

P

(
sup

0≤t≤T
Xt ≥ λ

)
≤ XT

λ

Proof. Let 0 ≤ t0 < t1 < · · · < tn = T , X̃n = Xtn , F̃n = Ftn .

On the finite grid, Theorem 4.14 give P (maxkXtk ≥ λ) ≤
E[XT ]
λ . Take limit on partition mesh size and

get the continuous version.

A stopping time τ is a r.v. taking values in time R+ s.t. {ω : τ(ω) ≤ t} ∈ Ft, ∀t ≥ 0.
Fτ = {A : A ∩ {t ≥ τ} ∈ Ft,∀t ≥ 0} is the stopped σ-field

Theorem: 7.7: Optional Stopping

Let τ > σ be bounded stopping times and Mt a right continuous martingale, then E[Mτ |Fσ] = Mσ

a.s.
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Proof. Firstly, consider the discrete case, we want
∫
AMτdP =

∫
AMσdP for all A ∈ Fσ.

By definition, A ∩ {σ = l} ∩ {τ = k} ∈ Fl, so equivalently:∫
A∩{σ=l}∩{τ=k}

MkdP =

∫
A∩{σ=k}∩{τ=k}

MldP

For LHS, it is E[Mk|Fσ], RHS is Ml. They are bounded so it is valid.

Continuous case: let σn = 2−n (⌊2nσ⌋+ 1), τn = 2−n (⌊2nτ⌋+ 1). They are still stopping times, and σ ↓ σ,
τn ↓ τ .

We have from discrete case
∫
AMτndP =

∫
AMσndP for all A ∈ Fσ, and we want to show that

∫
AMτdP =∫

AMσdP for all A ∈ Fσ. This requires taking limits in the integrals. We need to show that Mτn are
uniformly integrable (Definition 4.5).

Let Xn =Mτn , F̃n = Fτn , Xn is a backwards martingale, E[Xn−1|F̃n] = E[Mτn−1 |Fτn ] =Mτn . Then apply
Lemma 4.1.

Example: Let Bt, t ≥ 0 be a Brownian motion with filtration Ft, τ =
∫
{t ≥ 0, |Bt| ≥ a}. We want to

compute E[τ ].

τ ∧ n is a bounded stopping time, B2
t − t is a martingale. Apply Theorem 7.7 to τ ∧ n and σ = 0, we get

E[B2
τ∧n − τ ∧ n] = 0, E[B2

τ∧n] = E[τ ∧ n]→ E[τ ] by Theorem 1.5. Take n→∞, E[B2
τ∧n]→ E[B2

τ ] = a2,
so E[τ ] = a2.

If τ = inf {t ≥ 0, Bt ≥ a}, the previous method cannot work, because it is a one-sided bound. Instead, we

consider the generating function: E[eλBτ∧n−λ2

2
τ∧n] = 1. This is fine because 0 < eλBτ∧n−λ2

2
τ∧n ≤ eλa is

always bounded.

Take n→∞, E
[
eλa−

λ2

2
τ

]
= 1. Let λ ↓ 0, P (τ <∞) = 1, we get E[e−γτ ] = e−

√
γa for γ = λ2

2 .

Denote τa = inf {t ≥ 0, B(t) ≥ a}, τn = τ11 + · · · + τn1 , where τ i1 are independent copies of τ1. Also,
B(t) = aB

(
t
a2

)
in distribution. τa = a2τ1 in distribution.

This gives lima↓0 P (τa > ϵ) = lima↓0 P (τ1 ≥ ϵa−2) = 0.

E[τ ] = − d

dγ

∣∣∣∣
γ=0

e−
√
2γa =

√
2

2
γ−1/2a|γ=0 =∞

Note that τ11+τ
2
1+···+τn1
n2 in distribution is stable with parameter 1

2 .

Example: Given a Brownian motion starting at x ∈ (a, b), what is P (τa < τb)?
Bt − x is a martingale, E[Bτa∧τb∧n] = x. By Theorem 1.6,

E[Bτa∧τb ] = aP (τa < τb) + bP (τa > τb) = aP (τa < τb) + b(1− P (τa < τb))

Therefore, P (τa < τb) =
x−b
a−b .

Example: Let τ = {t ≥ 0, Bt ≥ a+ bt}, what is P (τ <∞)?

Use B
[
eλBτ∧n−λ2

2
τ∧n
]
= 1. If λb ≤ 1

2λ
2, Bτ∧n ≤ a+ bτ ∧ n.

Let n→∞, E
[
eλa+(λb−

1
2
λ2)τ1τ<∞

]
= 1.

Take λ ↓ 2b, E[2ba1τ<∞] = 1, P (τ <∞) = e−2ba
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Definition: 7.3: (Strong) Markov Property

Let s < t, P (Bt ∈ A|Fs) = P (Bt ∈ A|Bs) a.s.. Given all previous information up to time s, the
current position at time t only depends on Bs.
Strong Markov Property: If τ is a bounded stopping time, then P (Bt+τ ∈ A|Fτ ) = P (Bt+τ ∈ A|Bτ )
a.s.

P (Bt ∈ A|Bs = x) = P (s, x, t, A) = Px(t − s,A) = Px(Bt−s ∈ A) are the same notation: starting at x at
time s, the probability of final position in A at time t.

Px(t, A) =
∫
A

1√
2πt
e−

(x−y)2

2t dy.

Feller function f 7→
∫
px(t, dy)f(y) maps continuous bounded functions to continuous functions. Feller +

Markov ⇒ Strong Markov.

B̃t = Bt+τ −Bτ is a Brownian motion.

Proof. We want E
[
eλ(Bt+τ−Bτ )−λ2

2
t|Fτ+s

]
= eλ(Bτ+s−Bt)−λ2

2
s.

By Theorem 7.7, E
[
eλBt+τ−λ2

2
(t+τ)|Fτ+s

]
= eλBτ+s−λ2

2
(τ+s). Then multiply both sides by e−λBτ+

λ2

2
τ . This

is valid since it is Fτ+s measurable.

Consider the hitting time example. Define τa = inf {t ≥ 0, B(t) ≥ a}, find P (τa < t).

By Reflection principle, P (τa ≤ t) = P
(
sup0≤s≤tBs ≥ a

)
= 2P (Bt ≥ a). This can be proved:

P (τa ≤ t) = P

(
sup
0≤s≤t

Bs ≥ a
)

= P (Bt ≥ a) + P

(
sup
0≤s<t

Bs ≥ a,Bt < a

)
= P (Bt ≥ a) + P (τa ≤ t, Bτa+(t−τa) −Bτa < 0) (increment is negative)

= P (Bt ≥ a) +
1

2
P (τa ≤ t)

Then P (τa ≤ t) = 2
∫∞
a

1√
2πt
e−y

2/(2t)dy.

Brownian motion in Rd:

1. B(t) = (B1(t), ..., Bd(t)), where Bi(t) are independent one-dimensional Brownian motions

2. B(t) is Markov with Px(t, A) = P (Bt ∈ A|Bs = x) =
∫
A

1
(2π(t−s))d/2 e

− |y−x|2
2(t−s) dy

3. B(t) has stationary independent increements: Gaussian mean 0, E[|Bi(t)|2] = t− s, E[|B(t)|2] = dt.

4. eλB(t)− |λ|2
2
t is a martingale for λ ∈ Rd.

Lemma 12. u is harmonic in open set G if and only if it satisfies the mean value property: ∀r > 0 s.t.
Br(x) ⊂ G, 1

|∂B(t,x)|
∫
∂B(r,x) u(y)ds = u(x).

If u is harmonic, ∆u =
∑d

i=1
∂2

∂x2i
u = 0, u(Bt) is a martingale.

Theorem: 7.8:

Let G be a bounded open set on Rd, f bounded measurable function on ∂G, then u(x) = Ex[f(BτG)]
is harmonic in G, where τG = inf {t ≥ 0, B(t) /∈ G}, Ex means the expectation starting at x
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Proof. Let H be a smaller ball contained in G.

u(x) = Ex [Ex [f(BτG)|FH ]] = Ex[u(BτH )

=

∫
u(y)Π∂B(x, dy)

=
1

|∂B(r, x)|

∫
∂B(r,x)

u(y)ds

Optional stopping gives the solution to Dirichlet problem

{
∆u = 0x ∈ G,
u = f, x ∈ ∂G

. f is continuous at a ∈ ∂G,

then u(x)→ f(a) as x→ a from inside G
We need to check that if lim

x→a∈∂G,x∈G
Px (|BτG − x| < δ) = 1,

then lim
x→a∈∂G,x∈G

Px (|f(Bτ )− f(a)| < ϵ) = 1

Lemma 13. If lim
x→a∈∂G,x∈G

Px (τG > ϵ) = 0, then lim
x→a∈∂G,x∈G

Px (|BτG − x| < δ) = 1

Proof.

Px (|BτG − x| < δ) ≥ Px
(

sup
0≤t≤ϵ

|Bt − x| < δ, τG < ϵ

)
, for any ϵ

≥ Px
(

sup
0≤t≤ϵ

|Bt − x| < δ

)
− Px(τG ≥ ϵ).

Take x→ a, Px(τG ≥ ϵ)→ 0, and as ϵ→ 0, Px
(
sup0≤t≤ϵ |Bt − x| < δ

)
→ 1.

Let σG = inf {t > 0 : Bt /∈ G}, τG = inf {t ≥ 0 : Bt /∈ G}, σG ≥ τG. A boundary point a is regular if
Pa(σG = 0) = 1.

Lemma 14. A boundary point a is regular if and only if limx→a∈∂G,x∈GEx[f(BτG)] = f(a) for all bounded
measurable f continuous at a.

Proof. (⇒) It is enough to show that Px(Ga < ϵ) is l.s.c., because then lim
x→a∈∂G,x∈G

Px(σG < ϵ) ≥ Pa(Ga <

ϵ) = 1, and it gives lim
x→a∈∂G,x∈G

Px(τG < ϵ) = 1, and we can use the previous lemma.

We show the lower semi-continuity. For an x, the probability that there is a time s ∈ (δ, ϵ) with Bs /∈ G is∫
Rd

dy
1

(2πδ)d/2
exp

(
−|y − x|

2

2δ

)
Py(∃s ∈ (0, ϵ− δ), Bs /∈ G)

This increases to Px(σG < ϵ) and is continuous.

If ∂G is a d− 1-dimensional smooth manifold at a, then a is regular, Pa(σG = 0) = 1.

Proof. Let τcδ2 = inf
{
t ≥ 0 : B2(t) ≥ cδ2

}
, σ±σ = inf {t ≥ 0 : |B1(t)| ≥ δ},

we want to show limδ→0 P (τcδ2 ≤ σ±σ) = 1 i.e. it hits the boundary cδ2 in small time.

τcδ2 = c2δ4τ1, σ± = δ2σ±1 by Brownian scaling, distance is just time squared, so P (τcδ2 ≤ σ±δ) = P (τ1 ≤
c−2δ−2σ±1). Taking the limit δ → 0, it becomes 1− P (σ±1 = 0) = 1.
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Let G =
{
x ∈ Rd, δ < |x| < R

}
, f =

{
1, |x| = δ,

0, |x| = R

u(x) = Ex[f(τG)] = Px(τδ < τR) =

{
logR−log |x|
logR−log δ , d = 2
|x|2−d−R2−d

δ2−d−R2−d , d = 3, 4, ...

Theorem: 7.9:

Let d = 2, Brownian motion visits a neighborhood of every point infinitely many times, but does not
hit a point.

Proof. The probability fo hitting a point is Px(τ0 < τR) = limδ→0
logR−log |x|
logR−log δ = 0.

The probability of getting close to a point is Px(τδ < ∞) = limR→∞ Px(τσ < τR) = limR→∞
logR−log |x|
logR−log δ =

1
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8 Stochastic Integrals and Differential Equations

Let f be some deterministic function,∫ t

0
f(s)dB(s) = f(t)B(t)−

∫ t

0
f ′(s)B(s)ds

Let f =
∑
ci1[ai,bi), where [ai, bi) are non-overlapping intervals.

E

[∫ t

0
fdB

∫ t

0
fdB

]
=
∑

cicjE [(B(bi)−B(ai))(B(bj)−B(aj))] =
∑

c2i (bi − ai) =
∫ t

0
f2ds

If fn ∈ L2[0, 1], fn → f in L2 (fn is Cauchy in L2), then as n,m→∞

E

[(∫ t

0
fndB −

∫ t

0
fmdB

)2
]
=

∫ t

0
(fn − fm)2ds→ 0

So
∫ t
0 fndB are Cauchy in L2[0, 1], so

∫
fdB is defined for deterministic f ∈ L2 (by Wiener)

What if f = f(s, w) not deterministic? w is from some Brownian motion.

