MAT1600/1601 Probability Theory

1 Basics

1.1 Probability Spaces
A probability space is a triple (2, F, P), where:
1. © is the sample space: all possible outcomes of some random experiment.

2. F is the o-field (o-algebra, o-ring) of events. It is a collection of subsets of Q with the following
properties. It represents the amount of information we have about the outcome of the experiment.

(a) D e F
b) AcF=A%c F
(c) A1, As,...e F=UZ Aie F
3. P is the probability measure that assigns numbers in [0, 1] to events, VA € F, P(A) € [0, 1]
(a) P(A) > P(0)=0,YAeF
(b) P (U2, Ai) =>.72, P(A;) for A; disjoint.
(c) P(2) =1

Proposition: 1.1: Properties of o-Fields

1. If F; are o-fields, then NF; is a o-field
2. If G is any collection of subsets of {2, then there exists a smallest o-field containing G, called

o(Q).

Proof. The first statement follows from the definition. For the second statement, take intersection of all
o-field containing G. ]

Example: Flip a coin = {0, 1},
F={0,{0},{1},{0,1}}, P(0) = 0, P({0,1}) = 1, P({0}) = p, P({1}) =1 —p

Example: Flip 2 coins Q = {00,01,10,11}, F = 2.
We can also define Q2 = {zero heads, 1 head, 2 heads}. Sample spaces are not unique for the same experi-
ment.

Example: Flip a fair coin co many times: {2 =infinite binary strings.
Any w € (0,1) can be represented by 0.wjws....

A=[%, &), Fo=1{0,9}, 71 = {0,[0,0.5),[0.5,1),Q}

FoC FiC---, F=o0(JFn) is the Borel sets.

Suppose = [0,1), why don’t we use F = 9l0,1)9

Proof. Define equivalence x ~ y if © — y € Q. There are uncountably many equivalent classes. Axiom of
choice allows us to create a set B containing exactly one element of each equivalent class.



0,1) = Uyeq 7¢B, where 4B = {x + ¢ : z € B} are all disjoint. But P([0,1)) = >_, P(7,B) = >, P(B)
which is either O or infinity. Contradiction.

Proposition: 1.2: Monotonicity and Continuity of P

1.
2.
3.
4.

If A C B, then P(A) < P(B)

If A; € F, then P(U;2; Ai) <> 2y P(A).

If Ajt A ie. Ay CAyC -+, and (J;2, A; = A, then P(A4;) T P(A)
IfA; L A die. Ai D Ay D -+, and

bigecapi = 1°A; = A, then P(4;) | P(A)

Proof. (1) B=AU(B\ A), P(B)=P(A)+ P(B\ A),and P(B\ A) >0

(2) Let Ay = Ay, Ay = Ap\ Ay, A, = 4, \ U] 4.

ThenP(UZ_lA) Doy P(A) <3572, P(4).

(3) P(A) = P(UZ, Ai) = 22, P(A z) = limp o0 314 P(A') = limp, 00 P(An).

(4) Since P(4;) = 1 — P(A%), AY c AS c ... and JAY = AC. Therefore, by the previous argument,
P(AY) 1+ P(AY), and P(A;) } 1 — P(A%) = P(A). O

1.2 Distributions and Densities

Definition: 1.1: Probability Measures on R

Define F(z) = P(—o00,z|. F(z) is a distribution function if it satisfies the following properties:
1. F'is non-decreasing
2. F is right-continuous, i.e. limy, F'(y) = F(x), because if y, | x, then (—oo,y,) | (—o0,x) and
it then follows Prop
3. F( ) =0, F(c0) =1
If F(z) = [*__ f(y)dy, then f(y) is the density, [~ f(y)dy = 1.

Probability measures on R has 1-1 correspondance with distribution functions.

Examples (Discrete):

lLxe A
0,z ¢ A

2. Sum of Diracs: P({z;}) =pi, Y. pi=1

1. Dirac: P(A) = {

3. Poisson: at x; =i for i = 0,1,2, P({i}) = ){Tie_/\
4. Geometric: P({i}) = (1 —p)~1p

Examples (Continuous):

1 1
1. Uniform on [0,1): f(z) = { ;o €[0,1)
0, else
1
—a b
2. Uniform on [a,b): f(z) =< '~ 2@ € [a,b)
0, else

3. Exponential: f(z) = e 1 (z > 0)



4. Gaussian/Normal: f(z) = \/2170 exp (— (x2;‘§)2>

For any right continuous functins F', we can decompose

F(z) = /_; f(y)dy+/;z5dy,

where the first part is absolutely continuous (f > 0 and f_oooo f=1

.2
To estimate the normal distribution F(z) = [ T e/ dy, we can compute the complement:

—00 /27

oo —y?/2 0o —y2/2 1 —x2/2
1—F(x)_/ ¢ Cay< | Ve gy =1t

v 21 T Jr T 27 Y T /27

1.3 Random Variables
Definition: 1.2: Random Variable

A random variable is a function X : (Q,F) — (R,B) s.t. X }A) = {weQ: X(w) € A} € F for
any A € B (measurable) i.e. X is only using allowable information.
Similarly, X : (Q,F) — (R",B") is a random vector.

To check that X is measurable, we just need to check that X ~!((—oo,z]) is measurable in F. This defines
a natural push-forward proability measure and distribution, F(z) = P(X ~!(—o0, x]).

If X : (Q,F) — (R, B), then it pushes foward P to a probability measure pon R by u(B) = P(X~Y(B)).
Example: If 7 = {0, Q} (know nothing), then X must be constant.
Lemma 1. If G generates F', then X 1(A) € F for Ac G = X Y(A) e F for Ae F

Proof. Let G = {A cF:X1(A)e ]:}. For sure G C G.
But G is a o-field. Since G generates F/, G = F'. O

Proposition: 1.3: Properties of Random Variables

1. Composition: if X : (2, F) — (', F) and Y : (¥, F) — (", F") are random variables, then
YoX:(QF)— (,F") is a random variable.

2. If Xy,..., X,, are random variables (2, F) — (R, B), then X = (z1,...,x,) is a random vector.

3. If Xq,...,X,, are random variables, then X = X; + --- X, is a random variable.

4. If X3, ..., X,, are random variables, then inf,, X, sup,, X,,, liminf, X,,, limsup,, X,, are random
variables. Here we consider R U {£o0} with Borel set generated by [—oo, z)

5. {X,, converges} = {w : X,,(w) converges} is measurable.

Proof. 1) (Y o X)71(A") = X Y (Y~}(A4")) = X~ 1(A’) measurable.
2) consider X (T[T, [ai, b)) = Ny X; H(ai b)) € F.

3) Need to show that {w : Xj(w) + -+ X,,(w) <z} € F. This can be done by showing that f(z1,...,z,) =
x1 + - -+ zp, is measurable (R”, B") — (R, B).

4) {inf, X,, > =} = N {X,, > 2}, sup,, X,, = —inf,(—X,,), liminf, X,, = sup,, inf,,>, Xp,.
5) {w : X;,(w) converges} = {liminf X,, — limsup X,, > 0} O



1.4 Expectation

Definition: 1.3: Expectation

The expectation of a random variable X is defined as

BIX] = [ X@)dP(@) = [ fau

If X takes countably many values x; with probabilities p;, then E[X] =" xps, if Y, |zs|pi < oo.
For continuous random variables, we need to start with simple functions:

Step 1: Simple functions: ¢ = > | a;14, for A; disjoint, [ ¢dp =1 | aiu(4;)

Proposition: 1.4: Properties of Expectation

1
2
3
4
)
6

. If ¢ >0, then [¢du >0

. Jagdp = a [ pdp

- J(@o+d)dp = [ ¢pdp+ [pdu
CIf ¢ <, then [ dp < [pdp
.Ifgbqu,thenfqﬁd,u:fwd,u
S edu| < [ o] dp

Step 2: Bounded functions f, /fdu = sup/qﬁd,u = inf /ﬂ)d,u for ¢, ¢ simple.
¢<f v=f

Proof. We show why sup/gf)du = inf /¢du:
¢<f v=f

1) <: obvious since ¢ < f < 1), then apply 4 in Proposition

2)2;Eﬁnasfisboundai\f|f§ﬂf.Conﬁderlﬁ;::{f_1<[giimé @%))}.

n ’n

kM kE—1)M
T/anznlEkaZXk:(nl)lEkZ%

k
Then [ (¢, — ¢p)dp =24 — 0 as n — cc. O
Step 3: f >0, /fd,u = sup /gd,u.
0<g<flg|l<M

Define min {f,n} = f A n, consider lim / (f An)dp. The limit exists since it is increasing.
n—oo
Also, lim [ (f An)du < /fdu. Even g < n for some n, so we get the other way.
n—oo

Step 4: For general f, separate the positive and negative parts. Define fy = fV 0 = max{f,0},
o=+ f=fr—f- I [ fidu<ooand [ fodu < oo, wedefine [ fdu= [ frdp— [ f-dp.

Example: Cauchy distribution f(x) = m [>0. [fde=1,but [zf(z)dx #0.



Theorem: 1.1: Jensen’s Inequality

If f is a convex function and X a random variable, then

$(E[X]) < E[p(X)]

1.5 Measure Theory

Definition: 1.4: Semi-Algebra

A semi-algebra S is a collection of sets with the following properties:
1. S, TeS=85NTeS
2. § €8 = S¢ =finite disjoint union of sets € S

Definition: 1.5: Algebra (Field)

An algebra A C 2° is a collection of sets with the following properties:
. Ac A= A%c A
2. A,..., A, € A= U?:l A, e A
If in addition, |J;2, A; € A under countable union, then it is a o-algebra.

Lemma 2. If S a semi-algebra, then T = {finite disjoint union of sets in S} is algebra (algebra generated
by S)

Theorem: 1.2: Caratheodory Extension Theorem

Let S be a semi-algebra, p a measure on S with u(f)) = 0. If the following 2 statements are true:
1. If 5,5, € S and S = |J;; S; finite disjoint union, Then u(S) = Y i u(S;)
2. If 5,5; € S and S = J;2; Si, then p(S) <> iuq 1(Si).
Then p has a unique extension 7z that is a measure on S (algebra generated by S).
If 7z is o-finite, then there exists a unique extension v that is a measure of o(S) (smallest o-algebra
containing S)

Lemma 3. If only 1 of Theore@ is true, then (1) if A,B; € S, A = J| B; disjoint union, then
A(A) =32 1(By); (2) if A,B; € S, AC ULy Bi, then fi(A) < 37, u(B)

Definition: 1.6: m, A\ Systems

Pisa m-systemif ABeP=ANBecP. Lisa Asystem if (1) Q€ L; (2) A,Be Land A B
= B\AeLl;3) A, e Land A, T A= Ae L.

Theorem: 1.3: m-)\ Theorem

If P is w-system and L is A-system containing P, then o(P) C L.




Definition: 1.7: Outer Measure

If ECQ p(E)=inf{d> , u(4;): Ay A, E ClJ; Ai}. p* is an outer measure with the following
properties:

L. p*(@) =0

2. Monotonicity: If E C F, then p*(E) < p*(F)

3. o-additivity: F C |J;2, Fi, then p*(F) < 372, w*(F)

Definition: 1.8: Measurable Sets

E is measurable if VF C Q, u*(F) = u*(F N E) + p*(F° N E).

Lemma 4. Let A€ A. Then p*(A) = p(A) and A is measurable.

Lemma 5. The class A* of measurable sets is a o-field and p*|s+ is a measure.

1.6 Convergence of Random Variables

Definition: 1.9: Convergence of Random Variables

Let {X, },2, be a sequence of random variables.
1. X, % X (almost surely convergence) if X,,(w) — X (w) for almost every w, equivalently,
P(X, = X) =
2. X, B X (X, converges to X in probability) if
P(|X, —X|>¢€)=P({w: | Xp(w) — X(w| >€}) = 0foralle >0
3. X, 5 X (X, converges to X in distribution) if F,,(z) = P(X,, < z) — F(z) = P(X < z) for
all continuity points of F'.

Example: X, = 1 X, =0, F,,(0) =0, but F(0) =

Proof. 3%41,2, because X,, in 3 may not live in the same probability spaces
1=2: {X,, = X} =, Uy Nysy {1Xn — X[ < £}, ice. Vm, 3N st ¥ > N, | X, — X| < .-

If P({X, — X}) = 1, then P (UN Mooy (X0 — X| < %}) = 1, for all m.