Simplest example:
∫ t
0 B(s)dB(s).

Idea 1 (Stratonovich):∫ t

0
B(s)dB(s) = B2(t)−

∫ t

0
B′(s)B(s)dS = B2(t)−

∫ t

0
B(s)dB(s)

⇒
∫ t

0
B(s)dB(s) =

1

2
B2(t)

Idea 2 (Riemann integration, Ito integral):∫ t

0
B(s)dB(s) = lim

n→∞

2n−1∑
j=0

B(tj)

(
B

(
(j + 1)t

2n

)
−B

(
jt

2n

))
, tj ∈

[
jt

2n
,
(j + 1)t

2n

)

Rt = lim
n→∞

2n−1∑
j=0

B

(
(j + 1)t

2n

)(
B

(
(j + 1)t

2n

)
−B

(
jt

2n

))

Lt = lim
n→∞

2n−1∑
j=0

B

(
jt

2n

)(
B

(
(j + 1)t

2n

)
−B

(
jt

2n

))

Rt − Lt = t (total variation), Rt + Lt = B2(t). This gives

{
Rt =

1
2B

2(t) + t
2

Lt =
1
2B

2(t)− t
2

They do not match, so we

choose Lt to satisfy martingale property.

8.1 Lebesgue Integration and Progressively Measurable Functions

Let (Ω,F , P ) be a probability space, Bt a Brownian motion with filtration Ft = σ(B(s), s ≤ t). We want
to compute

∫ t
0 σdB, where σ(s, ω) is simple, non-anticipating, i.e. σ(s, ω) = σj(ω) on sj ≤ s < sj+1, where

0 ≤ s0 < s1 < s2 < · · · is a partition of [0,∞), and σj ∈ Fsj . Define:∫ t

0
σdB =

J(t)∑
j=0

σj (B(sj+1)−B(sj)) + σJ(t)
(
B(t)−B(sJ(t))

)
=

∫ ∞

0
σ1(s ≤ t)dB,

where sJ(t) ≤ t ≤ sJ(t+1).
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1. It is linear:∫ t

0
(c1σ1 + c2σ2)dB = c1

∫ t

0
σ1dB + c2

∫ t

0
σ2dB

2. It is a continuous martingale

Proof. If u < sj , preconditioning on a larger σ-field, gives

E [σj (B(sj+1)−B(sj)) |Fu] = E [E [σj (B(sj+1)−B(sj)) |Fj ] |Fu] = 0,

because σj goes out and Brownian increments is mean zero for u < sj

If u ≥ sj , σj is Fu measurable,

E [σj (B(sj+1)−B(sj)) |Fu] = σjE [(B(sj+1)−B(sj)) |Fu] =

{
σj (B(sj+1)−B(sj)) , u ≥ sj+1

σj (B(u)−B(sj)) , sj ≤ u < sj+1

3. Ito isometry:

E

[(∫ t

0
σdB

)2
]
= E

[∫ t

0
σ2ds

]

Proof. Note that
∫ t
0 σdB =

∫∞
0 σ1(s ≤ t)dB, so we consider to ∞

E

[(∫ ∞

0
σdB

)2
]
= E

∑
j

σj(B(sj+1)−B(sj))

2
= 2

∑
j<j̃

E
[
σjσj̃(B(sj+1)−B(sj))(B(sj̃+1)−B(sj̃))

]
+
∑
j

E
[
σ2j (B(sj+1)−B(sj))

2
]

By conditional independence (preconditioning on Fsj̃ ) and measurability, the first term is zero.

Again precondition on Fsj , we get sumjE
[
σ2j (B(sj+1)−B(sj))

2
]
=
∑

j E
[
σ2j (sj+1 − sj)

]
.

Since by definition, σj is constant on the interval, this is equivalent to E
[∫ t

0 σ
2ds
]
.

4. e
∫ t
0 σdB− 1

2

∫ t
0 σ

2dB is a continuous martingale. We can also scale σ by λσ to get a general case. Note
that this statement is already a stronger case of Ito isometry

Proof. Suppose sJ(t) ≤ u < sJ(t)+1

E

[
e

(∑J(T )
j=0 σj(B(sj+1)−B(sj))+σJ(t)(B(t)−B(sJ(t)))− 1

2

∑J(t)
j=0 σ

2
j (sj+1−sj)− 1

2
σ2
J(t)

(t−sJ(t))
)
|Fu
]

= e
∑J(T )

j=0 σj(B(sj+1)−B(sj))− 1
2

∑J(t)
j=0 σ

2
j (sj+1−sj)E

[
e
σJ(t)(B(t)−B(sJ(t)))− 1

2
σ2
J(t)

(t−sJ(t))|Fu
]

= e
∑J(T )

j=0 σj(B(sj+1)−B(sj))− 1
2

∑J(t)
j=0 σ

2
j (sj+1−sj)e

σJ(t)(B(u)−B(sJ(t)))− 1
2
σ2
J(t)

(u−sJ(t))
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Let P be the closure in L2([0,∞), dt×dP ) of simple, non-anticipating functions. If σ ∈ P , then there exists
a sequence of simple, non-anticipating σn → σ, E

[∫ t
0 |σn − σ|

2 ds
]
→ 0.

Let Xn(t) =
∫ t
0 σndB, by Theorem 4.14,

P

(
sup

0≤t≤T
|Xn(T )−Xm(t)| > ϵ

)
≤ 1

ϵ2
E
[
|Xn(T )−Xm(T )|2

]
=

1

ϵ2
E

[∫ T

0
(σn − σm)2ds

]
→ 0

as n,m→∞. Therefore, Xn → X continuous in t, X(t) =
∫ t
0 σdB.

It doesn’t depend on the choice of sequence σn → σ. If σ′n → σ, then E
[∫ t

0 |σn − σ
′
n|

2 ds
]
→ 0, so

E
[
sup0≤t≤T |Xn(t)−X ′

n(t)|
2
]
→ 0

Properties:

1. Linear

2. Continuous martingale, because E
[∫ t

0 σndB|Fu
]
=
∫ u
0 σndB and L2-convergence implies L1 conver-

gence.

3. Ito’s isometry with the same argument

4. e
∫ t
0 σdB− 1

2

∫ t
0 σ

2dB is a continuous martingale, assuming |σ| ≤ C.

Proof. For each n, Zn(t) = e
∫ t
0 σndB− 1

2

∫ t
0 σ

2
ndB is a martingale. E[Zn(t)|Fu] = Zn(u).

Take limit of n, Zn(u)→ Z(u). For the LHS, check uniform integrability.

E[Z2
n(t)] = E

[
e2(

∫ t
0 σndB−

∫ t
0 σ

2
ndB)e

∫ t
0 σ

2
ndB
]
≤ eC2t,

because E
[
e(

∫ t
0 σndB−

∫ t
0 σ

2
ndB)

]
= 1 and E

[
e
∫ t
0 σ

2
ndB
]
≤ eC2t

Lemma 15. The progressively measurable functions P is the set of simple, non-anticipating functions
σ ∈ L2([0,∞), dt× dP ) s.t. ∀t ≥ 0, the map [0, t]× Ω→ R given by σ(s, ω) is B[0, t]×Ft-measurable.

Proof. Need to show the set equivalence. P ⊂ {·} is clear. We need to show {·} ⊂ P .

Let σ ∈ {·}.

1. σN = σ1|σ|≤N , E
[∫ t

0 (σ − σN )
2ds
]
→ 0 by Theorem 1.6

2. σ bounded, σh(t) = 1
h

∫ t
t−h σ(s)ds, E

[∫ t
0 (σ − σN )

2ds
]
→ 0 by Theorem 1.4

3. σ continuous, make it simple by σn(s) = σ(2−n ⌊2ns⌋). by Theorem 1.4

Example: σ(s, ω) = f(B(s)) s.t. E
[∫ t

0 (f
2(B(s)))ds

]
<∞ is a progressively measurable function.
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8.2 Stochastic Integrals and Ito’s Formula

Definition: 8.1: Stochastic Integral

If σ, b are progressively measurable with E
[∫∞

0 σds
]
<∞ and

∫ t
0 b(s, ω)ds <∞, then we can define

the stochastic integral

X(t) = X0 +

∫ t

0
b(s, ω)ds+

∫ t

0
σ(s)dBs

Often, we write as stochastic differential equation:

dX = bdt+ σdB

Example:
∫ t
0 2BsdBs = B2

t − t. This is equivalent to dB2
t = 2BtdBt − dt.

Ito’s formula: df(Bt) = f ′(Bt)dBt +
1
2f

′′(Bt)dt.

Theorem: 8.1: Ito’s Formula

If f is twice continuously differentiable, then

f(Bt)− f(B0) =

∫ t

0
f ′(Bs)dBs +

1

2

∫ t

0
f ′′(Bs)ds

Proof. Let 0 = t0 < t1 < · · · < tn = t be a partition of [0, t]. By Taylor Expansion,

LHS =
n−1∑
i=0

f(Bti+1)− f(Bti)

=

n−1∑
i=0

f ′(Bti)(Bti+1 −Bti) +
1

2
f ′′(Bξi)(Bti+1 −Bti)2

for ξi ∈ (ti, ti+1). As mesh size → 0,
n−1∑
i=0

f ′(Bti)(Bti+1 −Bti)→
∫ t

0
f ′(Bs)dBs

To remove ξi, consider the difference:∣∣∣∣∣
n−1∑
i=0

(
f ′′(Bξi)− f

′′(Bti)
)
(Bti+1 −Bti)2

∣∣∣∣∣ ≤ max
∣∣f ′′(Bξi)− f ′′(Bti)∣∣ n−1∑

i=0

(Bti+1 −Bti)2

Then we want to show that
∑n−1

i=0 f
′′(Bti)(Bti+1 −Bti)2 →

∑n−1
i=0 f

′′(Bti)(ti+1 − ti).
Let Xi = (Bti+1 −Bti)2 − (ti+1 − ti).

E

(n−1∑
i=0

f ′′(Bti)Xi

)2
 = 2

∑
i<j

E
[
f ′′(Bti)f

′′(Btj )XiXj

]
+
∑
i

E
[
f ′′(Bti)

2X2
i

]
By preconditioning,

E
[
E
[
f ′′(Bti)f

′′(Btj )XiXj |Fj
]]

= 0

E
[
E
[
f ′′(Bti)

2X2
i |Fti

]]
= E

[
f ′′(Bti)

2E
[
X2
i

]]
= E

[
f ′′(Bti)

2(tj+1 − tj)2E[Z2 − 1]2
]
= 0
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As the mesh size → 0, we get the integrals on the RHS.

It is essentially a Taylor expansion. Now consider if f(t, x), x = Bt,

df(t, Bt) =
∂f

∂t
dt+

∂f

∂x
dBt +

1

2

∂2f

∂x2
dt

If Bt ∈ Rd are independent/uncorrelated,

df(t, Bt) =

(
∂f

∂t
+

1

2

d∑
i=1

∂2f

∂x2i

)
dt+

d∑
i=1

∂f

∂xi
dBi

t

If f is harmonic in Rd, df = ∇fdB, f(Bt) = f(B0) +
∫ t
0 ∇fdB, so f(Bt) is martingale.

Example: Let f(t, x) = eλx−
λ2

2
t. Since

(
∂
∂t +

1
2
∂2

∂x2

)
f = 0, eλBt−λ2

2
t is a martingale.

Example: Let f be continuous on [0,∞), Lt(x) = limϵ→0
1
2ϵ |{0 ≤ s ≤ t, |f(x)− x| < ϵ}|, where the outer |·|

is the Lebesgue measure. Lt(x) =
∑

si∈[0,t],ϕ(si)=x |f
′(si)|−1. This defines Local time of f at x. Then:∫ t

0
1A(f(s))ds =

∫
A
Lt(x)dx∫ t

0
ϕ(f(s))ds =

∫
A
Lt(x)ϕ(x)dx

Theorem: 8.2:

Brownian motion has an a.s. continuous local time.

Proof. Apply Theorem 8.1 to f ′′ϵ = 1
ϵ1[x−ϵ,x+ϵ].∫ t

0
f ′′ϵ (Bs)ds =

1

2ϵ
|{0 ≤ s ≤ t, |f(x)− x| < ϵ}|

We want to show that it is equal to fϵ(Bt)− fϵ(B0)−
∫ t
0
∂fϵ
∂x (Bs)dBs.