1
Theerefore, lim P ﬂ {|Xn - X| < } = 1, because the intersections are an increasing set.
N—o00 m
n>N
. 1
Then lim P ({Xn - X| < }) =1
n—o00 m
2=3,

limsup P(X,, < X) = limsup P(X,, < X, |X,, — z| <€) <limsup P(X <z +¢),

n—oo n—oo n—oo

so limsup P(X,, < z) < lim P(X < x + ¢). Similarly,

n—oo el0

liminf P(X,, <z) =liminf P(X,, < z,|X, X|<e)>h%nP(X<x—e)

n—o0 n—o0



Lemma: 1.1: Portmanteau Lemma

If C is clsoed, then limsup,,_,., P,(C) < P(C)
If O is open, then liminf,, . P,(0) > P(O)

Theorem: 1.4: Bounded Convergence Theorem

Let 1 be a probability measure on (€2, F), f, be r.v.s on the space, |f,(w)| < M, Vw € Q, M € R,
fn 5 f, then lim / frdp = / fdpu.

Proof.
‘/fndu—/fdu‘é/fn—f!du—/ fu=Sldns [ 1fa= fldn
|fn*f|>€ ‘fn*f‘<€
By 2 of Definition [1.9} if | f,| < M, then |f| < M and

/ \fn—fdu+/ o= Fldp < 2Mu(\fu— | > ) + ¢
| fn—f|>€ |fn—fl<e

O

Also, pu(|fn — fl > €) = 0.

Lemma: 1.2: Fatou’s Lemma

Let p be a probability measure on (2, F), f, be r.v.s on the space. If f,, > 0, then

liminf/fnd,u > /liminf fndu
n—o0 n—o0

Proof.
fn > inf f,, A~ liminf f,
m>n n—00

Integrate both sides and take limits:

n—o0

liminf/fnd,uz/ ir;f fnd,uZ/ ir;f fm N Ldp

By Theorem , RHS= [liminf f, N Ldp A [liminf f,dp. O

Theorem: 1.5: Monotone Convergence Theorem

It fu >0, fn 1 f, then [ fudu— [ fdp

Proof. We need to show that limsup [ fodp < [ fdp and liminf [ f,dp > inf fdp.
The first is because [ fndp < [ fdu, for all n. The second is by Lemma O

Theorem: 1.6: Dominated Convergence Theorem

If fo, = f as., |fol <gand [ gdu < oo, then ILm /fnd,u = /fd,u.




Proof. Since |fn| < g, fn+ g >0, then by Lemma liminf [ f, +gdp > [ f+ gdp.
By linearity, liminf [ f,du > [ fdp.
Apply the same proof to — f,, to get limsup [ fndu < [ fdu. O

Theorem: 1.7: Change of Variable

Let X : (Q, F,P) = (R,B) bear.v., ¢: (R,B) = (R,B). If E[|¢(X)]] < oo, then E[¢p(X)] = [ ¢du,
where p(B) = P(X~!(B)). Since F(z) = pu((—o0, z]), we can also write as [ ¢dF.

Proof. Case 1: ¢ = 1p,
E[¢(X)] = E[(1p)] = P(X € B) = P(X"'(B)) = u(B) = /R 1p(x)dp
Case 2: ¢ =3 ", ¢lp,,

B0 = - P (B)) = Y- cunBi) = [ od
=1 ]

Case 3: ¢ > 0. Take ¢, simple, ¢, T . e.g. ¢ = 2L An. By case 2, E[pn(X)] = [ ndp. Elpn(X)] 1
E[¢(X)] and [ ¢ndu 1 [ ¢du by Theorem

Case 4: General ¢, ¢ = ¢+ — ¢_. Then apply case 3. O

Definition: 1.10: Mean and Variance

Let X be an r.v. on (2, F, P). The mean is

p = E[X] :/xdF:/:L’f(m)da: (if F' = f),

It may not always exist
The variance of X is

Var(X) = E[(X — p)*] = B[X?] - 2uB[X] + p* = E[X?] - p* = inf B[(X —y)*],

Var(aX) = a*Var(X), Var(aX + b) = a*Var(X)

Example: X ~ N(0,1), f(z) = \/%exp (_%)

Need to check [ |z|exp(—2?/2)dx < oo, but zexp(—x?/2) is a derivative. Therefore,

1 o0
EX] = \/ﬂ/ ze ™ 2dr =0

The variance is:

1 * 1
Var(X) = / ExQe_mQ/zdx = ze P>+ / Ee“ﬂmdx =1

The m-th moment is:

< 1 0,if m is odd
E[X™] = / L mgatyag, ) Oitmiso . |
—oo V21 (m—1)(m —3)---(1),if m is even, by IBP



Example: X ~ Exp(1), f(z) = e %1(x > 0). B[X*] = k!
Skewness: E [(%)3}
Kurtosis: F [(%)4}

Example: For Gaussian, skewness is 0, kurtosis is 3.

1.7 Independence
Independence is equivalent to product measures.
Let (Qq, F1, 1) and (Qs9, Fa, u2) be two probability spaces. Define
e =0 X ={w=(w1,w2) 1wy € Q1,wy € N}
o F_o({A; x Ay, Ay € F1, Ay € Fa})
o (A X Ag) = p1(A1)u2(Asg). This defines i on finite unions of rectangles, and extends to p on (2, F).

Caratheodory says all we ahve to do is check countable additivity on finite unions of rectangles. +4.e. if
Ay x Ay = J; AY x A} disjoint unions, we need to check pu(A% x Ag) =3, 1 (A pa(A4b).
Note that 14, (z1)p2(A2) =, Lai (w1)p2(AL). Integrate both sides

[ tanenna Az o) = > [ 1y @na(45)dua () by Theorem I3 1)

= pu1(Ay x Ag) Zul Do (AL) (2)

Let X1, X2 be r.v.s, P(X1 € By) = u(By), P(X2 € B) = p(B2), P((X1,X2) € B) = v(B), where v is a
measure on R2. If v = 11 X e, then X7 and Xy are independent.

P(X1 S Bl,XQ S BQ) = P(Xl S Bl)P(XQ (S BQ) <~ V(Al X AQ) = /Ll(Al)/J,Q(AQ)
Let (Q, F, P) be a probability space, A1, Ay € F are independent if 14, and 14, are independent:

P(lAl € Bl,1A2 S BQ) = P(lAl € Bl)P(1A2 S BQ) = P(Al ﬂAg) = P(Al)P(AQ)

Covariance: Cov(X1, X2) = E[X1X2] — E[X1]|E[X3].

Correlation: Corr(X7, X2) = %

X1, Xy are uncorrelated if Corr(X7, X3) = 0, but uncorrelated # independent.
Example: X ~ N(0,1), Corr(X, X2) =0, but X and X? are not independent.

X = (Xy,...,X,,) is a Gaussian vector X ~ N(u,C) if

P(X € B) = W7 — u)dw> ,

s e (0

where {Cj;}.., C;j = Cov(X;, X;) is symmetric non-negative definite.

5’
Remark 1. If X is Gaussian vector, then Corr(X;, X;) =0 = Xj, X are independent.

Proof. If we write C = AT A, then X = Az + p, where z ~ N(0,I), z; are independent. O



Theorem: 1.8: Maxwell

If X1, X2 are independent and O(X7, Xs) (the coordinates after rotation by O) are independent,
then X7, X9 are Gaussian.

Definition: 1.11: Independence

Random variables X1, ..., X,, are independent if

P(X1 € By,..., Xn € By) = P(X, € By) -+ P(X,, € By)

Ai,...,A, € F are independent if 14,,...,14, are independent or equivalently P([)
[Lic; P(A;) for all I C {1,...,n}.

Ay, ..., A, are pairwise independent if P(A; N A;) = P(A4;)P(A;) for all i,j € {1,...,n}.
For a probability space (2, F, P), sub-o-fields F7, Fo C F are independent if A;, Ay are independent
for any Ay € F; and Ay € F.

el ) =

Independence = pairwise independence, but pairwise independence 7 independence.
Example: X1, X2, Xo ~ Ber(3). 41 = {X1 = Xo}, 42 = {X1 = X3}, 43 = {Xo = X3}.

P(A;NAj) = 3, P(A;) = 3, so they are pairwise independent. However, P(A; N Ay N A3) = 1 #

P(A;)P(A2)P(As), so they are not independent.

1
8

Theorem: 1.9: Fubini

If f>0or [|fldu < oo, then

/ [ f($1>$2)d,u1] dpg = / fdu
X1 X2 X1>(X2

Proposition: 1.5: Sum of Independent Random Variables

If X1, Xy are independent, X ~ Fy, Xo ~ Fy, i.e. P(X; <xz) = Fj(x), then

PXi+Xy<x)= /Fl(az —y)dF5(y) = (F1 * F3)(z) (Convolution)

Proof.

P(Xl + X5 < .I') = E[1X1+X2§:c] = //1X1+X2<de> where ,U,(B) = P((Xl,XQ) S B)

://1X1+X2SxdF1dF2
T—T9
:/dFQ(xg)/ dFy(x1)

= /Fl(x — x9)dF5(z2) By Theorem [1.9
O

Remark 2. If one of X1, X5 has a density, then the convolution does F| = fi, P(X; + Xo < z) =

ffm Y f1(2)dzdFy(y f [ fi(z = y)dF»(y)dz. Then the density of X1 + Xy is [ fi(z — y)dF>(y).

10



Example: For n i.i.d. Exponential random variables, X1, ..., X,, ~ Exp(}),

A" 1
" 16 )\acl

X1+X2++XnN(n_1)' x>0

Note that the Gamma function gives:

INa) = / e dy
0
/ Az lem ATy = (n — 1)
0

1 a1l B B I'(a)'(B)
/0 (1—y)* "y ldy = T@15)

Example: X; ~ Gamma(a, \), X2 ~ Gamma(f, \), where the density of Gamma is %xa_le_ml

Then X; + X5 has density %

x>0

Example: X; ~ N(my,0?), Xa ~ N(ma2,03), then X; + Xy ~ N(my + ma, 0} + 03).

11



2 Law of Large Numbers

Theorem: 2.1: Chebyshev Inequality

E [\Xn _ Xﬂ

P(X,—X
(1Xn = X| > ) < ——

Theorem: 2.2: Properties of Sum of Random Variables

1. If Xy, ..., X,, are uncorrelated and F[X?] < oo, then Var(X; +---+ X,,) = >, Var(X;)
2. If B[X;] = m, E[X?] < C, then E [\% _ mﬂ <C
3. If X, = X in L?, then X,, — X in probability.

By 2, % — m in L?-norm, so % 2 m. This is the weak law of large numbers.

Var(X;)
2

If B[X;] = mj, 221 gy, and 2=t 20D o pen Xkt Xo By

Lemma: 2.1: Borel-Cantelli

If A, is a sequence of sets in Q, limsup A4, = {w:w € A, i.0.} =), U
for infinitely often.
If > | P(A,) < o0, then P({A, i.0.}) =0.

n>m A,,, where 7.0. stands

Proof. P(U;2,, An) L P(Ay i.0.)
Also, P(U>2,, An) <> 02 P(A;) =0 O

Theorem: 2.3: Strong Law of Large Numbers

If Xi,...,X, are identically distributed pairwise independent random variables, and E[X;] = m,
E[|X;|] < oo, then % — m a.s.

iP(Xl > k) < /OO P(X; > z)dr = E[X1] < o0
k=1 0

By Lemmaﬁ P(X; > ki.o.) =0, so % — m.

Define Tp, = > 1y Xilx, <k % — m and % — 0 a.s.

12



Let o > 1, by Theorem [2.1]

< | Tian) — ElTjan Var(Tjon
S p (| He Mol L ) 2 L5 arTion))
— Lanj €2

= )

1 n
< 2 1—a 2E [Xl 1X1<k] (Geometric series, and i.i.d.)
k=1
VCL’I“(Xle <k;)
=C Z Th
k=1
oo 1 fo%s)
<> kz/o Lyck2yP(|X1] > y)dy = CE[| X1 ]
k=1
So, WJEQ—W‘ — 0 a.s.
i E T Q’(l n
Since E[Xylx,<k] = E[Xilx,<k] — E[Xi] as k — oo, then [Lénﬂ] = 2 1 Xy, cn] — m.
Therefore, LLa" 1 —mas.
Suppose [a"| <k < [a"T], we get
TI_omJ T TLan+1J TLan+1J TLan+1J
<t< < < N
k. — k k = |lan] a [T | am
Let a — 1 to get limk%oo%:m. -

Example: Suppose E[X}] < oo, assume E[X;] = 0 and X;s are independent. Then

B+ + ) =Bl + (5) () (12D’

X1+ + Xa\*
n

P(’X1+---+Xn

n

)

n

E

IN
no

(X1+---+Xn 4

(Xt
> e> < 7} < —— By Theorem [2.1]
€ e*n

Therefore, P (’%’ > € i.o.) = 0. Equivalently, P (‘M‘ > - 1.0. for some m) =0.