As ϵ→ 0, continuation gives Lt(x) = |Bt − x| − |B0 − x| −
∫ t
0 sgn(Bs − x)dBs (Tanaka’s formula).

Let Xt =
∫ t
0 sgn(Bs − x)dBs, eλXt−λ2

2

∫ t
0 sgn2(Bs−x)ds is a martingale.∫ t

0
sgn2(Bs − x)ds = t−

∫ t

0
1Bs−x=0ds = t a.s.

Let B̂t = |Bt − x|, B̂t is a Brownian motion starting at −x. Then
∣∣∣B̂t∣∣∣ is a Brownian motion starting at

+x reflected at 0.

Example (Heat equation): If ∂u
∂t = 1

2
∂2u
∂x2

, then u(t− s,Bs) is a martingale. If
∫
u0(x)e

−x2

2t dx <∞,

Ex[u0(Bt)] = E[u(t− t, Bt)] = Ex[u(t, B0)] = u(t, x)

Now if ∂u
∂t = 1

2
∂2u
∂x2

+ V u. where V = V (x), then Zs = u(t− s,Bs)e
∫ s
0 V (Bu)du is a martingale:

dZs =−
∂u

∂s
e
∫ s
0 V (Bu)du +

1

2

∂2u

∂x2
e
∫ s
0 V (Bu)du + V (Bs)u(t− s,Bs)e

∫ s
0 V (Bu)du
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but V (Bs)u(t− s,Bs)e
∫ s
0 V (Bu)du = 0, so

u(t, x) = Ex

[
u0(Bt)e

∫ t
0 V (Bu)du

]
= Ex[Zt] = Ex[Z0]

This is the Feynmann-Kac formula.

8.3 Stochastic Ordinary Differential Equations

Let Xt be progressively measurable, a stochastic differential equation is of the form

dXt = b(t,Xt)dt+ σ(t,Xt)dBt, X0 = x0, Xt, b ∈ Rd, σ ∈ Rd×k, Bt ∈ Rk

We want to search for an Xt that satisfy the equation, having the known drift b(t,Xt) and diffusion
σ(t,Xt).

Conditions:

1. Xt is progressively measurable

2.
∫ T
0 |b(t,Xt)| dt <∞

3.
∫ T
0 ∥σ(t,Xt)∥2 dt <∞.

Equivalently,

Xt = x0 +

∫ t

0
b(s,Xs)ds+

∫ t

0
σ(s,Xs)dBs

Langevin Equation:

dXt = −αtXtdt+ σdBt, α > 0

Notice that

d(eαtXt) = αeαtXtdt+ eαtdXt

= αeαtXtdt+ eαt(−αXtdt+ σdBt) = σeαtdBt

so eαtXt − X0 = σ
∫ t
0 e

αsdBs, i.e. Xt = e−αtX0 + σ
∫ t
0 e

−α(t−s)dBs. This is the Ornstein-Uhlenbeck
process.

For a formal proof, we need to check Xt satisfies Xt = X0 − α
∫ t
0 Xsds + σ(Bt − B0), we can integrate

Xt: ∫ t

0
Xsds = X0

∫ t

0
e−αsds+ σ

∫ s

0

∫ t

0
e−α(s−u)dBuds

=
X0

α
(1− e−αt) + σ

∫ t

0

∫ t

u
e−α(s−u)dsdBu

=
X0

α
(1− e−αt) + σ

∫ t

0
(1− e−α(t−u))dBu

=
X0

α
(1− e−αt) + σ

α

(
Bt −Bu +

1

σ
(Xt −X0)

)
Substitute into Xt = X0 − α

∫ t
0 Xsds+ σ(Bt −B0), we can verify the equality.

102



Xt is Gaussian, m(t) = E[Xt] = e−αtE[X0]. Assume X0 is independent of Bs:

Cov(Xt, Xs) = e−α(t+s)V ar(X0) +
σ2

2α
(e2α(s∧t) − 1)e−α(t+s)

If X0 is Gaussian mean 0, var σ2

2α , then Cov(Xt, Xs) = σ2

2αe
−α(t−s) for s < t, m(t) = 0. Xt+· = X0 in

distribution. It is a stationary process.

For a smooth function f(x):

E

[(∫
f(s)Xsds

)2
]
= 2

∫∫
t>s

f(s)f(t)E[XsXt]dsdt

= 2

∫∫
t>s

f(s)f(t)
σ2

2α
e−α(t−s)dtds→

∫
f2dt

Xt is the velocity process.

Geometric Brownian Motion:
Bachelier introduced Bt as a model of stock prices.

Samuelson proposed geometric Brownian motion

dSt
St

= µdt+ σdBt,

σ is volatility, µ is drift. The relative price change is a Brownian motion.

In our language,

dSt = µStdt+ σStdBt, S0 = s0

Note that dSt
St
̸= d logSt by Theorem 8.1.

Guess St = f(t, Bt),

dSt =

(
∂f

∂t
+

1

2

∂2f

∂x2

)
dt+

∂f

∂x
dBt

We want

{
∂f
∂t +

1
2
∂2f
∂x2

= µf
∂f
∂x = σf

, so St = f(t, x) = s0e
(µ−σ2

2
)t+σx. −σ2

2 is the price of risk.

Bessel Process:
Consider d = 2, Bt = (B1

t , B
2
t ),

rt = |Bt| =
(
(B1

t )
2 + (B2

t )
2
)1/2

By Theorem 8.1,

drt =
∂f

∂x1
dB1

t +
∂f

∂x2
dB2

t +
1

2

(
∂2f

∂x21
+
∂2f

∂x22

)
dt

=
B1
t

rt
dB1

t +
B2
t

rt
dB2

t +
1

2rt
dt

This is not a stochastic differential equation in the current form, due to the presence of B1
t and B2

t .

Let Yt =
∫ t
0
B1

t
rt
dB1

t +
B2

t
rt
dB2

t .

e
λYt−λ2

2

∫ t
0

(
B1
t

rt

)2

+

(
B2
t

rt

)2

ds
= eλYt−

λ2

2 is a Martingale, and Yt is a Brownian motion.
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Therefore, drt = dYt +
1
2rt
dBt is a stochastic differential equation.

Theorem: 8.3: Existence and Uniqueness of Solutions to SDEs

Assume σ : [0, T ] × Rd → Rd×d, and b : [0, T ] × Rd → Rd. If σ, b are measurable, and satisfy the
Lipschitz condition:

∥σ(t, x)− σ(t, y)∥+ |b(t, x)− b(t, y)| ≤ C |x− y| ,

then there exists a unique solution Xt and E
[∫ t

0 |Xs|2 ds
]
<∞.

Proof. Uniqueness: Suppose X1
t and X2

t are both solutions with X1
0 = x1, X2

0 = x2.

X2
t −X1

t = x2 − x1 +
∫ t

0
(b(s,X2

s )− b(s,X1
s ))ds+

∫ t

0
(σ(s,X2

s )− σ(s,X1
s ))dBs

Then by (A+B + C)2 ≤ 4A2 + 4B2 + 4C2, we get

E
[∣∣X2

t −X1
t

∣∣2] ≤ 4(x2 − x1)2 + 4E

[(∫ t

0
(b(s,X2

s )− b(s,X1
s ))ds

)2
]

+ 4E

[(∫ t

0
(σ(s,X2

s )− σ(s,X1
s ))dBs

)2
]

By Cauchy/Jensen’s Inequality and Ito’s Isometry

≤ 4(x2 − x1)2 + L
∣∣X2

s −X1
s

∣∣+ L
∣∣X2

s −X1
s

∣∣→ 0

Note that with iteration, we get f(t) =
∣∣X2

t −X1
t

∣∣2 ≤ C (f(0) + ∫ t0 f(s)ds) ≤ eCtf(0).
Recall Theorem 7.6. Let S = sup0≤t≤T Xt we can extend it to

E[S2] = 2

∫ ∞

0
λP (S ≥ λdλ)

≤ 2

∫ ∞

0
λ

∫
|XT |
λ

1S≥λdPdλ

= 2

∫
|XT |

∫ S

0
dλdP = 2

∫
|XT |SdP

≤ 2

√∫
|XT |2dP

√∫
S2dP

≤ 4E[X2
T ].

Existence: Let X0(t) = x0, Xn(t) = x0+
∫ t
0 b(s,Xn−1(s))ds+

∫ t
0 σ(s,Xn−1(s))dB(s), we want to show that

the limit X∞ exists.

E

[
sup
0≤s≤t

∣∣∣∣∫ s

0
b(u,Xn−1(u))− b(u,Xn−2(u))du

∣∣∣∣2
]
≤ C

2

∫ t

0
E

[
sup

0≤u≤s
|Xn−1(u)−Xn−2(u)|2 ds

]

E

[
sup
0≤s≤t

∣∣∣∣∫ s

0
σ(u,Xn−1(u))− σ(u,Xn−2(u))dBu

∣∣∣∣2
]
≤ C

2

∫ t

0
E

[
sup

0≤u≤s
|Xn−1(u)−Xn−2(u)|2 ds

]
fn(t) = E

[
sup
0≤s≤t

|Xn(s)−Xn−1(s)|2
]
≤ C

∫ t

0
E

[
sup

0≤u≤s
|Xn−1(u)−Xn−2(u)|2

]
du
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From

{
f0(t) = A

fn(t) = C
∫ t
0 fn−1(s)ds

, we get fn(t) ≤ (CT )nA
n! , and P

(
sup0≤s≤t |Xn(s)−Xn−1(s)| ≥ 1

2n

)
≤

(CT )nA
n! 22n is summable, so |Xn(s)−Xn−1(s)| ≤ 1

2n except for finitely many n. Xn(t) =
∑n

j=1Xj(t) −
Xj−1(t)→ X(t) uniformly with probability 1.

Note: It does not matter how σ and b behave w.r.t. t. Also, this theorem does not cover all cases of
existence and uniqueness. Examples in population genetics:

Feller’s Diffusion: dXt =
√
XtdBt

Fisher-Wright Diffusion: dXt =
√
Xt(1−Xt)dBt

σ(x) =
√
x or

√
x(1− x) are not Lipschitz, but those SDEs have solutions.

For d = 1, |σ(t, x)− σ(t, y)| ≤ C |x− y|1/2 is 1
2 -Holder.

They are like square roots of the logistic models, dXt = αXtdt, dXt = αXt(1−Xt)dt.

More formally, Feller’s Diffusion is a Markov process on Rd with transition probabilities p(s, x, t, A) =
p(Xt ∈ A|Xs = x), satisfying for δ > 0, as h→ 0:

1. 1
h

∫
|y−x|>δ p(t, x, t+ h, dy)→ 0 (Xt is continuous)

2. 1
h

∫
|y−x|<δ(yi − xi)p(t, x, t+ h, dy)→ bi(t, x) (mean of jump)

3. 1
h

∫
|y−x|<δ(yi − xi)(yj − xj)p(t, x, t+ h, dy)→ aij(t, x), where a = σσT

If b = 0, a = I, Xt is a d-dim Brownian motion. If a = 0, Ẋu = b(u, xu), Xs = 0, p(s, x, t, A) ={
1, Xt ∈ A
0, Xt /∈ A

.

Ito’s Diffusion: for every λ ∈ Rd, exp
[
λ(Xt −

∫ t
0 bsds)−

1
2

∫ t
0 λ

Tasλds
]

is a martingale.

Assume a = σσT is non-negative definite, σ, b are constants, and d = 1; Xt = X0 + bt+ σBt.

1. 1
h

∫
|y−x|>δ

1√
2πσ2h

exp
(
− (y−x−bh)2

2σ2

)
dy = 1

h

∫∣∣∣z+ b
√
h

σ

∣∣∣> δ

σ
√
h

1√
2π
e−z

2/2dz → 0

2. 1
h

∫
|y−x|<δ(yi − xi) exp

(
− (y−x−bh)2

2σ2

)
dy → bi(t, x) (mean of jump)

3. 1
h

∫
|y−x|<δ(yi − xi)(yj − xj) exp

(
− (y−x−bh)2

2σ2

)
dy → σ2.

Let σ(x) = sgn(x), B be a Brownian motion, dB̃ = sgn(B)dB, ˜B(t) =
∫ t
0 sgn(B)dB is another Brownian

motion.

dB = sgn(B)dB̃ is a stochastic differential equation. d(−B) = sgn(−B)dB̃ is another SDE. But they are
two different solutions starting at zero. Uniqueness is not guaranteed.

Xt is Markov from uniqueness (by construction), because we can solve dX = bdt+ σdB on [0, t], or we can
solve it on [0, s] and then solve on [s, t] starting from Xs.

P (s, x, t, A) = P (Xs,x
t ∈ A), P (X0,x

t ∈ A|Fs) = P (s,X0,x
s , t, A)

Let σ be progressively measurable and bounded, dXt = σdBt. The quadratic variation is

N∑
n=1

∣∣Xtn −Xtn−1

∣∣2 − ∫ tn

tn−1

σ2ds
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Let yn =
∣∣Xtn −Xtn−1

∣∣2 − ∫ tntn−1
σ2ds, E[yn] = 0.

E

( N∑
n=1

yn

)2

= 2
∑
n>m

E[ynym] +
∑

E[y2n]

 ,
but yn and ym are not independent.

Note X2
t −

∫ t
0 σ

2ds is a martingale.

E

[
X2
tn −

∫ tn

0
σ2ds|Ftn−1

]
= X2

tn−1
−
∫ tn−1

0
σ2ds⇒ E

[
X2
tn −X

2
tn−1
−
∫ tn

tn−1

σ2ds|Ftn−1

]
= 0

We have

E

[
(Xtn −Xtn−1)

2 −
∫ tn

tn−1

σ2ds|Ftn−1

]
= E

[
X2
tn +X2

tn−1
− 2XtnXtn−1 −

∫ tn

tn+1

σ2ds|Ftn−1

]
But −2XtnXtn−1 = −2XtnE[Xtn |Ftn−1 ], so E[ynym] = 0, even though they are not independent.

Now, we compute E[y2n]. We want to show that

E[y2n] = E
[
(X2

h −Ah)2
]
≤ Ch2,

where Xh =
∫ h
0 σdB, Ah =

∫ h
0 σ

2dB. Use the martingale generating function,

1 = E[eλXh−λ2

2
Ah ] = E

[(
1 + λX +

λ2

2
X2

)(
1− λ2

2
A+

λ4

8
A2 + · · ·

)]
= 1 + · · ·+ λ4E

[
X4

4!
+
A2

8
− 1

4
X2A

]
,

⇒E
[
X4

4!
+
A2

8
− 1

4
X2A

]
= 0

E[X4] = 6E[X2A]− 3E[A2] ≤ 1

2
E[X4] + 72E[A2] + 3E[A2]

The last inequality is by ab ≤ 1
2(a

2 + b2). This shows that E[y2n] ≤ CE[A2] ≤ Ch2.

General Ito’s Formula (1D): Consider

Xt = b(t,Xt)dt+ σ(t,Xt)dBt

Let f ∈ C2, ξn ∈ [tn−1, tn].

f(Xt)− f(X0) =
N∑
n=0

f(Xtn −Xtn−1)

=

N∑
n=1

f ′(Xtn−1)(Xtn −Xtn−1) +
1

2
f ′′(Xξn)(Xtn −Xtn−1)

2

=

N∑
n=1

f ′(Xtn−1)

∫ tn

tn−1

b(s,Xs)ds+

N∑
n=1

f ′(Xtn−1)

∫ tn

tn−1

σdB

+

N∑
n=1

1

2
f ′′(Xtn−1)(Xtn −Xtn−1)

2 +

N∑
n=1

1

2
(f ′′(Xξn − f ′′(Xtn−1))(Xtn −Xtn−1)

2

→
∫ t

0

(
b
∂f

∂x
+

1

2
σ2
∂2f

∂x2

)
ds+

∫ t

0
σ
∂f

∂x
dB
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More generally, if f(t,X) for X ∈ Rd,

f(t,Xt)− f(0, X0) =

∫ t

0
(∂s + L)f(s,Xs)ds+

∫ t

0

∑
i,j

∂f

∂xi
σijdBj ,

where L = 1
2

∑d
i,j=1 aij

∂2

∂xi∂xj
+
∑d

i=1 bi
∂
∂xi

is the general second order linear elliptic operator, and a =

σσT ≥ 0.

In differential form:

df(t,Xt) =
∂f

∂t
dt+

∑
i

∂f

∂xi
dXi +

1

2

∑
i,j

∂2f

∂xi∂xj
dXidXj

Theorem: 8.4: Martingale Integration by Parts

Let Mt be a continuous martingale, At be continuous, progressively measurable, with bounded vari-
ation. Assume E

[
sup0≤s≤t |Ms| ∥As∥TV

]
<∞. Then MtAt −

∫ t
0 MsdAs is a martingale.

Proof. Write
∫ t
0 MsdAs =

∑N
j=1Mtj (Atj −Atj−1). Take expectation conditional on Fs.

E

 N∑
j=1

Mtj (Atj −Atj−1)|Fs

 =
∑

j,tj−1>s

MtjAtj −Mtj−1Atj−1 →MtAt −MsAs

Another proof of Ito’s Formula: Consider eiλ(Xt−
∫ t
0 bds)+

1
2

∫ t
0 λ

T aλ. It is a martingale.

Let At = eiλ
∫ t
0 bds−

1
2

∫ t
0 λ

T aλds.

MtAt −M0A0 −
∫ t

0
MsdAs = eiλXt − eiλX0 −

∫ t

0
eiλXs(iλb− 1

2
λT aλ)ds

= eiλXt − eiλX0 −
∫ t

0
Leiλx =

∫
σ · ∇fdB

is a martingale, and f(x) = eiλx. Now take linear combinations and use Fourier transform, so we can prove
for smooth f with compact support.

Now we know that f(t,Xt)− f(0, X0)−
∫ t
0 (∂s + L)f(s,Xs)ds is a Martingale. Let s < t, Xs = x,

E

[
f(t,Xt)− f(s,Xs)−

∫ t

s
(∂u + L)f(u,Xu)du|Fs

]
= 0∫

f(t, y)p(s, x, t, y)− f(s, x)−
∫ t

s

∫
(∂u + L)f(u, y)p(s, x, u, dy)du = 0

This means that p(s, x, t, A) = p(Xt ∈ A,Xs = s) is a weak solution of

∂tp = L∗
yp, t > s

L∗f =
∑
i,j

∂2

∂xi∂xj
(aijf)−

∑
i

∂

∂xi
(bif)

with p(s, x, t, dy)→ δ0(x−y)dy as t→ s. This is Fokker Planck forward equation. If λTaλ ≥ δ|λ|2, strictly
elliptic, then weak becomes normal solution.

Suppose u(s, x), 0 ≤ s ≤ t solves (∂s + L)u = 0 and u(t, y) = 1A(y), then it gives the backward heat
equation, Ex,s[u(t,Xt)] = u(s, x). This is the backward Kolmogorov equation. (∂s + Lx)p(s, x, t, A) = 0,
p(s, x, t, A) = 1A as s→ t.
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Relationship with Measures Consider eλ(Xt−
∫ t
0 bds)−

λ2

2

∫ t
0 ds, where a = σ2 is a martingale for each λ

w.r.t. Ω = C([0, T ]), Ft = σ(Bs, s ≤ t). It is a probability measure on C([0, T ]), P a,bx (A) = P (X ∈ A).
The Brownian motion P 1,0

0 is Wiener measure.

From Ito’s formula, the operator Lt = a(t, x) ∂
2

∂x2
+ b(t, x) ∂∂x for dx = bdt + σdB, a = σ2 give transi-

tion probability p(s, x, t, A) = P (Xt ∈ A|Xs = x). For the forward equation −∂sϕ = Lsp (L acting

on s), lims→t p(s, x, t, A) =

{
1, x ∈ A
0, x /∈ A

. In case a = 1, b = 0, the Brownian motion, p(s, x, t, A) =

∫
A
e
− (y−x)2

2(t−s)√
2π(t−s)

dy.

Relationship with Heat Equation Let Lt = 1
2

∑d
i,j=1 aij

∂2

∂xi∂xj
+
∑d

i=1 bi
∂
∂xi

, D be a domain with nice

boundary. Consider the heat equation

{
Lu = 0, x ∈ D
u = f, x ∈ ∂D

. We want to show that u(x) = Ex[f(xτ )], where

τ = inf
{
t ≥ 0, Bt ∈ DC

}
.

Let u solve the differential equation, u(Xt∧τ ) is a martingale. If λTaλ > δ|λ|2, δ > 0 (a is positive definite),
then as t→∞, u(x) = Ex[u(Xt∧τ )]→ Ex[u(Xτ )].

Poisson Equation

{
Lu = g, x ∈ D
u = 0, x ∈ ∂D

. u(Xt∧τ ) −
∫ t∧τ
0 g(Xs)ds is a martingale. This is based on Ito’s

formula with the fact that
∫ t
0

∑
i,j

∂f
∂xi
σijdBj is a martingale, and the function u has no dependency on t.

Take t→∞, u(x) = Ex
[∫ τ

0 g(Xs)ds
]
.

Feynman-Kac

{
−∂u
∂t = Lu+ V u

u(T, x) = f(x)
(a time-reversed heat equation). Apply Ito’s formula to u(s,Xs)e

∫ s
t V (u,Xu)du

with s > t. Note that
(
∂
∂t + Lt

)
u = −V u, but when we differentiate e

∫ s
t V (u,Xu)du, we get another

V u, so by product rule, the first order term is zero, and u(s,Xs)e
∫ s
t V (u,Xu)du is a martingale. Since

Et,x[MT ] = E[MT |Ft] = Mt, Et,x
[
u(T,XT )e

∫ T
t V (u,Xu)du

]
= u(t,X). As long as f is nice and V ≤ 0, the

solution makes sense.

Change of Measure Consider the measure P a,bx on C([0, T ]).
The total variation is limn

∑
n

∣∣Xtn −Xtn−1

∣∣2 = ∫ ts a(u,Xu)du, so if X or a is changed, we get some singular
measure. If we change b, it is generally not changed. If we apply Radon-Nikodym, we get the following
formula.

Theorem: 8.5: Cameron-Martin-Girsanov Formula

dP a,bx

dP a,0x

= e
∫ t
0 a

−1bdXs− 1
2

∫ t
0 ba

−1bds

Proof. We just need to show that eλ(Xt−X0−
∫ t
0 bds)−

λ2

2

∫ t
0 ads+

∫ t
0 a

−1bdXs− 1
2

∫ t
0 ba

−1bds is a martingale w.r.t.
P a,0x . Because

∫ t
0 a

−1bdXs − 1
2

∫ t
0 ba

−1bds is the formula, and λ
(
Xt −X0 −

∫ t
0 bds

)
− λ2

2

∫ t
0 ads is P a,bx .

Let yt =
∫ t
0 (λ+ a−1b)dX =

∫ t
0 (λ+ a−1b)σdB under P a,0x .
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By Ito’s formula, eyt−y0−
1
2

∫ t
0 a(λ+a

−1b)2ds is a martingale under P a,0x .

yt − y0 = λ(Xt −X0) +

∫ t

0
a−1bdXs

1

2

∫ t

0
a(λ+ a−1b)2ds =

λ2

2

∫ t

0
ads+ λ

∫ t

0
b2ds+

1

2

∫ t

0
ba−1bds

How physicists prove this formula?

For Brownian motion, assuming tn = 1

P (Bt1 ∈ dx1, ..., Btn ∈ dxn) =
e
− 1

2

∑n
i=1

(Bti
−Bti−1

)2

2(ti−ti−1)∏n
i=1(2π(ti − ti−1))1/2

We know it is Gaussian with covariance E[BtBs] = t ∧ s := c(t, s). We want to prove this.
Define the linear operator C s.t. Cf(t) =

∫ 1
0 c(t, s)f(s)ds.

If P is Gaussian, it should be of the form e−
1
2XTC−1X

(2π)d/2
√

det(C)
. Note that 1

2X
TC−1X = supyX

T y − 1
2y

TCy.

Substitude y = f(s) ∈ L2, X = Bs. Then for some optimizer f , we have:

B(s) =

∫ 1

0
c(s, t)f(t)dt =

∫ 1

0
s ∧ tf(t)dt

=

∫ s

0
tf(t)dt+

∫ 1

s
sf(t)dt

= −
∫ s

0
f(t)dt+ sF (1)

SoB(s) satisfies ∂sB = −F (s)+F (1), ∂2sB = −F ′(s) = −f(s). This implies−
∫
BsḂsds =

∫ ∣∣∣Ḃs∣∣∣2 ds.
Now we want to know what X = B + f , where ḟ = b, is. B is translation invariant by any translation
function f . Its density should be

e−
1
2

∫ 1
0 (Ẋs−ḟs)2ds = e

∫ 1
0 ḟsẊs− 1

2

∫ 1
0 |ḟs|

2− 1
2

∫ 1
0 |Ẋs|2ds

The final part is a Brownian motion, and the first two parts are just e
∫ 1
0 bsdBs− 1

2

∫ 1
0 b

2
sds.