Theorem: 2.4: Weak Law of Large Numbers in L?

Let X1, ..., X, be uncorrelated r.v.s, E[X;] = p;, Sp = X1+ -+ + X,,. Assume Var(X;) < C < oo.
Then S—Tf — W 20

13



Proof.

S S
P ( = u‘ > e) < EVar <n) By Theorem [2.1]
n

n

C
Var(X;) < —0
n2€2 Z = n2e2

n
Example: (Bernstein polynomials) Let f € C°(]0,1]) E ( ) Y1 —x)"™f (@) (Expecta-
n
m=0
tion of f () under binomial distribution). Then lim sup |fn(z)— f(z)| =0.

N0 4ef0,1]

Proof. Let X1,..., X, be iid. with P(X; =1) = P(X =0)=1-p.
Let Sy = 31y Xi P(Sp=m) = (,)p"(1 —p) E[f (7“)] Yoo P(Sn =m)f (5) = fulp) By

Theorem [I.1]
S, Sn Sn Sn
el () sl <l () o] (3 o] )+ (5=o]>9))
n n n n
Sn,
< e+ (2max|f|)P D >0
1 n
<e—+ CﬁVar <i>
1)
Se—f—mp(l—p)n—)easn—)oo
Therefore, limsup sup | f,,(p) — f(p)| < €, Ve > 0. O
n p
Lemma: 2.2: Law of Large Numbers for Triangular Arrays
B X11
Let b, > 0, b, = 00, Xy, 1 = Xn,klIXn,k|<bn7 Xo1 Xoo a triangle of random variables. Rows

Xo1 Xoo Xo3
are independent. In each row, X ; is independent of X for j # k. Assume

LY P(| Xkl >ba) 50
k=1

n
2. b,°> E[X]
k=1

Thenlet S, =Xp1+ -+ Xnpn, 0n=) p_; E [Xm,k], we have S"b;n“" 5.

14



Proof. Let S. :Xn71+--~+Xnn

o |

Sp — an,

3
3

< P (X'n,k #* ka) = P (| X k| > bn) — 0 by Assumption 1
k=1 k=1

> e) < € 2b,2Var(S,) by Theorem 2]

Sy — an

n n
= ¢ %2 Z Var(X,) < e 2b,> Z E[Xg,k] — 0 by Assumption 2
k=1 k=1

O
Lemma: 2.3: Tail-Sum

Let Y > 0 be a r.v., then / pyP LP(Y = y)dy = E[Y7].
0

Lemma: 2.4:

Let X1, X5, ... be i.i.d. with li_)m zP(|X;| >2)=0. Let S, = X3+ + X, uy = F [Xi1|Xi|§n]-

Then%—ungo

X1

Proof. Let b, =n, X,, ; = Xj, so we build a triangle of random variables like X; X5 . We check the
X1 X9 X3

condition for Lemma

Condition 1: Y}, P(|Xk| > n) = nP(|X1| >n) =0
Condition 2:
n"2Y " E[XP x <n] = n T E[(Xp1 x, <n)?] = 07! /0 22P (| X11jx,|<n| > 2) da
k=1

= 2n_1/ zP(|X1| > x)dx
0

Let g(z) = 2P(|X1| > 2). limy— o0 g(z) =0, gn(x) = g(nz) — 0 as n — 0.

Change of variable by & = T, and we get:

n 1
2n1/ xP(|X1] > z)dx = 2/ nZP(|X1| > nZ)dz >0
0 0

O



Theorem: 2.5: General Weak Law of Large Numbers

Let X1, Xa, ... be i.i.d. Assume E[X1] < co. Let u = E[X1], Sp = X1+ -+ Xp,. Then 52— B 0.

Remark 3. Strong law of large number replaces convergence in probability with convergence almost surely.

Proof. Since E[rl|x,|5,] < E[X11)x,|>¢] and E[|X1]] < co, we have xP(|X1| > z) < E[X11|x,|52] — 0.
Thus Lemma holds and S—rf — Hn @s n — 00, where p, = E[X11|x,|<n] — p by Theorem O

Cauchy distribution does not satisfy Theorem because it is heavy-tailed:

£ dt
PX;<a)= | —% _ Elx=
(e = [ s X =
& dt 2 2
vP(Xi > o) x/m (1 +t?) Tz 7r7L>

Example: Let Xi,..., X, be ii.d. random variables in [—%, %] By Theorem 2.5

X214 ...4 X2 1/2 1
EAS I N0 2 BIX? = / 22dr = —
n _1/2 12

So P(‘M - %‘ < e) — 1, i€ [ dzi..dz, =1, where A={z:(1-¢)\/T% <|z|] < (1+6)/T5},

n

and || = /X7 + -+ X2

This means that the mass concentrates around the boundary /surface for high dimension.

St. Petersburg Paradox Let Xj, Xs,... be i.i.d. random variables, P(X; = 27) = 2% for j = 1,...,
E[X;] = 2;0:1 27277 = 0o. Pay money to play the game, and each round, we have 2% chance to win 27.
This gives infinite reward for infinite plays. % — 00.

Now, use triangular arrays. Let X, ;, = X}, and choose b, ~ 2.

= )
;P(’Xn,k] > by) =nP(Xg > by) = nJ:ZT;n;] =2n27 "M = an =0
Therefore, the first property in Lemma holds.
- L m
b’ ZE [(XP1x,<b,] = b;QnZQZJQ—J ~ 2202 — = =0

k=1 j=1
The b,, are chosen to be large enough so we get the properties satisfied.

Now we compute a,:

Mn, n

E\Xnplix, <. | = ElXi1x<p,) = Y 227 =mp,a, =) F [Xn,kl\xn,uszzn = nmy,
j=1 k=1

Let S, = X1+ -+ X, S"_bi:m" — 0 by Lemma. If m,, ~ logyn + k,,, where k, = loglogn, k, — oo,

Sn

we have TiosT

P, :
= 1, so we are making nlogn every n rounds.

16



2.1 Convergence of r.v.s

Theorem: 2.6:

If X, LN X, then there is a subsequence nj with X,,, — X a.s.

Proof. If X,, 5 X, then P (|X,, — X| > ¢) — 0.

o0
1
Choose ny, s.t. ZP <|Xn,c - X|> k) < co. This means that |X,, — X| < 1 for all but finitely many k

k=0
w.p. 1. O

Proposition: 2.1:

If X, % X and f is continuous, then f(X,) = f(X).

Proof. Let v > 0, we want N so that for n > N, P (|f(X,) — f(X)] > €) < 7.
Inside some compact sets, f is uniformly continuous, and we just need P (| X,, — X| > J) < 7.

Outside the compact sets, there is a K so that Vn > N, P (|X,],|X| < K) < 1—~. We can find that K’

so that P(|X| < K') > 1 — 135. Then there is NV so that P(|X, — X| > 1) < 1{5- O

Theorem: 2.7: Weak Convergence of Probability Measures

If X, 5 X and X, ~ fin, X ~ p, where pn,(A) = P(X,, € A), then p, — p, i.e. [ fdpn — [ fdu
for all bounded continuous functions f.

Proof. Since E[f(Xy)] = [ fdu, and E[f(X)] = [ fdu, we just need to show that E[f(X,)] — E[f(X)].
By Theorem [I.1]

[ELf(Xn)] = E[f(X)]] <

|
&=
=
&
|
&H

The last inequality is because f is bounded. O

Lemma: 2.5: 2nd Borel-Cantelli

If Ay, As, ... are independent, and Z P(A,,) = oo, then P(A,, i.0.) = 1.

n=1

Proof. We want P ((\,-_; U;~,,, An) = 1, which means that P (Ui\f:m An> 11 for all m

17



and P (ﬂivzm Ag) 1 0 for all n.

P(némAg> I] Pca ﬁ

n=m n=m

N

Example: Q = [0,1], P =Lebesgue, A, = [0,1/n).

Example (St. Peterburg game): Let X7, Xo,... be i.id. s.it. P(X; = 2¥) = .. We have showed that

2k
X144 Xy P,
nlogyn = L

1 1 1
P(X;>z)= Z %™ P(XnZCnlogn)Ncnlogn
k:2k>z

By Lemma since > o7 | P(X, > enlogn) = oo, we have P ( Xn_ > ¢ i.o.) = 1 for any c¢. Therefore,

nlogn

P (M > ci. o> =1, and lim,_,e 254 Xn — &0 a5, Strong law of large number (Theorem

nlogn nlogn
won’t hold in this case.

Empirical Distribution Function Let X;, Xs,... be i.id., X; ~ F and Var(X;) = 0% < co. F,(z) =
LS Lix,<a}- Asn— 00, Fy(z) — F(x) — 0 as.

This is by Theorem since F,(x) = %, where E[Y;] = P(X; < x) = F(x).
Gilvenko-Cantelli show sup,, |Fy,(z) — F(x)| — 0 a.s.
Proof. If we just had z1, ..., g, then max;<j<i [Fn(z;) — F(x;)] — 0 as n — oo.

If F is continuous, take z;j = F~! (%), |Fo(zjk) — Fzjg)| < 7 for n > Ny(w), w € Q, j=0,...,k

1 2
Fu(z) < Fo(wjp) < Fzje) + o < F2) +
1 2
Fu(z) 2 Fa(zjoap) 2 Faj-ip) = 2 Fle) = -
If F is not continuous, then z;, = inf {y : F(y) > ¢}, |F, - F(z;,)| < £. We can do this because
Theorem [2.3| also says Fy,(z7) = - LS xy<e — F(z ) Then the same argument applies. O]

We know that ) n% converges for av > 1, diverges for « < 1, and ) # converges. Consider the random
variables, Y,,, and > %

Assume E[X,] =0, Var(X,) < oo, X,, independent, when does }_ X,, converge?

Since Var (Zﬁ;l Xn> = YN Var(X,), so if the variance is under control 32>, Var(X,) < oo, then it

is possible to have convergence. This is because for S, = X1+ -+ X, Sy = X1+ -+ X, Theorem 2.
gives

N
1
P (|Sn — S| > €) 3—2 Z Var(X%)
k=m+1

18



Now we want P (]S, — S| > €) small for all n,m > N.
Note that P (sup,,>y [Sm — Sn| > €) = P (sup,, ,>n [Sm — Sn| > €) by triangle inequality.

Let X1, ..., Xony Ximt1, ...y X be independent r.v.s. Y = f( Xy, ..., Xpn), Z = 9(Xm+1, ..., Xpn), where f, g are
measurable. Then Y and Z are independent.

Theorem: 2.8: Kolmogorov Maximal Inequality

Let Xi,..., X, beiid. E[X;]=0, Var(X;) =02 <o0. S, = X1+ + X,

P ( max |Sg| > a:) < %Var(Sn)
4

1<k<n

Proof. Break if by the first time that |S;| > . Let Ay be the event that the first time that |S;| > z is at
k. Ak = {|Sk;| 2 Z, |SJ| < x,j = 1, ...,k‘ — 1}. UZ:l Ak = {maxlgkgn |Sk| Z x} SiHCB E[Xl] = 0,

Var(S,) = E[S;] > E[Siljs,|52] > 2*P(|S,| > z)
> Z/uksgdp
k=1
-y / 14,57 + 214, (Sp — Sp) + L4, (Su — S4)2dP
k=1
> Z/uks,idp
k=1

n
> Z/lAde = 22P <lr<nkau<xn |Sk| > x)
k=1 ==

Note that [(S, — Sk)dP = [ X1+ -+ X,,dP =0 and [(S,, — Sk)?dP > 0. O

Theorem: 2.9:

(0.)
Let X1, X2, ... be independent, E[X;] =0, Var(X;) =0. If Z Var(X,) < oo, then S, is Cauchy.
n=1

Proof.
T
_ > <
P (Mrglg><<N|Sm S| > e) <3 Z Var(Xm)
m=M+1
1 oo
P <r%1§]}v{1|5m — Sy| > e> < =) Z Var(X,,)
m=M+1
lim P( sup |Sy, — Shl Ze) =0
M —oc0 n,m>M

Also Ty = supy, ;> ar |Sm — Sn| is a decreasing sequence and it has a limit.

The limit must be 0 w.p. 1, or the limit cannot hold. This means that S, is Cauchy w.p. 1. O
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Lemma: 2.6: Kronecker’s Lemma

Let an 1 0o. If 3732, 2% < oo, then é Y ik — 0.

a

Proof. Let by, = > 1", z—]’:, b — b, and Ty, = A (b — bin—1)-

aln ka = aln (Z A bm — mzzjlambml>

k=1 m=1

1 n n
= — (anbn + Z Am—1bm—1 — Z ambm—1>
An m=2 m=1

n
am — Am—1
=b, — E —by_1.
a

m=1 n

Let € > 0, n large so that = < M large so that if m > M, |by, —b| < §, |by,| < B. Then

_€_
4B>
n

>

m=1

M(()m_l —b) < %23+M15M_b‘ <
an, an an

Therefore, we get é > op_qxk — 0. O

Theorem: 2.10: Kolmogorov 3-Series

Let X1, Xs, ... be independent, > >° | X,, converges if and only if the following 3 series converge:
1. > P(X, > A) < oo for each A
2. 22021 E[XTL1|Xn|§A] < 0
3. Yomey Var(Xnlx,j<a) < o0

Proof. (=) 3= > 021 Xulix,j<a — E[Xalix,|<a] < o0
2= 3> 2 Xnljx,|<a converges

1= P(|X,| > Aio)=0=> X, converges w.p. 1
(<) X1, Xa, ... are i.i.d., E[X;] =0, Var(X?) = 0? < o0.

an

Theorem and Lemma implies that it is enough to show Y 2, Var (X") < 00, which is equivalent
to Y 7, -3 < 00, since X;s are i.i.d. with zero mean. In particular, if a,, = n, we get Theorem

Note that as long as a, 1 oo, i Y gy Xk — 0. O

Choose a, = n'/2 (logn)"?*¢, a, 1 o0, i Y1 Xk — 0 as.
When a,, = n'/2, we still have i Y opeq Xk — 0 as.

When a, = \/202nloglogn, it has limsup = liminf = 1 a.s. This is the law of iterated logarithms by
Khinchin. This is close to the central limit theorem.

Theorem: 2.11: Marcinkiewitz & Zygmund

Let X1, Xs... be i.id. If E[|X;|] < o0, 1 < p < 2, but E[X?] can be infinity, then 77,1% Yope Xk —0
a.s.
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Proof. Let Y, = Xilixy<pi/es Tn =Y1+ -+ + Yo

S P(Xp#£Yi) =Y P(Xi" > k) < E[|X]"] <
k=1 k=1

Lemma implies P(X}, # Yii.0) = 0, so it is enough to show Tl’;p — 0.

By Theorem [2.10| and Lemma we just need to show that 7, Var (n}f;p) is finite.
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3 Central Limit Theorem

3.1 Weak Convergence

Recall the weak convergence of probability measures in Theorem [2.7 We can similarly define the weak
convergence of distribution functions. Let F,,, F' be distribution functions, F;,, — F weakly if F},(z) — F(x)
for all continuity points x of F.

Recall Lemma We have 4 equivalent statements
1. If A is closed, u, — p weakly, then lim sup,,_, . pn(A4) < u(A)
2. If B is open, then liminf, o p,(B) > u(B)
3. If u(0A) =0, where 9A = A\ int(A) and p,, — p weakly, then p,(A4) — u(A).
4. If pp(A) — p(A) for all A with p(0A) =0, then p, — p weakly.

€

Proof. 1. Let f. = <1 — M>+.

o) = [ Ladin < [ i [ e < a0

Therefore, limsup,, ., pn(A4) < p(A) for all e. By continuity of probability measures (Proposition [1.2)),
w(A) | pu(A) as e — 0.

2. Apply 1 to the complement of B

3. By 1, limsup i, (A) < limsup pun, (A) < p(A) = p(A)
By 2, liminf p,(A) > liminf pu, (int(A4)) > u(int(A4)) = u(A)

4. Given a continuous function f s.t. |f| < M, D = {t: u({f =t}) # 0} is countable.
Let § > 0, we want to show that | [ fdu, — [ fdu| < 6.

Choose —M =ty <t < -+ <t =M, |[tiz1 —t;| < J s.t. none of ¢; is in D. Approximate by simple
functions:
‘/fdun—/fdu’ <

k—1

/fdun - th‘un(ti < f <tit1)

1=0

<9

k—1
+ th’ (pn(ti < f <tip1) —pti < f < ti+1))| — 0
i=0

+ <

k—1
/de - Zti,u(ti < f <tig1)
i=0

As n — oo, | [ fdpn — [ fdu| — 0. O

Theorem: 3.1: Helly’s Selection Principle

If F), are distribution functions, then there always exists a subsequence ny, and F' so that F,, — F(x)
at continuity points of F'

Remark 4. F may be degenerate e.g. Fy,(x) = 1y>p, F(z) = F(x) = 0 for < n. F is non-decreasing and
right continuous.
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Proof. Since F,(x) € [0,1], there is a convergent subsequence by Heine-Borel.

Let Q = {q1, g2, ...} be the set of rational numbers, Fni (1) = F(q1), Fni(qg) — F(q2), with {ni} C {n}c}
Then the diagonal sequence an (q) = F(q) for g € Q.

For ¢ < ¢, Fn’,g(Q) — F(q) < Fn;; (¢") = F(q') by property of distribution functions.

Define F(x) = infs, F(q), F is right continuous. We want to show that Eor () — F(x) at continuity
points of F.

Let € > 0, assume x is s.t. an(af) — F(z), we can find ¢ < x < g with
F(@“)—%<F(g) < F(z) < F(9) <F(x)+§

Choose N s.t. | Fo(g) - F(g)‘ <& ‘F «(q) ~ F(g)| < § for k> N.

Then F(z) — e < Fo () < F(x)+e O

Definition: 3.1: Tight

A set of probability measure p,, is tight if Ve > 0, there is compact set K s.t. ju,(K®) < € for all n.

Example: the set of probability measures defined by F,(x) = 1>, is not tight.

Theorem: 3.2: Prokhorov’s Theorem

If jup, are tight, then there exists p probability measure and ng with g, — p weakly.
Conversely, if pu, — p weakly, then pu, is tight if the metric space is separable and complete.

Proof. Tightness for F,, means there is a M s.t. 1 — F,(M) + F,(—M) <e.
Choose M a continuity point of F. Take n — 00, 1 — F(M) + F(—M) < e.

Then, lim, o F(z) =1 and lim,_,_~ F(x) = 0, non-degenerate. O

3.2 Characteristic Functions

Definition: 3.2: Characteristic Function

Let X be a random variable, the characteristic function of X is

o(t) = E[e"X] = E[costX] + iE[sintX] = /eithu

A closely related concept is moment generating function:
M(\) = E[eM] = /e’\Xd,u
Moment generating function is Laplace transform, while characteristic function is Fourier transform. Mo-

ment generating function may not exist, while characteristic function always exists, because the integrand
is bounded.

Example: if X ~ Exp(1), then [;* e*~*dz is only defined if A < 1.
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Theorem: 3.3: Properties of Characteristic Functions

If X, X5 are independent r.v.s with characteristic functions ¢1, ¢2, then
E[eit(Xl—l—Xz)] _ E[eitXleith] _ E[eitXl]E[eith] _ ¢1(t)¢2(t)

Other properties:
1. ¢(0) = E[e] =1
2. Uniform continuity: [¢(t + h) — ¢(t)| =< E HeihX - IH —0as h—0.
3. E[eit(aXer)] _ eitb¢(at)

Proof. 2. |¢(t+ h) — ¢(t)| = |E [e!tHMX — tX]| = BletX |ethe —1]] < E [|ehX — 1]] = 0 O

Example: X ~ Ber (%), P(X=1)=PX=-1)= %

. 1 . ,

Bl = 5(6” + e ") = cost
1

E[eM] = =(e* + e *) = cosht

2
Example: If X is symmetric (X = —X), then ¢(t) = E[e'X] = [costaxdp + i [sintrdy = [ costzdu is
real.
Example: N ~ Poisson()\),
e ity \n
th ztn A _ A (6 A) At = (1—€')
Z e =e Z T =e (& =e
n=0

This is by Taylor series of e*.
Example: X ~ N(0,1).

1tX 1t:p—— _ 1 —t2/2 > —L(z—it)?
Ele dr = e e 2 dx
—0oQ0

R

By change of variable and contour integration:

/ L ait)? /°° t ey 1 /00 T
e 2 e 2 = — e 2 =
V2T \/27r co—it Y V2T J o 4

. 0_2
If X ~ N(m,0?), then ¢(t) = pitm—%-12
Example: X ~ Unif|0,1],

b . .
eztb _ ita

) 1 b etz e
E Xy zt:cd — —
(] b—a/ae YTt —a)|,  itlb—a)
Example: X ~ Exp(1),
00 it—1)x
EeX] = / lit=1)z g elit=1) _ 1
0 it — 1 1—it
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Example: f(z) = (1 — |z|);. Note that this is the distribution of X + Y for X,Y ~ Unif [—3, 3].

1 A it)2 _ ,—it/2 2sin(t/2)\?  2(1 — cost)
1— itx — € — =
/_1( |z[) e d ( it ) < t > 2

Example: f(z) = %e"z‘

L[> itz—|z| 1 /oo itr— /OO —ito— 1 1 1 1
Z dr = = itr—z 1 itr—x g _ _
2/_006 r=oly, ¢ et )oe\ima i) T ire

Theorem: 3.4: Inversion of Characteristic Functions

T —ita _ ,—ith
nml/’.mmnzmmm»+;mmh+;mwb

T it

1 T _—ita _ —ztb —1t(a x) _ —zt(b x)
— € ¢ / / dp(z)dt

2 J_p R

e—zt(a z) _ 6—1t(b x)
— / / , dtdp by Theorem
™ _T it

1 T _ T g —
1 [ / sint(z —a) ., / Smt(mb)dt] dyu by symmetry in cos
27 -T t =T t

We can apply Theorem [1.9] because the integrals are bounded in both dt and dpu.
Note that by symmetry:

/T Sint(x—a)dt: /T sint(:c—a)dt: /T|xa| Sintdt—) m
ot 0 t 0 t 2

. o0 —
Because, we can rewrite % = fo e "tdx and

/ Lntd _/ / =2t gin tdadt

T
t
/ ﬂdt — arctanT‘ < =
o t T

Take T' — oo, we get:
2ma < x < b

. 3 T & _
e R = R

t t
-T =T .
0, otherwise

Then the entire integral converges:

1 TM¢(t)dt—>1/2 Loy @)dp + —mp({a}) + —mu({b})
2 J_r it 2T TR )R o T or 1
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Theorem: 3.5:

If [|p(t)|dt < oo, then there is a density function f s.t. f(z) = 5= [e " ¢(t)dt and f is bounded
and continuous.

Remark 5. This is the Fourier transform of L' functions.
Proof. From Theorem we have

p((a, b)) + u({a})+ u{b} (t)|dt

In particular, {a} and {b} do not contribute.

e 'Lta:_e (z+h)
pla ) =5 | st

][

z+h
= / (2 / e MWt )dt) dy by Theorem
- m

Therefore, f is well-defined and bounded. O
Example: Cauchy f(z) = m E[X] is not defined. ¢(t) = [ T mQ)dg; = ¢l by the last example

before Theorem [3.41
Let X1, Xo be independent Cauchy, ¢x,4x,(t) = ¢1(t)da(t) = e 2 so qf)xl-gxz (t) = e, % = Xj.
Extending to n independent Cauchy, we have % = X1 in distribution.

Example: X, Xy ~ N(0,1) independent, then ¢x,1x, (t) = e /2 and % = X;. Extending to n
NG

independent normal, % = X in distribution.

Example: ¢(t) = e It % = X, in distribution, but is ¢ a characteristic function? Yes if
0<a<2 noifa>2.

Theorem: 3.6: Bochner’s Theorem

¢ is a characteristic function if and only if ¢ is positive definite, i.e. for all measurable complex
function h, [[ ¢(t — s)h(t)h(s)dtds > 0.

Proof. (=) Given ¢ a characteristic function.