Consider a Brownian motion B(t), potential V (x), h0, e
∫ t
0 V (Bs)ds+h0(Bt)

Ex

[
e
∫ t
0 V (Bs)ds+h0(Bt)

] is a measure on Cx([0, t]) starting

at x.

Let Z(t, x) = Ex

[
e
∫ t
0 V (Bs)ds+h0(Bt)

]
, from Feynman-Kac, we have

{
∂tZ = 1

2∂
2
xZ + V Z

Z(0, x) = eh0(x)
.

Apply log transform h(t, x) = logZ(t, x), Z = eh, ∂tZ = eh∂th, ∂xZ = eh∂xh, ∂2xZ = eh(∂xh)
2 + eh(∂2xh).

Then, we get the Hopf-Cole equation

{
∂th = 1

2∂
2
xh+ 1

2(∂xh)
2 + V

h(0, x) = h0(x)

109



Apply Ito to h(t− s,Xs),

h0(Xt) = h(t,X)−
∫ t

0
∂xh(t− s,Xs)dXs +

∫ t

0

(
−∂s +

1

2
∂2x

)
h(t− s,Xs)ds,

⇔ dsh(t− s,Bs) =
(
−∂s +

1

2
∂2x

)
ds+ ∂xhdBs

but
(
−∂s + 1

2∂
2
x

)
h = −1

2(∂xh)
2 − V , then∫ t

0
V (t− s,Bs)ds = −h(0, Bt) + h(t, B0) +

∫ t

0
∂xhdB −

1

2

∫ t

0
(∂xh)

2ds∫ t

0
V (t− s,Bs)ds = −h(0, Bt) + h(t, x) +

∫ t

0
bdB − 1

2

∫ t

0
b2ds

The numerator becomes:

e
∫ t
0 ∂xh(t−s,Xs)dXs− 1

2

∫ t
0 (∂xh)

2(t−s,Xs)+h(t,x)

The h(t, x) cancels, so the new measure is just a measure derived from an SDE with a = I, b = ∂xh(t−s,Xs),

where h satisfies

{
∂th = 1

2∂
2
xh+ 1

2(∂xh)
2 + V

h(0, x) = h0(x)

Special Case (Harmonic oscillators): V = −x2

2 + 1
2 .

Z(t, x) = e−
x2

2
+ 1

2

∂xZ = −xe−
x2

2
+ 1

2
1

2
∂2xZ =

1

2
x2e−

x2

2
+ 1

2 ∂tZ = 0

⇒ ∂tZ =
1

2
∂2xZ + V Z

If we let b = ∂x logZ = −x, we get dX = −Xdt+ dB (Xt = e−
1
2

∫ t
0 B

2
sds+

t
2
−B2

t
2 ) is the Ornstein-Uhlenbeck

process.

8.4 Representation Theorems

Theorem: 8.6: Ito’s Representation Theorem

Let Ω = C([0, 1]), F Borel σ-algebra on Ω, P a Wiener measure (Brownian motion). If F ∈
L2(Ω,F , P ), then there is a unique square integrable, progressively measurable f(t, ω) s.t. F =
E[F ] +

∫ 1
0 f(t, ω)dBt. i.e. Every square integrable function can be represented by a stochastic

integral.

Proof. Uniqueness: Suppose f1, f2 both work. By Ito’s isometry, E
[∫ 1

0 (f1 − f2)
2ds
]
= 0. Therefore,

f1 = f2 as elements of L2([0, 1]× Ω, dx× dP ).

Existence: Consider the example F = e
∫ 1
0 hsdBs− 1

2

∫ 1
0 h

2
sds.

Ft = e
∫ t
0 hdBt− 1

2

∫ t
0 h

2ds dFt = htFtdBt

⇒ Ft = 1 +

∫ t

0
htFtdBt and F1 = 1 +

∫ 1

0
htFtdBt
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Define ft = htFt, ft is square integrable and progressively measurable.

If F = E[F ] +
∫ 1
0 fdB and G = E[G] +

∫ 1
0 gdB, then F + G = E[F + G] +

∫ 1
0 (f + g)dB, so it is true for

any finite linear combinations of e
∫ 1
0 hdB− 1

2

∫ 1
0 h

2ds for h ∈ L2([0, 1]).

Now consider the limit. Suppose Fn = E[Fn] +
∫ 1
0 fndB and Fn → F in L2(Ω,F , P ), then E[Fn]→ E[F ].

As n,m→∞,

E

[(∫ 1

0
fndB −

∫ 1

0
fmdB

)2
]
= E

[
(Fn − Fm)2

]
+ (E[Fn]− E[Fm])

2 → 0

so fn → f in L2([0, 1]× Ω) and

Fn = E[Fn] +

∫ 1

0
fndB → F = E[F ] +

∫ 1

0
fdB

so limits have Ito’s representation, and it is true for the closure of linear span of h.

Now we show this closure is all of L2(Ω,F , P ). All we need to check is that if g ⊥ e
∫ 1
0 hsdBs− 1

2

∫ 1
0 h

2
sds, for

all h ∈ L2([0, 1]), then g = 0.

We can carefully construct h so that
∫ 1
0 hdBs = λ1Bt1 + · · ·λnBtn . Then we have for any λ1, ..., λn and

0 ≤ t1 ≤ · · · ≤ tn ≤ 1,

ϕ(λ1, ..., λn) = E
[
geλ1Bt1+···+λnBtn

]
= 0

ϕ(λ1, ..., λn) is analytic in Cn and vanishes for λi real. ϕ ≡ 0 means E
[
geiλ1Bt1+···+iλnBtn

]
= 0, and this

implies E[gϕ(Bt1 , ..., Btn)] = 0 and g = 0.

Theorem: 8.7: Martingale Representation Theorem

Let Mt be a square integrable martingale w.r.t. Ft = σ ({Bs, s ≤ t}), then there exists a unique
square integrable, progressively measurable σ(t, ω) s.t. Mt = M0 +

∫ t
0 σsdBs. i.e. any martingale

can be represented as a stochastic integral.

Proof. By Theorem 8.6, Mt = E[Mt] +
∫ t
0 σ

t
sdBs =M0 +

∫ t
0 σ

t
sdBs for each t.

Take t2 > t1, E[Mt2 |Ft1 ] = Mt1 , so
∫ t1
0 σt2s dBs =

∫ t1
0 σt1s dBs, and therefore σt2s = σt1s on s ∈ [0, t1], so

σt1(s) = σt2(s) = σ(s).

8.5 Wiener Chaos

Let f be a deterministic function,
∫ 1
0

∫ t
0 f(s, t)dBsdBt should be well-defined. Generalize it by letting

∆n = {0 ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ 1} (Weyl chamber) be increasing sequence of time. fn ∈ L2(∆n, dt1 · · · dtn).
Define

In(fn) =

∫ 1

0

∫ tn

0
· · ·
∫ t2

0

∫ t1

0
fn(t1, ..., tn)dBt1 · · · dBtn =

∫
∆n

fndBt1 · · · dBtn
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Let Kn =
{
In(fn) : fn ∈ L2(∆n)

}
. We know that E [In(fn)] = 0 as a stochastic integral. What is

E
[
(In(fn))

2
]
? By Ito’s isometry:

n = 1, E

[(∫ 1

0
f(t1)dBt1

)2
]
=

∫ 1

0
f2(t1)dt1 = ∥f∥22

n = 2, E

[(∫ 1

0

∫ t1

0
f2(t1, t2)dBt1dBt2

)2
]
=

∫ 1

0
E

[(∫ t1

0
f2dBt1

)2
]
dt2

=

∫ 1

0

∫ t1

0
f2dt1dt2 = ∥f2∥2L2(∆2)

When m ̸= n, e.g. m = 2, n = 1

E [In(fn)Im(fm)] = E

[∫ 1

0

∫ t2

0
f2dBt1dBt2

∫ 1

0
f1dBs1

]
= E

[∫ 1

0
σ(t)f1(t)dt

]
= 0

In summary, E [In(fn)Im(fm)] =

{
0,m ̸= n

∥fn∥2L2(∆n)
m = n

, Kn are orthogonal subspaces on L2(Ω,F , P ),

where P is the Wiener measure (Brownian motion)

Theorem: 8.8: Wiener Decomposition

L2(Ω,F , P ) =
⊕∞

n=0Kn, where Kn
∼= L2(∆n). It is also called the Fock space. We can represent

any Brownian r.v.s with linear span of stochastic integrals X = {f0, f1, ...}.

• K0: constants

• K1: Gaussian r.v.

• K2: chi-squared r.v.

The Hermite polynomials are:

Hn(x) = (−1)n 1

n!
ex

2/2 d
n

dxn
e−x

2/2

By Taylor expansion,

etx−t
2/2 =

∞∑
k=0

tkHk(x)

Suppose f ∈ L2(∆1) = L2([0, 1]), denote f⊗n(t1, ..., tn) = f(t1)f(t2) · · · f(tn).

Claim: In(f⊗n) = ∥f∥2L2(∆1)
Hn

( ∫ 1
0 fdB

∥f∥L2(∆1)

)
.

Proof. Start from the generic martingale:

eλ
∫ 1
0 fsdBs−λ2

2

∫ 1
0 f

2
s ds =

∞∑
k=0

λk ∥fs∥kL2(∆1)
Hk

( ∫ 1
0 fdB

∥f∥L2(∆1)

)
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Consider Mt = eλ
∫ t
0 fsdBs−λ2

2

∫ t
0 f

2
s ds, dMt = λftMtdBt. Iteratively, we get

Mt = 1 + λ

∫ t

0
fsMsdBs

= 1 + λ

∫ t

0
fsdBs + λ2fs

∫ s

0
fuMudBudBs

=

∞∑
k=0

λkIk(f
⊗k)

8.6 Stochastic Differential Equations

SDEs as limits of Markov Chains Let X1, X2, ... be a Markov chain on Rd. P (Xn+1 ∈ A|X1, ..., Xn) =
P (Xn+1 ∈ A|Xn) = p(Xn, A) the one step transition probability. Rescale so time steps h, and space has
corresponding rescaling.

Define Ah jump step operator, Ahf(x) =
∫
(f(y) − f(x))Ph(x, dy). Ph(x, dy) is a transition probability if

and only if f(Xkh)−
∑k−1

j=0(Anf)(Xjh) is a martingale w.r.t. Fkh = σ(Xjh, j ≤ k) for f ∈ C∞
0 (Rd).

Define

bih =
1

h

∫
|y−x|≤1

(yi − xi)Ph(x, dy)

aijh (x) =
1

h

∫
|y−x|≤1

(yi − xi)(yj − xj)Ph(x, dy)

Theorem: 8.9:

Assume the following:

1. lim
h→0

sup
|x|≤R

1

h
Ph(x,B

C
ϵ (x)) = 0, for all ϵ > 0

2. lim
h→0

sup
|x|≤R

∣∣bih(x)− bi(x)∣∣ = 0

3. lim
h→0

sup
|x|≤R

∣∣∣aijh (x)− aij(x)∣∣∣ = 0

4. aij(x), bi(x) continuous in the definition of SDE dXt = bdt+ σdBt, a = σσT .
5. δ|λ|2 ≤ λTaλ ≤ δ−1|λ|2 (unifromly elliptic)

Then as h→ 0, Ph,x → P a,bx on C[0,∞).

Consider L = 1
2

∑d
i,j=1 aij

∂2

∂xi∂xj
+
∑d

i=1 bi
∂
∂xi

and Lh the discrete approximation by aijh , b
i
h. If f ∈ C∞

0 (Rd),
then Lhf → Lf . 1

hAhf − Lhf → 0 if and only if 1,2,3 in Theoerem 8.9 are true.

If the limit exists, then the limit f(X(t))−
∫ t
0 Lf(X(s))ds is a martingale, and (∂s + Lx)p(s, x,A) = 0, so

it identifies the limit.