//¢ (t — s)h dtds—/// =) (t)h(s)dtdsdpu(z)
= /// e h(t)eisth(s)dtdsdp(z)

< / emh(t)dt> ( / eimh(t)dt>]
‘/emh(t)dt 2] >0
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3.3 Central Limit Theorems

2 1 [
> — ) < — 1—o¢(t))dt
w(lel22) <5 [ -
Proof. By Definition [3.:2] and Theorem [I.9] we have:

[o-sa= ] [11-a
_2/1_$mmmL

uzxr

1
o[ il

2
2/ WZMOME)
|z|>2 u

The last two inequalities are by restricting the integration domain. O

Theorem: 3.7: Levy’s Continuity Theorem

Let pn, u be probability measures with characteristic functions ¢, ¢.
1. If pp — p weakly ([ fdpn, — [ fdp for bounded continuous f), then ¢, — ¢ pointwise
2. If ¢, — ¢ pointwise and ¢ is continuous at 0, then p, — p weakly and p has characteristic
function ¢.

Proof. 1. ¢, = [ et d, — / e dy = ¢ since €'® is a bounded continuous function.

2. Firstly, we show that p, is tight by using Lemma Then if we take limsup,,_,,, on both sides, and
choose u s.t. limsup, . pn (2] > %) is small, then p,, is tight by Definition Then there exists a

subsequence ny, s.t. p,, — i = p weakly, and p,, — p weakly. O
Counter-example: when ¢ is not continous at 0, we can have p, ~ N(0,n), ¢,(t) = e /2
1,t= L .
not a characteristic function.
0, else

If [|X|"du < oo, then ¢ € C™ and ¢ (t) = [(iz)"e"®du. In particular, if E[|X|"] < oo, then
¢t (0) = i"B[X™).

Proof. Suppose [ |X|du < oo,
ithx
wnzwwefﬂﬂz/i@mm_ﬂﬂwz/(e{4%MM

ehzT_l‘ < |z|, so by Theorem ¢'(t) = [ize@dp.

eihz -1

Note that

Similarly, ¢”(t) = }llin%)/i:c < ) e du, so if [ |X|2du < oo by Theorem ¢"(t) = [(iz)*e"dp.
%
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Inductively, we prove for all n. O

Theorem: 3.8: Central Limit Theorem

Let X1, Xo,..., X,, be i.i.d. with Var(X,,) = 0? < oo and ¢ # 0. Then,

2 m=1 Xm — E[Xn]
ov/n

The convergence is in distribution.

— N(0,1)

Proof. WLOG assume F[X,] = 0, if not we just define Y;, = X,, — E[X,,]. Consider the characteristic
function of a\/ﬁ o1 Xm. Then

S s T e

Consider the Taylor expansion, ¢(0) = 1, ¢/(t) = E[iXe"X], ¢'(0) = iE[X], ¢ (t) = E[-X2e"X], ¢"(0) =
—E[X?], ¢((0) =" E[X"].

If things are nice,

o(t) = B[] = E

Therefore,

This shows that Zm=1m \/E Xy N (0,1) in distribution. Now we need to show the error bound is small, by
proving the following inequality:

n .
: (i)™ (20"
e — < min ,
2 o =i G
m=0
Note that for a C™*! function f, the integral form of the Taylor remainder at 0 is:

1(0) W 1

m/! !y

Roe) = ()~ 3 " — &) FO (s)ds

m=0

For f(z) = e, f"+)(z) = i"te®. By recursive IBP,
x ) xn+1 i T )
/ (x —s)"e¥ds = + / (z — s)" Leds
0 0

n+1 n+1

n )m g+l ]
— Z = / (z —s)"e"ds
m: n. 0




Similarly,

:1/0 (z — 5)"e"ds = —% + /0 (x —s)" et ds
in—H /I( . )n isd _ i" /m( . )n—l( is_l)d
ol o T S) e S = (n — 1)| o €T S e S

Use |e?* — 1| < 2 to get the remainder < 2':5#

3 2
So the error term < E [min ( i X3, @X%)}
a n

6713/20'3
o(t) = Ble™1] = 1 4+ itE[X,] — %E[Xz] + R3(t), where |R3(t)| < E [min (%X3,t2X2)]. So we need this
1) if B[X?] < 00. i.e. nE [min( i X3, ‘ﬂiX%)} — 0.

6n3/243 o

tobeo(

n

This can be achieved by splitting at | X;| = C, and consider Cnfl/Q\t\?’E[Xf’]l‘Xch—i— (tPEXT)L x,>c. O

Example: Let Xi,..., X, be iid. X; ~ Ber(p), P(X; = 1) = p, P(X; = 0) = 1—p, E[X;] = p,
Var(X;) = p(1 - p).

o X1t Xy _
Theorem gives = 2n =,

Since X; are i.id., Var(X; + - + X,,) = nVar(Xy), Var (FE24850) = Lygr (X)), Var <X1+7\/7;“X”> =
Var(X1). Therefore, P (y/n (21245 — p)) = Var(X).
lim P X1+”'+X"—p>

n
Theorem gives
L m < <2 =095
n =0.
nee \|v/p(L—p) n N

which means that 95% of time, X; +---+ X, € [np —2y/np(1 —p),np+ 2y/np(1 — p)]

If we toss a fair coin 1000 times, we should expect [468, 532] heads with 95% probability.

Remark 6. 2_”(2) ~ ﬁ by Stirling approximation n! ~ v/27wnn"e™"
2

Theorem: 3.9:

Let 21, ..., Zn, W1, ..., wn,C, |2, Jwi| < C, then

n n n
Hzm—me < g g |2m — W
m=1 m=1 m—1

Proof. Proof by induction. Base case is n = 1. In the induction step, we consider the sum from 2 to n,
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which has n — 1 terms:

n n n n n
1 2 = 1L wn| = |z 1] 2 =20 [T w1 =) ] e
m=1 m=1 m=2 m=2 m=2

n
I wn

m=2

< |#| + |21 — wi] by Triangle inequality

n n
I 2= 11 wm
m=2

m=2

m
<C.cn? Z |2m — W] + |21 — wllC”_l by IH

m=2

n
=Cn ! Z |2m — W
m=1

Theorem: 3.10: Lindeberg-Feller Central Limit Theorem

Consider triangular array of r.v.s Xi1, Xo1, Xo2, ..., E[X;, ] = 0 independent in each row s.t.
LY BX2,]—>02>0
2. > B[X73 11X, >l = 0 for all € >0 (No single r.v. has dominating contribution)

Then X,,1 + -+ 4+ X — N(0,0?) in distribution.

Pm(z)]; Consider the characteristic functions ¢y, (t) = E[e®Xnm]. We want to show [ _; ¢nm(t) —
_ ot

e~ 2 . From the proof of Theorem we have

t*oy EXm]? 20t X 2
¢n,m<t>—(1—;m> SE[min(' nnl? 20K )}

6 2

< E [[Xnm* 1 x mize] + B [EXnml?1ix, 5]
< e’ E (X5 ] + B (X2 0 1ix, l>e]

Using the two properties, we get

t20'7217m
ot 150

Since Y1 _, 04, — 02, forn > Ny, we have o7, ,, = E[X7 | < 4+ E[X?, 11x, ¢ (split the expectation
into 2 parts).

< e’t? = 0

Then [¢pnm(t)] < 1,

2.2
1t 02””” ’ < 1. Therefore, by Theorem ,

=0

lim sup
n—oo

mHI ¢n,m(t) - H <1 - 2 )

m=1

Similarly, we can show that

ﬁ e_tgagz,m/Q _ ﬁ <1 B t20'272n,”>

m=1 m=1
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Example: Let X, ..., X, be i.i.d. symmetric distribution P(X; > x) ~ :%2’ E[X;] =0, E[X?] = occ.

Define Y}, ,,, = Xm1|Xm|§n1/2 log log n-

9 nl/2 loglogn
Bl = | 2P(Xi| > y)dy

nl/2 loglogn 1
~ 2/ —dy + const
0 )

= const + 2 10g(nl/2 loglogn)

~ const + logn

Define X,, , = Yo m nE[X? ] =1, since E[X? ] — logn.

vnlogn’

Since |Xpm| > € is equivalent to Y, ,, > ey/nlogn, but ey/nlogn > n'/2loglogn for large n, then

nE[X72, 1x, > = 0 for large n.

By Theorem [3.10, X1 + --- + X, — N(0,1) in distribution., equivalently

distribution.

Then, P (Xpm # Xm) = P (|Xm| > n*/?loglogn) ~ ——1

PO # X)) € 3 P # Vi) <
m=1

So % — N(0,1) in distribution.

Consider more generally, P(|X| > z) ~ 2~
1. « > 2: Regular Theorem [3.§]

«

2. a = 2: Example above

3. 0 < o < 2: Both Theorems will fail.

Consider the characteristic function P(|X| > z) = %

|m|—(a+1)
2 bl
0, else

o' |z| > 1

The density function is f(z) = {

oo dx -1 dx
_ it it
o(t) = O‘/l € Spatt +O‘/_OO € olz]ot
B > dz
=« : Ccos 15:10%0Hrl
> dz
1—<Z>(t):a/1 (1—costx)W

Letmz%,t>0

= ata/t (1-— cosy)yaJrl

— Cat® ast — 0,

31

which implies

(loglogn)?
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since the integral converges to C' < oo.
e o ()
-(-(-(@))
)"
~|1-C—
(-0

If b, = e* , we get E [e” o } =1 and % — 0, so we can have a characteristic function by

properly choosing b,,.

a\ "M
If b, =n"/* b2 =n, E~ (1-C %) . The characteristic function is 9 (¢) = e~C!!* which is continuous

at 0. This means that % — 1), which has characteristic function ¥ (t). (If @« = 1, Cauchy; If a = 2,
Gaussian)

Theorem: 3.11: Poisson Limit Theorem

Let Xi1, X921, X12,... be triangle array of r.v.s independent in each row, P(X, ,, = 1) = ppm =
1 — P(Xpm =0), where py,m, € (0,1). If the following holds

L Y o 1 Pnm — A€ (0,00)

2. maxXye(1,n] Pnym — 0
then X, 1+ --- + X,,, — Poisson(\) in distribution.

Note the r.v.s are rarely 1. If we let Y, ,, = X, ;5 — pn,m and check the conditions for Theorem [3.10;
> -1 E[Y2 ] =2 m=1Pnm — p721,m — A
i Em 1 [ Tlmllyn m|>€] 7L> 0.

Proof.

n

E eZt(Xn,1++Xna"):| = H (]_ - pn7m +pn,m€zt)

m=1

When p,m = 2, we get (14 2(ef — 1))™.

Since [], _, ePnam(e=1) _y eA(eit_l), we just need to show the error between products is small. By Theo-
rem 3.0
n n
i — it
H (1 — Pnm + pn,melt) - H ePr m(e**=1) < Z ‘1 — Pn,m +pn me i _ epnvm(e 1)
m=1 m=1 m—1
pn m|elt - 1|2

<Z
SQZpi’m%O
m=1

Example: Number of radioactive decays in [0, 1] is Poisson
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Proof. Let Xy, ,, =number in [TA, ™)y Xn,m is i.i.d. if decay is slow.

If n is large enough, X, ,, is 0 or 1, P(Xp;m = 1) ~ %
By Theorem Xni+ -+ Xpn — Poisson(A) in distribution. O

Example: 10° people, typically 1 fatal accident /year, one year it happens to be 3 accidents

Proof. p=107% n=10°% Xi,..., X, has o2 =p(1 —p) ~p=10"6, 0 = 1073, \/n = 10>. mean m = 1.
By Theorem [3.8 X7 + -+ + X,, € [l — 2y/no, 1+ 2y/no] = [~1,3] 95% of time

Using Theorem A=1,P(>3)=1-P0,1,2) =1— (et +e ! +0.5¢7!) =~ 0.08 instead of 0.05. 3
accidents is more likely to happen than CLT approximation.

The issue with CLT is that o is not fixed and is dependent on n. O

What is the error in CLT?
Let F1, F5 be distribution functions, ¢1, ¢2 be characteristic functions. Assume that ¢1, ¢o are integrable,
and E[|X;]] < oo. Then Fy, F, have densities fi, fo. By Theorem [3.4}

fi(2) — fala) = 1/—“”5(@() (1))t

Fio) - Bae) = o [ [0 - aa(0)iay
Fi(e) = Fa(o) = (Fi(-0) = Fa-L) = 5 [ [ e ay(on(t) = oatt)at
—ztx_e—th

271' _7(%( ) — d2(t))dt

By Riemann-Lebesgue Lemma, [ e_itLMdt — 0 as L — oo, because M is integrable. Note
that ¢(t) ~ 1+ itE[X] around ¢t = 0. Then we get

R(@) - B — o [ T 6100 - a0

27r —it

|F1(z) — /]¢1 \’ 1 by Triangle Inequality

Assume X1, Xo, ... i.i.d. mean zero, variance one, if |t| < /n.

(1) =1~ t; + (Z? E[X%) + -
()~ (15| =
'¢ (\}%) | = ‘qs (\}%) - (e—t2/<2n>)"' - ’¢ <\/tﬁ>"_ <1 ) i)ﬂ
By Theorem 3.9} < C™n|t3)| [|§|23]

|z|

Substitute into the |F}(z) — F2(x)| bound, cutoff by a characteristic function (1 - T) , which corresponds
+

1—cos Lz
7 La?

to a probability distribution Ay (x) =

sup |Fi(z) — Fo(x)| < 2sup |Fy x hy(x) — Fy x hy(x)| + 7
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Then we can bound |Fy(z) — Fy(x)| by the following and take L = /i, C = e~ **/4 so we get the dersired
bound:

R - ) < o [ 100 - o) + 2
BUXP] [ -ejaydt | 81Fols
< 6\F / /4|t|3‘t‘ E

Theorem: 3.12: Berry-Esseen

Let F,, be the distribution function of ){14;7\/;:)@7 where X; are i.i.d. with mean zero and variance
2
0“. Then

B[ X
a3\/n

sup | F,(z) — e V12 ’ <C——F—

xT

In our example, E[|X[3] = p(1 —p)® + (1 —p)p> ~ p, 0% ~ p.

sup |y (z) —

T

L[ ey ’ o P 1
— e =
Vo Y= p32y/n \/np
Therefore, the actual difference between the Poisson and Gaussian for n = 10°, p = 1073 is about 3%2 (scaled
by a non-negligible constant).

X1, Xo, ..., X, 1.i.d. Bernoulli with p, then X7 + X9 4 --- + X, ~ Poisson(1).
X1, Xo, ..., X, 1.i.d. Poisson with A =1, with m = o =1, then X; + Xy + --- + X,, ~ Poisson(n).

n Vnztn
< x) = P (Poisson(n) < v/nz +n) = —e "
k=0

» (Poiss%n) -

3.4 Poisson Process

Definition: 3.3: Total Variation

If 41 is a signed measure on (§2, F), then its total variation is ||u||;, = supacr |1(A)].
If 41 is a probability measure, then ||u|, = 1.

Hahn decomposition gives = py — pi— = p|la — prac, |pllpy = p4(Q) + p— (). Equivalently
n

leellzy = L Yo (A = sup Y [Flaier = F(x))] = | Fllpy

1U-UAR=0Q 5=

We are interested in defining the distance between two probability measures d(u,v) = |1 — vy

If Q={0,1,..}, > |u(x) —v(z)| > |u(A) —v(A)| + ‘,u(AC) - I/(AC)’. If A={z:pu(A)>v(A)}, then we
have 32 [u(2) — 1(2)| = (u(A) — v(A)) — (1 — p(A)) — (1~ b(A))) = 2(u(A) — p(A)). Thercfore,

I =vllpy =5 Zlu z)| = sup|p(4) = v(4)]

We now show d(u,v) = || — v||py is a metric
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L d(p,v) = d(v, 1)

2. d(p,v) >0, d(p,v) =0 if and only if p=v

3. d(p,v) + d(v, p) = d(p, p), since [p(x) — p(x)| < |u(x) — v(2)| + [v(z) — p(z)] and sum up.
If [t — pt|lpyy — O, then py,(z) = p(zx) for all z, p,, — p weakly.

X1+ +Xn 5
Jn

Example: Product measures satisfy [[u1 x po2 — v1 X va|lpy < |l — villpy + w2 — 2y

Example: Let X; ~ Ber (3) iid. p, ~ . Let p be a Gaussian, ||p, — pf|qy = 2.

a1 X 12— 01 X vallgy = 32 (@) — (@)
_*Zm ) 2(y) - va(w)] + vay) s () — 1 (a)
:521;@(@/)—@ )+ 5 Zml ) = vi(z)]
Yy
= 1 — villpy + llp2 — vallpy

Example: Convolutions satisfy || * po — v1 % val|py < [l — villpy + 2 — vallpy

i s = vl = 5 30|30 e~ w)maly) — Yo v — ()

Y

< ;z (e = Daly) = vala = y)ra(y)|

= 2 Y @al) — i (@)

Consider y ~ Ber (%), v ~ Poisson(p), v(n) = p—e P n=0,1,2,..

2| = vllgy = [p(0) = v(0)] + |p(1) |+Z|M

=[1-p—eP|+|p—pe” p‘—i—l—e P—pe™?
=eP—14+p+p—peP+1—-e?—pe?

P2
—2p(1—ep)—2p<p—2+--')

< 2p°
Another proof for Theorem

Proof. Let pinm ~ Xnm, Vnym ~ Poisson(ppm)-

n
Poisson (Z pn,m> = Up,1 % % Upy — Poisson(\)

m=1
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Similarly, Xy 1 4+ Xpn D fn,1 % -+ % Upp.
n
H/*Ln,l ¥ K lUpp — Upl ke ok Vn,n” < Z H,Un,m - anmHTV
m=1

n n
<2 Z pim < 2maxpn,m Z Pnm — 0

m=1 m=1

Theorem: 3.13: Generalized Poisson Limit Theorem

Let X, m, m = 1,...,n be independent with values in {0,1,...} s.t. P(Xpm = 1) = ppm, P(Xnm >
2) = €n,m. It satisfies:

1. Y _1Pnm — A€ (0,00)

2. maxi<m<n Pnm — 0

3. ) _1€nm—0
Then X, 1 + -+ X, = Poisson()) in total variation

Xn,mv Xn,m =1

0, else

Proof. Rename X’n’m = { Then

P(Xn,l + -+ Xn,n 7& Xn,l + -+ Xn,n) < P(Some Xn,m ?é Xn,m)

Let N(s,t) =# decays in (s,t] s.t.

[

N(s,t), N(s',t') are independent if (s,¢] N (s',t'] =0
2. distribution of N(s,t) only depends on t — s
3. P(N(0,h) =1) = Ah+o(h)
4. P(N(0,h) > 2) = o(h)

Then N(0,t) ~ Poisson(\t)

Definition: 3.4: Poisson Process

Let 0 <tg<t1 <- - <ty <oo, Ny=N(t) = N(t,w) is a Poisson process with rate A if
1. Ni, — Ny, , are independent
2. Ny — Ng ~ Poisson(A(s —t))

Let &1, &9, ... be independent random variables s.t. T, = & + - -+ &,, then P(& > t) = e for t > 0. Note
that & is memoryless: P(§ > t+ s|¢ > t) = P(§ > s). Ny =sup{n:T, <t}, where Ty = 0, is a Poisson
process.
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Recall that fr, (s) = A(’;i"l‘)je—AS. Then, P(N; =0) = P(T} > t) =e . Forn >1,

t
PNy =n) = P(Ty < < Tos1) = / P(T) = $)P(€nsy > t — 5)ds
0

t yn n—1 n
:/ A" s mA(t=s) gg — gt (AD)
0

Therefore, Ny has a Poisson distribution with mean At.

P(T, Th<t
To check ]\ft,c+1 e\ P(Tni1>u,Tn<t)

are independent, we can compute P(T,+1 > u|N; = n) = PiN=n)

k

Let T} = Tnw+41 — t Ty, = Tvwy+k — In@)+k—1- 11, Ty, ... are iid. and independent of N;. If 0 = ¢g <
t; < -+ <tp, then N(t;) — N(t;—1) are independent.

Let Y7,Y5,... be i.i.d. r.v.s, N be an independent nonnegative integer valued random variable, and S =
Yi+ -+ Yy with S=0if N =0. Then

1. If E||Yi]] < oo and E[N] < oo, then E[S] = E[N|E[Y]
2. If E[Y?] < 0o and E[N?] < oo, then Var(S) = E[N]|Var(Y1) + Var(N)E[Y{]
3. If N ~ Poisson()), then Var(S) = AE[Y}?].

Let N;(t) be the number of i < N(t) with Y; = j. Then N;(t) are independent Poisson process with rate
AP(Y; = j).

Poisson Point Processes: Consider a measure space (S, S, u), where S is a set, S a o-algebra, i a o-finite
measure. Let m : § — {0, 1, ...} be a random integer-valued measure. For Ay, ..., A, € S, m(A1),...,m(Ay)
are independent Poisson with rate p(A;).
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4 Martingales

4.1 Conditional Expectation

Consider X a random variable in L!(£2, F, P), and a sub o-algebra G C F. Note that X is not a random
variable on (2, G, P). We define the conditional expectation to be the random variable E[X|G] € LY(Q, G, P)
s.t.

/E[X\g]dP:/XdPVGGQ
G G

Theorem: 4.1: Radon-Nikodym

Let p and v be o-finite measures on (2, F). If v < p, there is a F-measurable function f s.t. for all
AeF, [, fdu=v(A). fis denoted dv/du and called the Radon-Nikodym derivative.

Existence:

Proof. Suppose X > 0. Define Q(A) = [, XdP, for Q < P.

By Theorem! there is 99 = [X|g st. o E[X|GldP = [, XdP for all G € G.

For general X, do X = X, — X_, O
Uniqueness:

Proof. Suppose Y,Y” both satisfy the definition. Then [, Y —Y'dP =0, forall Ac G. If A={Y' > Y},
then Y <Y. If A/ ={Y" <Y}, then Y > Y’ so we must have Y = Y". O

Recall conditional probabilities P(A|B) = P;;(l}r;})s).

We can define P(A|G) = E[14|G], where G = {0, B, BY,Q}.

/E[1A|g]dP:/ 14dP = P(AN B)
B B

/ E[14|GldP = P(An B%)
BC

Example: Q = (0,1). Consider the o-field generated by F; = [2%, g"—nl)

(i+1)/2"
BfIF] =) <2"/ f(i)dfc> i oy (@)

ij2n

Example: If we have a 2D strip G x [0, 1], then E[f|G] = fo

Example: If X is independent of G, i.e. P(X € A)Y € B) = P(X € A)P(Y € B),VB € G, then
E[X|g] = E[X].
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Proposition: 4.1: Properties of Conditional Expectation

1.IfG C F, Y € ¢, and E[XY] < oo, then E[XY|G] = YE[X|G], i.e. [,YE[X|GldP =
[, XYdP

If G = {0,Q} is trivial or X is independent of G, then E[X|G] = E[X]

If X is G-measurable, then E[X|G] = X

If G € Go C F, then FE [E[X|g2]|gl] = E[X’gl]

If X € L?(Q, F, P), then E[X|G] is the orthogonal projection onto L?(2,G, P)

If ¢ is convex, then ¢p(E[X|G]) < E[¢(X)|G]. (Jensen’s inequality)

& O B9 I

Proof. 1. Check for Y = 1p, where B € G,

/E[YX|g]dP:/YXdP
A A

/ YE[X|G]dP = E[X|G)dP = XdpP = / Y XdP
A ANB ANB A

2. Check X =14, X independent of G means that for all B € G, P(AN B) = P(A)P(B).

/ E[X]dP = P(A)P(B) = P(ANB) = / XdP
B B

4.2 Martingales, Almost Sure Convergence

Definition: 4.1: Martingales

Let (2, F, P) be a probability space. Fy,t > 0 is a filtration if o-fields Fy C F; C F whenever s < ¢.
Let X1, X9, ... be r.vs s.t. X, € F, (adapted). If E[|X,|] < oo, and E[X,41|F,] = X, for all n,
then X,, is a Martingale.

Example: Let &1,&s, ... be ii.d. with mean 0, S,, =& + -+ + &, Fn = (&1, ..., &n), then

E[Sn—&-l‘-’rn] = E[Sn + fn—&-l“’rn] = Sp + E[fn—f—l’}-n] = Sn

Example: Now consider S2 — no? with E[¢?] = 0 < o0,

E[S2,, — (n+1)0%|F,) = E[S2 + no” + &1 + 26,415, — 02|cal F,]
= 5721 —no” + E[ 72z+1|]:n] + 2SnE[£n+1]:n] —o?
=S —no*+o°+0-0°

_ Q2 2
=S5, —no

Example (moment generating functions): Let M()\) = E[e*] < co. Consider e}Sn—nlog M)

E eASan(nH)mgM(,\)‘}-n} —E |:€)\/\Sn+)\£n+1f(n+1)logM()\)|JT_~n]
— ASa—(nt1)log M(\) [exsnﬂ | fn}

_ eASn—(n+1) log M()\)M()\)

_ eASn—n log M (\)
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Example (characteristic functions): Let ¢(\) = E [e*¢1], eiASn—nlog ¢(N) is also a martingale.