1

h
Ahf =

1

h

∫
(f(y)− f(x))Ph(x, dy)

=
1

h

∫
|y−x|>1

(f(y)− f(x))Ph(x, dy) +
1

h

∫
|y−x|≤1

(f(y)− f(x))Ph(x, dy)
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By Taylor expansion,

f(y)− f(x) =
d∑
i=1

∂f

∂xi
(x)(yi − xi) +

1

2

d∑
i,j=1

∂2f

∂xi∂xj
(x)(yi − xi)(yj − xj) +D3f(ξ)(y − x)3

Subtracting Lhf from 1
hAhf , we get

1

h
Ahf − Lhf ≤ ∥f∥∞

1

h

∫
|y−x|>1

Ph(x, dy)

+
Cξ
h

∫
|y−x|≥ϵ

Ph(x, dy) +
Cξ
h

∫
|y−x|<ϵ

|y − x|3Ph(x, dy)

But we don’t know if it actually converges. With Theorem 3.8, Xis i.i.d. random variables, E[Xi] = 0,
V ar(Xi) = 1, Sn = X1 + · · · + Xn, we have Sn√

n
→ N(0, 1) in distribution. S⌊nt⌋√

n
converges to Brownian

motions in the sense of finite dimensional distribution. However, Pn → P (Wiener measure) weakly requires
functional convergence.

Theorem: 8.10: Kolmogorov–Chentsov

Suppose Xt ∈ [0, 1] have E [|Xt −Xs|γ ] ≤ C |t− s|1+δ for γ, δ > 0, then

E

[(
sup

0≤s<t≤1

|Xt −Xs|
|t− s|α

)γ]
≤ C̃

for 0 ≤ α ≤ δ
γ , and C̃ only depends on C.

Remark 15. It is related to α-Holder. Also, if we have a sequence of stochastic processes Xn
t , and they

have the same C, then C̃ is fixed. (uniform equicontinuity)

Proof. Let Dm =
{
0, 1

2m ,
2
2m , ..., 1

}
, D =

⋃
Dm.

Note that sup0≤s<t≤1
|Xt−Xs|
|t−s|α is equivalent to sup0≤s<t≤1,s,t∈D

|Xt−Xs|
|t−s|α by continuity.

Let Km = sups,t∈∆m
|Xt −Xs|, where ∆m =

{
s < t, t− s = 1

2m

}
. Then

E[Kγ
m] ≤

∑
s,t∈∆m

E [|Xt −Xs|γ ] ≤ C2m2−m(1+δ) = C2−mδ

For s, t ∈ D, sm ≤ sm+1 ≤ · · · ≤ s < t ≤ · · · ≤ tm+1 ≤ tm.

If s ≤ t ∈ D, t− s ≤ 2−m, then either tm = sm or tm = sm + 1
2m .

Xt −Xs =

∞∑
i=m

(Xti+1 −Xti) +Xtm −Xsm +

∞∑
i=m

(Xsi −Xsi+1)

≤
∞∑
i=m

Ki+1 +Km +

∞∑
i=m

Ki+1 ≤ 2

∞∑
i=m

Ki

So sup0≤s<t≤1
|Xt−Xs|
|t−s|α ≤ 4 supm 2mα

∑∞
i=mKi. Then(

E

[(
sup

0≤s<t≤1

|Xt −Xs|
|t− s|α

)γ])1/γ

≤ 4
∞∑
i=0

2iα ∥Ki∥γ

≤ 4C1/γ
∞∑
i=0

2
i
(
α− δ

γ

)
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where ∥X∥γ = (E [|X|γ ])1/γ , and C̃ = C1/γ
∑∞

i=0 2
i
(
α− δ

γ

)
is finite with the condition 0 ≤ α ≤ δ

γ .

For multi-dimension, we replace Dm by
{
0, 1

2m ,
2
2m , ..., 1

}d and the proof is the same.

Now, back to random walks, h = 1
n , Bn(t) = Snt√

n
, t = k

n .

bn(x) =
1

h
E

[
Bn

(
k + 1

n

)
−Bn

(
k

n

)∣∣∣∣Bn(kn = x

)]
= 0

an(x) =
1

h
E

[(
Bn

(
k + 1

n

)
−Bn

(
k

n

))2
∣∣∣∣∣Bn

(
k

n
= x

)]
= 1

E
[
(Bn(t)−Bn(s))4

]
=

 n∑
j=1

Xj√
n

4

= (t− s)2

becase
∑n

j=1
Xj√
n
∼
√
t− sZ.

Theorem: 8.11: Donsker’s Theorem

max
0≤t≤1

S⌊nt⌋√
n
→ max

0≤t≤1
Bt

Example: Ehrenfest’s Chain on {0, 1, .., N}, Pi,i−1
i
N , Pi,i+1 =

N−i
N .

If has an invariant measure πi = 2−N
(
N
i

)
.

πi−1Pi−1,i + πi+1Pi+1,i = 2−N
(

N

i− 1

)
N − i+ 1

N
+ 2−N

(
N

i+ 1

)
i+ 1

N

= 2−N
(
N

i

)(
i

N − i+ 1

N − i+ 1

N
+
N − i
i+ 1

i+ 1

N

)
= 2−N

(
N

i

)
= πi

Let Y N (t) = Y⌊Nt⌋ be jumps in times 1
N ±

1√
N

, y =
i−N

2√
N

. h = 1
N

E

[
Y N

(
t+

1

N

)
− Y N (t)|Y N (t) = y

]
=

1√
N

N − i
N

− 1√
N

i

N

=
1√
N

N −
(√

Ny + N
2

)
N

− 1√
N

√
Ny + N

2

N
= −2Y

N

bh(y) = −2y

E

[(
Y N

(
t+

1

N

)
− Y N (t)

)2

|Y N (t) = y

]
=

1

N

(
1

2
− y√

N
+

1

2
+

y√
N

)
=

1

N

ah(y) = 1,

so Y N → dy = −2ydt+ dB (Ornstein-Uhlenbeck)

The invariant distribution i−N
2√
N
→ N

(
0, σ2 = 1

4

)
.
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Apply Ito’s rule to dy = −2ydt + dB, we get the differential operator L = 1
2
∂2

∂y2
− 2y ∂

∂y . It should have
an invariant measure Pt(x, dy), which will give

∫
µ(dx)Pt(x, dy) = µ(dy) and

∫
µ(dx)Lf(x) = 0 for all

f ∈ C2
0 (R)

Theorem: 8.12: Burkholder’s Inequality

E [|Mn|p] = CpE

(n−1∑
k=1

(Mk+1 −Mk)
2

)p/2

Proof. By Induction on p.

Theorem: 8.13: Markov Chain Convergence Theorem

Xt(nh) is a Markov chain taking steps every time h s.t.
1. E [X((n+ 1)h)−X(nh)|Fnh] = hbh(X(nh)), sup|x|≤R |bh(x)− b(x)| → 0 as h→ 0 for all R

2. E
[
(X((n+ 1)h)−X(nh))2 |Fnh

]
= hah(X(nh)), sup|x|≤R |ah(x)− a(x)| → 0 as h→ 0 for all

R
3. E

[
(X((n+ 1)h)−X(nh))4 |Fnh

]
≤ C(X(nh))h2, sup|x|≤R |C(x)| <∞ for all R

Then Xt(t)→ Xt with distribution P a,bx , i.e. dXt = bdt+ σdB where σ =
√
a.

f(Xh(t))−
∑

j Lhf(Xj) is a martingale, Lhf → Lf . Lf =
∫
(f(y)− f(x))Ph(x, dy) = Ex[f(X(h))−

f(X)].

Proof. Let t = kh, s = jh s.t. 0 ≤ s < t ≤ 1. we want to show E
[
(X(t)−X(s))4

]
≤ C |t− s|2.

Localize τR = inf {t ≥ 0, |X(t)| ≥ R}, XR(t) = X(t ∧ τR). We will show that XR is tight, i.e. XhR → XR

as h→ 0. If we do this for each R, it is fine. Let R→∞, we can pretend a, b are bounded.

Assume bh = 0, X((n+ 1)h)−X(nh) = hbh(X(nh)) + X̃((n+ 1)h)− X̃(nh).

X(kh)−X(jh) =
k∑
n=j

hbh(X(nh)) + X̃(kh)− X̃(jh)

where
∑k

n=j hbh(X(nh))→
∫ t
s b(X(s))ds.

E
[
(X(kh)−X(jh))2

]
= E

k−1∑
n=j

X((n+ 1)h)−X(nh)

2
=

k−1∑
n=j

E
[
(X((n+ 1)h)−X(nh))2

]

+ 2

k−1∑
n1<n2=j

E [(X((n2 + 1)h)−X(n2h))(X((n1 + 1)h)−X(n1h))]

Precondition on Fnh, the second term becomes zero.

k−1∑
n=j

E
[
(X((n+ 1)h)−X(nh))2

]
=

k−1∑
n=j

hah(X(kh)) ≤ C(k − j)h = C |t− s|
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The same method won’t work for the fourth order term, because the expansion contains more terms. Instead
use Theorem 8.12

E
[
(X(kh)−X(jh))4

]
= E

k−1∑
n=j

(X((n+ 1)h)−X(jh))4 − (X(nh)−X(jh))4


= E

k−1∑
n=j

4(X((n+ 1)h)−X(nh))(X(nh)−X(jh))3


+ E

k−1∑
n=j

6(X((n+ 1)h)−X(nh))2(X(nh)−X(jh))2


+ E

k−1∑
n=j

4(X((n+ 1)h)−X(nh))3(X(nh)−X(jh))


+ E

k−1∑
n=j

(X((n+ 1)h)−X(nh))4



By A3B ≤ 1
2A

4 + 1
2A

2B2, we reduce the third term. By preconditioning, the first term is zero.

≤ E

k−1∑
n=j

8(X((n+ 1)h)−X(nh))2(X(nh)−X(jh))2

+ 3E

k−1∑
n=j

(X((n+ 1)h)−X(nh))4


≤

k−1∑
n=j

Ch(n− j)h+ Ch2

= Ch2(k − j)2 + Ch2(k − j)
= C |t− s|2

If t− s > h, (k − j)h2 = h(t− s) ≤ (t− s)2.

If t− s < h, 1
h2
< 1

(t−s)2 .

E
[
(X(t)−X(s))4

]
≤ E

[
(t− s)

(
X((n+ 1)h)−X(nh)

h

)4
]
≤ C(t− s)4

h4
h2 ≤ C |t− s|2

Example (Random time change): Given

dXt = bdt+ σdBt

Let τt =
∫ t
0 γ(s, ω)ds, where γ is progressively measurable. Let yt = Xτt . Find the SDE for yt.

y(t+ h)− y(t) = X(τ(t+ h))−X(τ(t)) = X(τ(t) + τ ′(t)h+O(h2))−X(τ(t))

X(t+ ϵ)−X(t) ∼ σ(t,Xt)
√
ϵZ + b(t,Xt)ϵ

y(t+ h)− y(t) ∼ X(τ(t) + τ ′(t)h)−X(τ(t))

∼ σ(τ(t), y(t))
√
τ ′(t)
√
hZ + b(τ(t), y(t))τ ′(t)h

dyt = σ(τt, yt)
√
τ ′(t)dB̃t + b(τt, yt)τ

′(t)dt
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The computation/proof is based on Theorem 8.13.

Population Model: Let ξ1, ξ2, ... be i.i.d. values in {0, 1, 2, ...} s.t. E[ξi] = 1, V ar(ξi) = σ2 < ∞,
E[ξ4i ] <∞.

Let Xn = {0, 1, ....} be size of population at time n. Xn+1 = ξ1 + ξ2 + · · · + ξXn . Let h = 1
N , Snh =

cNXn.

E
[
S(n+1)h − Snh|Fnh

]
= cNE [ξ1 + · · ·+ ξXn −Xn] = 0

E
[
(S(n+1)h − Snh)2|Fnh

]
= c2NE

[
(ξ1 + · · ·+ ξXn −Xn)

2|Fnh
]

= c2Nσ
2Xn = c2Nσ

2Snh
cN

= cNσ
2Snh

Therefore, cN = 1
N , S⌊Nt⌋

N → yt, where dy = σ
√
ydB + rydt

8.7 Explosion

We know that ODEs can explode in finite time. For example, ẋ = x2 with x(0) = x0 > 0. Here the solution
is x(t) = (x−1

0 − t)−1. When x0 = 1, explode at t = 1.

Equivalently, dx = x2dt+ dB will have trouble as well.

We want to find conditions s.t. if τl = inf {t ≥ 0, x(t) ≥ l}, then P (τl ≤ T )→ 0 as l→∞.