Note: E [e“‘(S"“*S”)\U(Sl, ey Sn)] = ¢()), so eAEn+1=5) ig independent of S, ..., Sy.

Definition: 4.2: Markov Chain

A Markov chain on (S5,8) is a sequence of random variables X;. VB € S, P(Xp,41 €
Blo(X1,....,Xn)) = P(Xp+1 € Blo(X,)) = P(X,,B). For each x € S, P(z,B) is a probability
measure, for each B, P(x, B) is a measurable function.

If F is a o-field on €2, then w1, wy can be distinguished by it if 347, Ay € F with Ay N Ay = 0 and wy € A,
wy € Ay. Fi can distinguish paths befor time ¢ but not afterwards.

For ¢ a S-measurable function, define P¢(x) = [ ¢(y)P(z,dy)
Example: If ¢(X,,) — Z?;ll(lqb)(Xj) is martingale,

n n

E [ 6(Xni1) = S (00)(X))|o(X1, e X0) | = Elp(Xosn)lo (X1, . Xo)] = 3 (16)(X;)
j=1 J=1
- / By P(Xa)dy — 3 (16)(X;)
j=1

then it is Markov chain.
If E[|X|] < oo and F,, is the filtration, then X,, = F[X|F,] is martingale.
If 7, T F, then does X,, — X7

Example: Q = [0,1], F,, = [2%, 12";,1) divisions, F Borel, then it does converge.
Non-example: for general martingales, S, = {1 + -+ 4+ &,, P(&§ = 1) = P(§; = —1) = 5. It does not

converge, since % —Gaussian.

Definition: 4.3: Super/sub-martingale

From Definition if we replace E[X,4+1|Fn] = X, to be E[X,,41|F,] < X, then it is supermartin-
gale. If we replace with E[X,,11|F,] > X, then it is submartingale.

If X, is martingale on F,, and ¢ is convex, then ¢(X,,) is submartingale.

H, is a predictable sequence if Hy, € F,_1 for n > 1. The martingale transform is

(H-X)p= Hun(Xm — Xm-1)
m=1

Gambler’s martingale: &;,&,, ... independent with P(§; = 1) = P(§ = —1) = %, Xn =&+ +&,,
_ 2Hn717£17 "'7§n71 =-1
Oagn—l =1

weinnings will be 1. However, there is no system for beating an unfavorable game.

n Double bet when we lose. If we lose k times and then win, the net

Theorem: 4.2:

Let X, n > 0 be a supermartingale. If H,, > 0 is predictable and each H,, is bounded, then (H-X),
is a supermartingale.

40



Proof.
n+1
El(H - X)ni1|Fol = E | > Ho(Xn — Xn1)| Fn
m=1

= (H-X)p+ Hp i1 E[( X1 — X)) | F]
= (H - X),

Definition: 4.4: Stopping Time

A rv. N is a stopping time if {N =n} € F, for all n < oc.

Example (optional stopping): If H, = 1y>p, then {N > n} = bsN <n —1° € F,_1, so H, is predictable.
Then by Theorem (H - X)p = Xnan — Xo is a supermartingale.

Example (random walk): the first time to get to a specific point 16 is stopping time; the last time to get
to is not

Example: P(§; =1) =P =-1) = %, X =& +---+&,. Let N be the first time X,, = A or X,, = —A.

X2 —n, X2,y — (nAN) are martingale, so E[X?2,y — (R AN)] =0. E[N] = A2

To get the distribution, use e} =108 M(A) s martingale, where M(\) = ex_;—x. E [e’\X"_”logM()‘)] =1=
=2 Fe—nlog M(N)]

et—e”

If we want to know the first time X,, = A. Apply the same method to get E[X?2,\] = E[N An] — E[N]
as n — oo. But E[X2, ] /A A.

Define instead N =first time X,, = A or —mA. Then E[N]| = E[X%,, | = AmiﬂJr(Am)Qer$+1 — 00.

Theorem: 4.3:

If N is a stopping time and X, is a supermartingale, then X ya, is a supermartingale.

Suppose X, is a submartingale. Let a < b, Ny = —1 and define Nop_1 = inf {m > No_o : X, < a} and
Nyi, = inf {m > Nop_; : X;, > b}. Nj are stopping times and {Nap—1 < m < N} = {Nop—1 <m —1} N
1, Nogp—1 <m < Nog,

{Ngp, <m — 1}C € Fmn_1, so H,, =
0, else

defines a predictable sequence. X (Nojx_1) <
a and X (Nyk) > b, so between the two times, X, crosses from below a to above b (upcrossing).

Everytime an upcrossing is completed, we make a profit of > b — a. Let U, = sup{k : Nop < n} be the
number of upcrossings completed by time n.

Theorem: 4.4: Upcrossing Inequality

If X, is a submartingale, then

(b= @) B[Uy] < El(X, — a)+] — B[(Xo - a)-]

Proof. Let Y, = a+ (X, — a)4. Yy, is submartingale with the same number of upcrossing.

(b—a)Uy < (H-Y)m and Y, — Yo = (H-Y) + (1 — H) - Y),. Then E[(1 — H) Y] > 0, E[(H - V)] <
E[Y, - ;) 0
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Theorem: 4.5: Martingale Convergence Theorem

If X,, is a submartingale with sup,, EF[(X,)+] < oo, then X,, — X a.s. Convergence may not be in
L' but X € L.

Proof. By Lemma [1.2

E[X4] < liminf E[(X,)4] < o0

n—oo
E[X_]< linginfE[(Xn)_] = liniinfE[(Xn)Jr] — E[X,]
= lilginfE[(Xn)J'_] — E[E[X,|Fo]] = lirginfE[(Xn)Jr] — E[Xo] <
0
Corollary 1. If X,, > 0 is a supermartingale, then X,, — X a.s. and E[X] < E[Xy).
Proof. Apply Theorem to Y, = -X,.
The inequality follows from Lemma [1.2] E[X] < liminf, . E[X,] < E[Xj]. O

Let X1, X, ... be martingale s.t. |X,41 — X,| < B, N_p =inf{n: X,, < —L} is a stopping time. Xpan_,
is a martingale and X,nn_, > —L — B, so it converges a.s.

Let L — oo, then on {liminf, . X, > —oo}, X,, converges a.s.

By symmetry, on {limsup,,_,., X, < oo}, X,, converges a.s.

Either X,, converges on some set A, or B = {liminf X,, = —o0 and limsup X,, = o0}. @ = AUBUC,
where u(C) = 0.

Equivalently, let X, be a martingale with bounded differences, i.e. IM € R s.t. | X, — X;,41| < M a.s. for
all n. C = {limy00 Xy, < 00}, D = {limy, 00 X;, = —00,limsup,,_,o, < 00}. Then P(CU D) = 1.

4.3 Uniformly Integrable

Let X,, be martingales. For m > n, X,, = E[X,,|Fy]. i.e. if A € F,, then fA XndP = fA X,dP.

If X;, = X as., does [, XpndP — [, XdP?

Definition: 4.5: Uniformly Integrable

Let X, be r.v.s. X,, are uniformly integrable if Llim Sup/ | Xp|dP = 0.
| Xn|>L

—00 n

Theorem: 4.6:
X,|X| <L . .
Let XL = {0 |l | . If X,,s are uniformly integrable, and X,, — X a.s., then X € L!.
, else

Conversely, if X; € L', X,, = X a.s., and X € L', then X,, are uniformly integrable.

Proof.
BIIX, — X|| € B[ X, — X} + B[| X4 - XH] + B[|x - X

By Theorem [L.6 E [| X} — XL|] — 0.



By uniform integrability, F [| X, — X}|] = |

x> | XnldP, B [|X — Xt = Jixsr 1X1dP.

Note that f‘anL | X,|dP <1, s0 [|X,|dP <1+ L. Therefore, X € L! by Lemma
For the backwards part, note by triangle inequality and Theorem

‘/\Xn]dP—/]X]dP‘ g/]Xn\—\XHdngan—X\dP

Also,

/ \Xn|dp_/\Xn|dP—/X,ﬂdp—>/|xydp—/|XL|dP
| Xn|>L

So, limsup,, [ |op [XnldP = [ix)sp [X|dP.
Therefore, limy,_,, lim sup,, len|>L | X |dP = limp, o0 le‘>L | X|dP =0

O

Remark 7. It is also equivalent to E[|X,|] — E[|X]|] as n — oo.

Theorem: 4.7:

Let X,, be a submartingale. Then the following are equivalent: X, is uniformly integrable; X,, — X
a.s. and in L'; Convergence in L.

Theorem: 4.8: de la Valle Poussin

There exists convex ¢(z) s.t. ¢(0)
uniformly integrable.

0, 2@ . o and sup,, E[¢(z,)] < oo if and only if X, is

T

If ¢(z) = |z|'+7, then

/|X| L|Xn|dP:/1Xn|>LXn|dP§/
n|>

X,|° 1
SIS L/]Xn|1+5dP

Theorem: 4.9:

If X,, = E[X|F,], F, may not necessarily be a filtration, then X, is uniformly integrable.

Proof. Since |E[X|Fy]| < E[|X[|Fn], we have [y o [Xn|dP < [,
LEIX) < #E

x> [X[dP. So P(IX,| > L) <

We just need that for each e > 0, there is 6 > 0 s.t. if P(A) <4, then [, |X|dP < e. Otherwise, there are
sets A with P(Ag) < £ and [, |X[dP > e. O

Theorem: 4.10:

If X, is martingale, X,, — X a.s. and X, are uniformly integrable, then X,, — X in L! and
X, = E[X|F,)].

Suppose X € L' and F, is a filtration, then X,, = E[X|F,] is uniformly integrable martingale.
Therefore, X,, = Xo a.s. [, XdP = [, XoodP, VA € 6(UpF), 50 Xoo = E[X|0(UpF)]

Remark 8. Note that o(U,F,) may not be F, F may contain more information; X, may not be X.

43



Theorem: 4.11:

Let (F,)n be a filtration, X € L!. Then E[X|F,] — E[X|Fw] a.s. and in L.

Proof. Let Y,, = E[X|F,]. It is a uniformly integrable martingale, converging to some Y € F..
If A e F,, then

E[Y14] = lim E[Y,,14] = E[Y,14] = E[E[X|F,|14] = E[X14]
m—0oQ
so E[Y14] = E[X14] forall Y € U2, Fa. O

Corollary 2. If A € Fu, then E[14]F,] — 14 a.s. and in L.
Let X1, Xo,... ber.v.s T = Npo (X, Xpt1,...) is the tail field.

Theorem: 4.12: Kolmogorov 0-1 Law

If X1, Xy, ... are independent, then T is trivial. i.e. if A € T, then P(A) =0 or 1.

Proof. Let A€ T, F, =0(X1,....,X,). Then X,, = E[14|F,] = E[14] = P(A).
As n — oo, E[14|F,] = E[lalo(UF,)] = 14. Since P(A) = 14, we must have P(A) =0 or 1. O

4.4 Backwards Martingales

Let X,, be r.v.s. with n = 0,—1,—-2,.... The filtrations are --- C F_,,_1 C F_, C F_py1 C -+ C Fo.
Xy, € Fn. X, is backwards martingale if F[X,|F,—1] = Xp—1.

o X 1 = E[Xo|F-1]
o X o =FE[X_1|F_2] = E[Xo|F_2]
o X_, = E[Xo|F-,]
The backwards martingales satisfy:
e X,,, n <0 are uniformly integrable
e X, > X_o as.
o [, X_odP = [, XodP for A e nNF,
o X_ o =E[Xo|NF)
If o | Fooo, then E[X|F,] = E[X|F_s] a.s. and in L.

Upcrossing Inequality in Backwards Martingale: Assuming F[Xy] < oo, then (b — a)E[U,] <
E[(Xo —a)4+] < 0o, where U,, =#of upcrosssings of [a, b] in [—n,0]. Therefore, E[Us] < 00, Uss < 00 a.s.
X p— X_ o as. andin L.