Proposition: 8.1:

Suppose there exists smooth u s.t. u(x) ≥ 0, u(x) → ∞ as |x| → ∞ and (Lu)(x) ≤ Cu(x) for
0 < C <∞, where L is the Ito’s differential operator. Then there is no explosion, i.e. P (τl ≤ T )→ 0
as l→∞.

Proof. Zt = e−Ctu(xt) is a supermartingale.

Zt − Z0 −
∫ t
0 (L− C)u(Xs)ds =Mt is a martingale. ((L− C)u ≤ 0) By Theorem 7.7,

inf
|x|≥l

Ex[e
−Cτl ] ≤ Ex[e−Cτlu(X(τl))] = Ex[Zτl ] ≤ Ex[Z0] = u(x)

Therefore, by Theorem 2.1, as l→∞,

P (τl ≤ T ) ≤
∫
τl≤T

eC(T−Tl)dP ≤ eCTEx[e−Cτl ] ≤ eCT
u(x)

inf |x|≥l u(x)
→ 0

Proposition: 8.2:

If ∥a(x)∥ ≤ C(1 + |x|2) and |L(x)| ≤ C(1 + |x|), then there is no explosion

Proof. Try u(x) = 1 + |x|2. Then

Lu =
1

2

∑
i,j

aij
∂2

∂xi∂xj
u+

∑
i

bi
∂

∂xi
u

≤ C ∥a∥+ C(1 + |x|)|x|
≤ C(1 + |x|2) ≤ Cu(x)
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It goes the other way. Suppose Lu ≥ Cu, then Zt is a submartingale. Ex[Zτl ] ≥ u(x), so E[e−Cτl ] ≥
u(x)

inf|x|≥l
u(x), so now if u is bounded, then there is an explosion.

For the example dx = x2dt+ dB, L = 1
2
∂2

∂x2
+ x2 ∂

∂x . We want to find bounded u s.t. Lu ≥ Cu.

u(x) =

{
e−2x−1

, x > 0

0, x ≤ 0
works.

∂u

∂x
= 2x−2e−2x−1

x2
∂u

∂x
= 2u(x)

∂2u

∂x2
= (−4x−3 + 4x−4)e−2x−1

= (−4x−3 + 4x−4)u(x)

By xy ≤ xp

p + yq

q for 1
p +

1
q = 1, p, q > 1. We have x−3 ≤ 3

4x
−4 + 1

4 .

Then −4x−3 ≥ −3x−4 − 1, and ∂2u
∂x2
≥ u(x). Then Lu(x) ≥ Cu(x), and it explodes.

Example (Population model): L = σ2y ∂2

∂y2
+ ry ∂

∂y .

A trick for dy = σ
√
ydB: let X(t) = e−y(t)ϕ(T−t), with ϕ deterministic. With Ito’s formula,

dX =

(
ϕ̇+

σ2

2
ϕ2
)
Xdt− ϕσX√ydB

Choose

{
ϕ̇ = −σ2

2 ϕ
2

ϕ(0) = λ
, then X is a martingale. The solution is ϕ(t) =

(
λ−1 + σ2

2 t
)−1

. Then

E[e−λy(t)] = e−y(0)ϕ(T ) = e
−y0

(
λ−1+σ2

2
T
)−1

This is weak uniqueness (uniqueness in distribution).

Now we want to solve dx = xα/2dB (0 < α < 1). x(t) = 0 is a solution.

Time Change: From the generic SDE:

dx = σ(x)dB + b(x)dt

Step 1: remove b, i.e. b = 0, by Theorem 8.5.

Step 2: dx = σ(x)dB. Let yt = x(τt),

dyt =
√
τ ′(t)σ(xt)dB̃,

Take τ ′ = 1
a , where a = σ2. Then y is a Brownian motion.

For σ(x) = xα/2, a(x) = |x|α, x(t) = B(τt), where
∫ τt
0

ds
a(B(s)) = t, so dx = σ(x)dB̃.

If E
[∫ t

0
ds

|B(s)|α
]
<∞, then the solution is non-unique. X(t) = B(τt) is a well-defined solution.

E

[∫ t

0

ds

|B(s)|α
]
=

∫ t

0

∫ ∞

−∞

1√
2πs

e−y
2/2s

|y|α
dyds =

∫ t

0
s−α/2ds

∫ ∞

−∞

1√
2π

e−y
2/2

|y|α
dy <∞

for 0 < α < 1. The boundary for uniqueness is σ(x) = x1/2 for d = 1.

Relevant example in ODE: dx = 2
√
xdt, x(0) = 0 has non-trivial solution (x− a)21x>a.
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8.8 Markov Chain, Semigroup and Invariant Measures

Recall Markov chain.

P (s, x, t, A) = P (X(t) ∈ A|X(s) = x) = P (t− s, x,A)

The probability is time-homogenous. The Chapman-Kolmogorov equation is∫
P (s, x, dy)P (t, y, A) = P (s+ t, x,A)

Consider the operator Pt defined by:

(Ptf)(x) = Ex[f(X(t))] = E[f(X(t))|X(0) = x] =

∫
P (t, x, dy)f(y)

(Pt(Psf))(x) =

∫
P (t, x, dy)(Psf)(y)

=

∫∫
P (t, x, dy)P (s, y, dz)f(z)

=

∫
P (t+ s, x, dz)f(z)

= (Pt+sf)(x)

so as an operator, Pt ◦ Ps = Pt+s, where P0 = Id. This is a semigroup of operators. The inverse P−t does
not exist, so it is not a group.

Let L = d
dtPt|t=0 (infinitesmal generator of Markov chain), Pt = etL. This igves an infinitesimal generator.

For (Lf)(x) = limt→0
Ptf(x)−f(x)

t to be well defined, we need some domain.

In our case,

L =
1

2

∑
i,j

aij(X)
∂2

∂xi∂xj
+
∑
i

bi(x)
∂

∂xi

Ex

[
f(X(t))− f(X(0))−

∫ t

0
Lf(X(s))ds

]
= 0

lim
t→0

Ex[f(X(t))]− f(x)
t

= lim
t→0

1

t

∫ t

0
Ex[Lf(X(s))]ds = Lf(x)

Examples:

• Heat equation:

(etLf)(x) = u(t, x)⇔

{
∂tu = Lu
u(0, x) = f(x)

⇔ u(t, x) =

∫
P (t, x, dy)f(y)

• Pt1 = 1, L1 = 0

• If f ≥ 0, Ptf ≥ 0, but this is not necessarily true for all semigroups

• Let ϕ be convex,

Lϕ(f) = lim
t→0

Ex[ϕ(f(X(t)))]− ϕ(f(x))
t

≥ lim
t→0

ϕ (Ex[f(X(t))])− ϕ(f(x))
t

= ϕ′(f(x))Lf(x)

• Carre du champ: Lf2 − 2fLf ≥ 0
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For the last one, note that f(xt)−
∫ t
0 Lf(xs)ds =Mt is a Martingale.

dM2
t = df2(xt)− 2f(xt)

∫ t

0
Lf +

(∫ t

0
Lf
)2

= Lf2 − 2Lf
∫ t

0
Lf − 2Lf

∫ t

0
Lf + dNt

E[M2
t ] =

∫ t

0
E[Lf2 − 2fLf ](s)ds

Example: Half-Laplacian L = 1
2∆.

1

2
∆f2 − f∆f =

1

2
∇(2f∇f)− f∆f = |∇f |2

Invariant measure Let µ0(x) be distribution of X0, Xt has distribution

µt(A) =

∫
Pt(y,A)µ0(dy) = P ∗

t µ0,

where P ∗
t is adjoint of Pt. µ is an invariant measure if µ0 = µt.

µ(A) =

∫
Pt(y,A)µ(dy)∫

A
f(x)µ(dx) =

∫
A

∫
Y
Pt(y, dx)µ(dy)f(x) =

∫
Ptf(y)µ(dy)

If µ is invariant, for nice fs,
∫
(Ptf − f)dµ = 0

lim
t→0

∫
1

t
(Ptf − f)dµ = 0,

∫
Lfdµ = 0,

Typically, write as L∗µ = 0.

Example: For L the diffusion operator from Ito, d = 1, b = 0,

L∗g =
1

2

∂2

∂x2
(a(x)g(x)) = 0⇒ g(x) =

Ax+B

a(x)
,

but we need
∫
Ax+B
a(x) dx = 1, and A,B may not exist, so there may not be an invariant measure.

Example: In Rd, let dµ = gdx = e−H(x)

z dx, where z is a number. Let f be some nice function. If we can
solve the Dirichlet form below, then the L in the equation will have µ as the invariant measure.

D(f) =
1

2

∫
|∇f |2 dµ =

1

2

∫
|∇f |2 e

−H(x)

z
dx =

∫
f(−L)f e

−H(x)

z
dx

LHS = −1

2

∫
f∇(∇fe−H)dx

z

= −
∫
f

(
1

2
∆f − 1

2
∇H∇f

)
e−H

z
dx

Define Lf = 1
2∆f −

1
2∇H∇f . It will have µ as the invariant measure. Consider f = 1. (12

∫
∇f̃∇fdµ =∫

f̃(−L)fdµ, replace f̃ = 1, and we get L∗f = 0)

When we have H = − |x|2
2 the harmonic oscillator, 1

2∇H = −1
2x, we get the Ornstein-Ulhenbeck process in

Rd, 1
2∆f −

1
2x∇f .
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Jump process Let x be start point, yi be targets, λi(x) be rates, λ =
∑
λi.

P (n jumps in time t) =
(λt)n

n!
e−λt

P (n = 0) = e−λt ∼ 1− λt P (n = 1) = λte−λt ∼ λt P (n = 2) = O(t2)

lim
t→0

Ex[f(X(t))]− f(x)
t

= lim
t→0

∑
i Px(jump to i before others in time t)(f(y)− f(x))

t

= lim
t→0

∑
i(1− e−λit)

∏
j ̸=i e

−λjt(f(y)− f(x))
t

Lf(x) =
∑
i

λi(x)(f(yi)− f(x))

8.9 Stochastic PDEs

Let t ≥ 0, x ∈ R, consider u(t, x). Some examples:

du i
N

=
N2

2

(
u i+1

N
− 2u i

N
+ u i−1

N

)
dt+ cNdB i

N

du i
N

=
N2

2

(
u i+1

N
− 2u i

N
+ u i−1

N

)
dt+

ϵ

N

√
u i

N
dB i

N
(population growth with shifts among cities)

du i
N

=
N2

2

(
u i+1

N
− 2u i

N
+ u i−1

N

)
dt+

ϵ

N
u i

N
dB i

N
(investment in different assets)

As N →∞, let ξ be a space function representing white noise:

∂u

∂t
=

1

2

∂2u

∂x2
+ ξ (Stochastic heat equation, O-U process)

∂u

∂t
=

1

2

∂2u

∂x2
+
√
uξ (Super Brownian, Dawson-Watanabe process)

∂u

∂t
=

1

2

∂2u

∂x2
+ uξ (Multiplicity stochastic heat equation)

Gaussian white noise is a random distribution on ξ. Let f be a function of compact support. ξ(f), ξf ,
⟨f, ξ⟩,

∫∫
fξdtdx all means ξ acts on f . It is a Gaussian family with mean zero, and E[ξ(f)ξ(f̃)] =

〈
f, f̃

〉
=∫∫

ff̃dtdx. If f = 1A, f̃ = 1Ã, E[ξ(f)ξ(f̃)] = 0 if A ∩ Ã = ∅. Essentially, it shows the independence of
white noise.

E

( 1

N

∑
i

∫ 1

0
f

(
s,

i

N

)
cNdBi

)2
→ ∫∫

f2dtdx

=
c2N
N2

∑
i

∫ 1

0
f

(
s,

i

N

)
ds

This gives cN =
√
N .

The stochastic heat equation ∂tu = 1
2∂

2
xu+ ξ is equivalent to

u(t, x) =

∫
p(t, x− y)u0(y)dy +

∫ t

0

∫
p(t− s, x− y)ξ(s, y)dyds,

where p(t, x) = 1√
2πt
e−

x2

2t is the heat kernel.
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The discrete version has

u i
N
(t) =

1

N

∑
j

pN

(
t,
i

N
− j

N

)
u

(
0,
j

N

)
+

∫ t

0

1

N

∑
j

pN

(
t− s, i

N
− j

N

)√
NdB j

N
,

where pN
(
t, iN

)
=
(
e

1
2
t∆N

) (
i
N

)
, ∆Nu i

N
= N2

(
u i+1

N
− 2u i

N
+ u i−1

N

)
is the Laplacian.

Proof. Consider the derivative in time

ds

 1

N

∑
j

pN

(
t,
i

N
− j

N

)
u i

N
(s)


=

1

N

∑
j

(
−1

2
∆N

)
pN

(
t− s, i

N
− j

N

)
u i

N
(s)ds+

1

N

∑
j

pN

(
t,
i

N
− j

N

)(
−1

2
∆Nu

)
i
N

(s)ds

+
1

N

∑
j

pN

(
t− s, i

N
− j

N

)√
NdB j

N

The first two parts cancels out by summation by parts. Integrate both sides in time dimension s, we get
the equality in discrete version.

When d = 1, If
∫ t
0

∫
p2(t − s, x − y)dyds < ∞ for each t > 0, x ∈ R, then

∫ t
0

∫
p(t − s, x − y)ξ(s, y)dyds

makes sense. ∫
p2(t− s, x− y)dy =

∫
p(t− s, y)p(t− s, y)dy = p(2(t− s), 0) = 1√

2π2(t− s)
ds

⇒
∫ t

0

∫
p2(t− s, x− y)dyds =

∫ t

0
p(2(t− s), 0)ds <∞

For d ≥ 2, p(t, 0) ∼ 1
td/2

, and it does not work directly. Need to check with test function.

Now, we want to know the behavior of the solution to ∂tu = 1
2∂

2
xu+ ξ.

Claim: Brownian motion is invariant
∫
Lfdµ = 0.

Proof. The continuous version cannot be checked. Instead we check the analogue for the discretization
(Gaussian random walk). It has product measure

dµ =
∏
j

1√
2π i

N

e
− 1

2

(
u j+1

N

−u j
N

)2

1/N du j
N

= e
− 1

2

∑
j

(
u j+1

N

−u j
N

)2

1/N

∏
j

1√
2π i

N

du j
N

Then

D(f) =

∫
N

2

∑
i

(
∂f

∂u i
N

)2

dµ = −
∫
f
∑
i

N
∂2f

∂u i
N

2

−N2
(
u i+1

N
− 2u i

N
+ u i−1

N

) ∂f

∂u i
N

dµ

The integrand is the discrete version LNf . Then we have D(f) =
∫
f(−Lf)dµ, so it is invariant.

The invariance is modulo initial position. If ∂tu = v, ∂tv = 1
2∂

2
xv + ∂xξ has white noise as its invariant

measure.
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Check the increments in both dimensions:

u(t, x+ δ)− u(t, x) ∼ N (0, δ)

Increment in time dimension:

E

[(∫ t+h

0

∫
p(t+ h− s, x− y)dyds+

∫ t

0

∫
p2(t− s, x− y)ξ(s, y)dyds

)2
]

=

∫ t+h

0

∫
p2(t+ h− s, x− y)dyds+

∫ t

0

∫
p2(t− s, x− y)dyds

− 2

∫ t

0

∫
p(t+ h− s, x− y)p(t− s, x− y)dyds

=

∫ t+h

0

1√
2π2(t+ h− s)

ds+

∫ t

0

1√
2π2(t− s)

ds− 2

∫ t

0

1√
2π(2(t− s) + h)

ds

=
1

4
√
π

(
√
t+ h+

√
t− 2

(√
t+

h

2
−
√
h

2

))
Expand in first order of h, we get that the expectation is

=
1

4
√
π

(
√
t+

h

2
√
t
+
√
t− 2

(
√
t+

h

4
√
t
− 2

√
h

2

))
∼ c
√
h

Therefore,

u(t+ h, x)− u(t, x) ∼ N (0,
√
h)

Continuity: Check if u is continuous in t, x. By Theorem 8.10, we just need

E [(u(t+ h, x+ δ)− u(t, x))γ ] ≤ C
(
h2+ϵ + δ2+ϵ

)
From the previous estimation, we know that u(t + h, x) − u(t, x) ∼ h1/4Z1, u(t, x + δ) − u(t, x) ∼ h1/2Z2,
where Z1 and Z2 are Gaussian. For the inequality to hold, we just need γ ≥ 8 + ϵ.

Scaling: Given ξ(t, x), what does ξ(At,Bx) do?∫∫
f(t, x)ξ(At,Bx)dxdt =

∫∫
f
(
t
A ,

x
B

)
AB

ξ(t, x)dxdt

E

(f ( tA , xB )
AB

ξ(t, x)

)2
 =

∫∫
1

A2B2
f2
(
t

A
,
x

B

)
dxdt =

1

AB

∫∫
f2(t, x)dxdt

Therefore, ξ(At,Bx) = A−1/2B−1/2ξ̃(t, x) in distribution. This gives a transformed equation u(t, x) =

Cũ(At,Bx), ∂tũ = 1
2∂

2
xũ+ B1/2

A1/2C
ξ̃. It is invariant under u(t, x)→ ϵ

1
2u(ϵ−2t, ϵ−1x).

Now consider the general version

∂tu =
1

2
∂2xu+ uαξ, α = 0,

1

2
, 1

Discretize it, du i
N

= 1
2∆Nu i

N
dt+ uαi

N

√
NdB i

N
. Apply Ito’s formula:

df(u i
N
) =

(
f ′(u i

N
)
1

2
∆Nu i

N
+

1

2
f ′′(u i

N
)N

)
dt+ f ′(u i

N
)uαi

N

√
NdB i

N
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The term 1
2f

′′(u i
N
)N is an issue, because we cannot take N to infinity now.

Add a test function ϕ,

d
1

N

∑
i

ϕ

(
i

N

)
u i

N
=

1

N

∑
i

1

2
∆Nϕ

(
i

N

)
u i

N
+

1

N

∑
i

ϕ

(
i

N

)
uαi

N

√
NdB i

N

Take limit as N →∞, we get:

d ⟨ϕ, u⟩ =
〈
1

2
∆ϕ, u

〉
dt+ ⟨ϕ, uαξ⟩

Note that ⟨ϕ, uαξ⟩ =
∫
ϕ(x)uα(t, x)ξ(t, x)dx is a Martingale. The integral form is

⟨ϕ, u(t)⟩ − ⟨ϕ, u(0)⟩ =
∫ t

0

〈
1

2
∆ϕ, u

〉
ds+Mt,

where Mt =
∫ t
0

∫
ϕ(x)uα(s, x)ξ(s, x)dxds.

∫
M2
t −

∫ t
0

∫
ϕ2u2αdxds = Nt is the martingale for stochastic

PDEs.

Super Brownian (Dawson-Watanabe) Process (α = 1
2):

∂tu =
1

2
∂2xu+ u

1
2 ξ

du i
N

=
1

2
∆Nu i

N
dt+

√
u i

N

√
NdB i

N

This also has strong uniqueness in discrete version, but we don’t know about the continuous version even
in d = 1, when we assume positivity (for non-negative solutions, there is counter example)

Weak uniqueness (uniqueness in distribution) is guaranteed.

Let X(t) = e
− 1

N

∑
i ϕ(

i
N
,T−t)u i

N
(t)

. Differentiate it,

dX =
1

N

∑
i

[
−1

2
∆Nϕ

(
i

N
, T − t

)
+
∂ϕ

∂t

(
i

N
, T − t

)
+

1

2
ϕ2
(
i

N
, T − t

)]
u i

N
dt+ dMt

Choose ϕ s.t. ∂tϕ = 1
2∆ϕ−

1
2ϕ

2, we get uniqueness,

E
[
e−

∫
ϕ(0,x)u(T,x)dx

]
= e−

∫
ϕ(T,x)u0(x)dx

Example: ϕ(0, x) = c, ϕ̇ = −1
2ϕ

2, ⟨ϕ, u⟩ = ϕ(t) ⟨1, u⟩

d ⟨1, u⟩ = ⟨∆1, u⟩ dt+
〈
1, u1/2ξ

〉
= ⟨1, u⟩1/2 dB

This is equivalently, dy =
√
ydB. y(t) = ⟨1, u(t)⟩ is a non-negative martingale. It converges to zero, as

t→∞. Then

E
[
e−a⟨1,u(t)⟩

]
= e−(a

−1+ 1
2
t)

−1⟨1,u(0)⟩

As a→∞. LHS becomes expectation of an indicator function and is equivalent to P (⟨1, u(t)⟩ = 0). RHS
becomes e−

2⟨1,u(0)⟩
t . The population dies.
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Multiplicative Stochastic Heat Equation:

∂tu =
1

2
∂2xu+ uξ

du i
N

=
1

2
∆Nu i

N
dt+ u i

N

√
NdB i

N

The general form is du = Audt+ udB. If we swap the index from i
N to i+1

N , Audt won’t be affected.

udB =
∑
i

u i+1
N

(
B i+1

N
−B i

N

)
=
∑
i

u i
N

(
B i+1

N
−B i

N

)
+
∑
i

(
u i+1

N
− u i

N

)(
B i+1

N
−B i

N

)
The second term is ∼ u i

N

(
B i+1

N
−B i

N

)2
. It just becomes du = Audt + udB + cudt. Therefore, we can

consider the perturbation

∂tuϵ =
1

2
∆uϵ + uϵ(ξϵ − cϵ)

Note E
[

1
N

∑
i u i

N
(t)
]
= E

[
1
N

∑
i u i

N
(0)
]
, so E

[∫
uϵ(t, x)dx

]
= E

[∫
uϵ(0, x)dx

]
. This identifies cϵ.

Now ξϵ − cϵ becomes V in the Feymann-Kac’s formula, we can solve it with

uϵ(t, x) = Ex

[
e
∫ t
0 ξϵ(t−s,Bs)ds−cϵtuϵ(0, Bt)

]
Might as well take uϵ(0, x) = δy(x).

Exy

[
e
∫ t
0 ξϵ(s,Bs)ds

]
= E

[
e⟨ξϵ,ν⟩

]
,

where ν(du, dx) =
∫ t
0 δ0(s− u)δ0(Bs − x)ds.

Using IBP, we can push ϵ to ν and get E
[
e⟨ξ,νϵ⟩

]
, where νϵ =

∫ t
0 δϵ(s−u)δϵ(Bs−x)ds. Then E

[
E
[
e⟨ξ,νϵ⟩

]]
=

E
[
ecϵ

−1t
]
.

E [uϵ(t, x1) · · ·uϵ(t, xn)]

= E
[
Ex1y

[
e
∫ t
0 ξϵ(t−s,B

1
s )ds−cϵt

]
pt(x1, y) · · ·Exny

[
e
∫ t
0 ξϵ(t−s,B

n
s )ds−cϵt

]
pt(xn, y)

]
= E

[
Ex1,...,xn→y,...,y

[
e
∑m

i=1

∫ t
0 ξϵ(t−s,B

i
s)ds−cϵt

]] m∏
i=1

pt(xi, y)

= E
[
E
[
e⟨ξ,

∑
i ν

i
ϵ⟩− 1

2

∑
i⟨νiϵ,νiϵ⟩

]] m∏
i=1

pt(xi, y)

= E
[
e
∑

i<j⟨viϵ,vjϵ⟩
] m∏
i=1

pt(xi, y)

Now we compute

lim
ϵ→0

〈
νiϵ, ν

j
ϵ

〉
=

∫ ∫ ∫ t

0
ds1

∫ t

0
ds2δϵ1(s1 − u)δϵ2(s2 − u)δϵ1(Bi

s1 − x)δϵ2(B
j
s2 − x)dudx

=

∫ ∫ ∫ t

0
ds1

∫ t

0
ds2δ0(s1 − u)δ0(s2 − u)δ0(Bi

s1 − x)δ0(B
j
s2 − x)dudx

=

∫
dx

∫ t

0
dsδ0(B

i
s − x)δ0(Bj

s − x)

=

∫ t

0
δ0(B

i
s −Bj

s)ds
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Then

v(t, x1, ..., xn) = E

[
n∏
i=1

u(t, xi)

]
= Ex1,...,xn

[
e
∑

i<j

∫ t
0 δ0(B

i
s−B

j
s)dsδy(x1) · · · δy(xn)

]
This gives the following PDE system

∂tv =
1

2

n∑
i=1

∂2

∂x2i
v +

 ∑
1≤i<j ̸=n

δ0(xi − xj)

 v

v(0, x1, ..., xn) = δy,...,y(x1, ..., xn)

This is a PDE with a well defined operator L = 1
2∆ +

∑
i<j δ0(xi − xj). This is explicitly diagonaliz-

able.
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