Since [, X_ndP = [, XodP for all A€ F_,, and [, X_ndP — [, X_dP for A € F_,
then fA X _odP = fA XdP for all A € F_. In particular, X_ = F[Xo|F_o0].

Example (Strong Law of Large Numbers): Let £1,&2,... be i.i.d. mean zero s.t. E[|¢]] < oo, S, =
&1+ 4+ &y Fon = 0(Sn, Snt1,- -+ ). Define X, = %, Xp is F_p-measurable. Notice that E[&x|F_ 1)
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are equal for all k € {1,2,...,n + 1} and E[&|F_y](n +1) = Spy1.

Sn+1 n+1 Sn+1 1
BXonlFonin] = B | == == = | = = = = - ElénrilF i)
_ SnJrl B l Sn+1
n nn-+1
Sn+1
= n+ 1 =X_ (n+1)

Therefore, X, is a backwards martingale; and % — B[] F_o] a.s. and in LY. To show that E[¢1|F_o] =
E[X1], we neeed to apply the Hewitt-Savage -1 law. Since F_,, C &p, Fooo = Mp>1F—p C &1 X s
independent of F_, so E[X|F_] = E[X1].

Let X1, X9, ... ber.v.s. &, be the o-field of events invariant under permutations of Xy, ..., X,,. It is the small-
est o-field w.r.t. which all functions ¢(Xj, ..., X,,) are measurable. ¢ are symmetric under permutations.
i.e. 9(X1,.s Xn) = 0(Xn(1), - Xr(n)), for m € Sy € =Np&y is the exchangeable o-field.

e.g.. ¢(x1,...,Tpn) = T1T2 -+ - Ty 1S a symmetric function.

For k < n,
Elp(Xq,.... Xn)] |S | Z P(X . 7r(n))
TESH
El¢p(Xq, ..., Xi)|En] = Average of ¢(X;,, ..., X;,) for iy, ..., i disjoint in {1,...,n}
1
T nn—1)---(n—(k—1)) > (X, oy Xiy,)

1,...,0g disjoint in {1,...,n}

Let n — 00, E[¢(X1, ..., Xn)|En] = Elp(X1, ..., Xpn)|E]
Claim: E[¢(X1,...,Xk)|E] € (XL, X141, X142, ...) for any L.
Proof. X only appears in k(n —1)---(n — (k — 1)), then E[¢(X1, ..., X,,)|E] € (X2, X3, ...)

X1, X2 only appears in k(k+1)(n —2)---(n— (k—1)), then E[¢p(X1,..., Xn)|E] € 0(X3, X4, ...)
Inductively, we can prove the claim. O

Therefore, E[¢(X1,..., X;)|E] € t, where T is the tail field. Then & C T, T is trivial, so £ is trivial.
This is Hewitt-Savage 0-1 law. Formally, let &, =events generated by (X;)72, that are invariant under
permutations of first n-coordinates. Then & = (7| &, is trivial. P(A) =0or 1if A € €.

Write ¢(X7, ..., Xi) = f(X1, ..., Xp—1)9(Xx) by symmetry

n f(Xi1)"'7 zk 1 g zk
n—(k—1) Z nn—1)-- Z

i17 Slk—1 (
) s X )9(Xs,)
Z e
f(XZU ) Xikﬂ)g(Xij)
n Z Z kE(k—1nn—-1)---(n—(k—2))

J o tyeeik—1

Therefore, E[f(X1, ..., Xk—1)g(Xp)|€] = E[f (X1, ..., Xp—1)|E] E[g(X)[E].
Inductively, E [H 1 (X )|E} = H] 1 Elf(X;)|€], so given &, X, ..., X}, are independent and identical.
This is de Finetti’s Theorem.
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Assume X7, Xo,... r.v.s with values in [0,1]. We don’t really know the mean. Given &, they are ii.d., &€
encodes the mean.

P(X1,..., Xi|E) = (?);ﬁ(l )k
P(X1,. Xy) = / (l;,;)pj(l —p) " du(p)

if we have j 1s and k — j Os, for some probability measure on [0, 1].

A backwards martingale is uniformly integrable.

Proof. If X,, is a backwards martingale, then |X,| is a backwards submartingale, so fl X |31 | Xp|dP <
Sz 1 XoldP-

By Markov inequality, P(|X,| > 1) < Eni(”” < E”f\(O”.

If Xo € L', then Ve > 0, 36 > 0 s.t. if P(A) <4, [, |Xo|dP <. O

Theorem: 4.13: Ballot Theorem

Let & be i.i.d. non-negative integer valued r.v.s. Let S = Z?:l ¢. Let G be the event
{S; <j:1<j<n} Then P(G|S,) = (1—5=)".

n

Proof. Define a backward martingale, 7_, = 0(Syn, Snt1,...) = 0(Sn,&nt1, ), B[ X 5| F_j—1] = X1,
where X; = S_;/j.

Let T = inf {k > —n, X, > 1}, Xr = 1 on G N {S,, <n}. On GN{S, <n}, we have T = —1. Since
S1 < 1, it must be true that Sy = 0, since xjs are non-negative integers. So X7 =0 on GN{S, < n}.

S
P(GC N {Sn < n} ‘Sn) = E[XTl{Sn<n}|f—n] = 1{Sn<n}E[XT|-F—n] = 1Sn<nX—n = 1Sn<n?

Recall that Y, = Xpar is a martingale, so Xp=Y_ 1 =Y, = X_,. O

Example: Consider an election with two candiates A and B. Assume that everyone casts votes with
probability 50-50, and A gets « votes, B gets (3 votes.

Then Theorem [£.13] says the probability that A wins ahead the entire time when counting votes, given that

.. a-B
A wins is P

2, B gets votes
& , S; = 2 times the number of B votes. §; < j is equivalent to number

Proof. Let S; =
0, A gets votes

ovaotesis<%.1—Sn—": —az—fﬁ:z—;g. O
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4.5 Examples

Polya’s Urn Scheme: Start with an urn that has r red balls and g green balls. Draw a ball from urn
uniformly, replace it back in urn and add ¢ balls of the same color. Let X, be the fraction of green balls in
the urn after n draws. Then X, is a martingale:

J+c J
Xpg1 = i+j+c W-p- +j if choose green
i+§+c w.p. % if choose red
Jre J J ¢ ji+j+ec j
E[Xp 41| Fn] = + ( ) = =X,

itjtcitj itjtcitj (+jtoli+y) i+
By Theorem [£.5] lim,_ X, = X exists.

Computing the probability of getting green on first m draws, then red on the next [ = n — m draws:

g g+c g+2c g+ (m—1)c r r+c r+(—1)ec
g+rg+r+cg+r+2¢c g+r+(m—-1)cg+r+(m—-1lcg+r+mec g+r+(n—1)c

Any other sequence of draws with m green balls and [ red balls has the same probability. The sequence of
colors of drawn balls is exchangeable.

Consider ¢ = g =r = 1. Let G), = (n + 2)X,, = number of green balls in urn after n draws. G, is a r.v.
taking values between 1 and n + 2.

m+1)! a4+l

P(Gp=m+1) = (n) mi(n—m)l 1

m

G, is uniformly distributed on {1,2,...,n + 1}. After scaling, it is a uniform distribution over (0, 1).

Branching Process: 7, >0, Z, € Z, Zy = 1.
Let £ be a non-negative integer-valued r.v. {fi(n) i >1,n > 0} be a family of r.v.s with distribution &.
Given Z,,

,_foz.=0
n+1 €§n+1) + éénJrl) bt g(Zr:rl)’ Z, >0

Fn = a(fj(»i), 1 <i<n,j>0)is a filtration, Z, € F,.

Assume p = E[¢] € (0, 00), % is a martingale:

Zn ZTL
ElZuia|Fal = > BlEf™ V5 = > Bl = Zup
j=1 j=1

If p <1, then Z, — 0 a.s.
P(Z, >0) < E[Z,) = u"E[Zy] = p" — 0 a.s.

by Lemma 2.1
If p =1, then Z, is a non-negative martingale, so lim,,_,o Z, = Z exists.

If P€=1)<1and p=1, then VN, K >0, P(Z,=K,Yn>N) =0, Z, — 0 as.
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Proof. For any M > N

P(Z,=K,Nn>N)< P(Z,=KNYN<n<M)=P(Zy=K|Zy_1=K,... Zy = K)
:P(ZM:K|ZM,1 :K) :P(ZQ :K|Z1 :K) =cc [071)

Then inductively, P(Z, = K,YN < n < M) < ¢P(Z, = K,2yN <n < M-1) < CM—-N _ 0 as
M — oco. O

4.6 Maximal Inequalities

Theorem: 4.14: Doob’s Inequality

Xn, X, >0
Let X,, be a submartingale w.r.t. F,, n=1,2,..., X = { e = . Then

E[X+
P<max X,jzA) SM
1<k<n A

Proof. Let Ay, = {X,;r > )\,butXfr, ...,X,:r_l < )\}. maxj<p<n Xk > A is the disjoint union of Ay, ..., 4,.

(

hN
Z

NE
e

P ( max Xj > A) =
1<k<n

M
I

; X;FdP (Markov Inequality)
k

IA
NE
>

B
Il
—

X,FdP (Submartingale)

I
NE
>l

>l

—
<
o
e

IN

n

If X,, is a submartingale, then X, is a submartingale, by Jensen’s inequality on martingales.

If X,, is a martingale, then P (maxj<g<p |[Xi| > A) < %&%}

Theorem: 4.15: LP-convergence

Let X,, be a submartingale, X,, = mMaxi<m<n X5 If p> 1, then

P

T p

Blxg) < (S2) Bleeh
p—1

If Y, is a martingale and Y} = maxi<;<y |Yj/, then

BV < (pfl)pEnYnm

Corollary 3. If p > 1, X,, is a martingale and sup,, F[|X,|P] < oo, then lim, o X, = X a.s. and
X, > X in LP.
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Proof. Holder’s inequality = sup,, E[|X,|] < co. Theorem [1.5| gives lim,_,oc X, = X a.s.

|X — X| = limp, o0 | Xm — Xp| < 2sup,, | X,,| € LP. By Theorem [1.6] E[| X, — X|P] = 0asn —oco. O
There is no L' maximal inequality of the form F [SUPlgjgn |X;|] < CE[|Xy|] for all martingales X; and
n.

Example: consider the branching process Z,, with F[S] = =1 and P(§{ = 1) < 1. Z, is a positive
martingale, lim,,_,~ Z,, = Z exists and Z = 0, sup,, F[|Z,|] = 1.

If there was a L'-maximal inequality, then Z,, — Z in L.
If this is true, then 0 = E[Z] = lim, o0 E[Z,] = 1.

When g > 1, ¢(S) =302 SnP(§ = K), P(Z, = 0 for large n) = p. p is the solution of p = ¢(p).

The process X,, = Zuig g nonnegative martinale s.t. lim, ,00 X, = X a.s. If P(X = 0) < 1, then
P(X =0) = p. If X is nontrivial, then {X =0} = {Z,, — 0} as.

Assume E[¢?] < oo, then

2

n

B[22, |F=E || Y "V |7,

j=1
Zn Zn Zn Zn
_ Z ZE[fi(n—i_l)f]('n—i_l)’fn] _ Z Z E[§§n+1)§](.n+1)]
i=1 j=1 i=1 j=1
= ZpE[&%) + Z3(Zy — V)i = ZoVar(€) + Zpp?
0_2

= E[X, 1] = E[X?] +

Mn+2

If E[Xo]? =1, E[X?] = 1+§ and E[X2] = 14023740 u=*. Therefore, X,, — X in L? and E[X,,] — E[X],
X is not trivial.

Theorem: 4.16: Doob’s Decomposition

Let X,, be a submartingale, then there exists a unique decomposition X,, = M,, + A,, where M,, is
a martingale, and A, is an increasing predictable process s.t. A, =0 and A, € F,,_1.

Proof. Suppose X,, = M,, + A, then X, 11 = Mpy1 + Apt1, Xong1 — X = (Mpgp1 — M) — (Apg1 — An).
Take conditional expectation on both sides w.r.t. F,.

E[Xn—l—l - Xn’]:n} - E[Mn+1 - Mn‘Fn] + E[An—l-l - An’fn] =0+ An+1 - An
= Api1 = Ap + E[Xp1|Fo] — Xan

Inductively, A, =377 E[X;|F;j—1] — Xj—1. Then M,, = X,, — 4, is a martingale. O

Example: If X, is a martingale (with X,, € L? and Xy = 0), then (X,)? is a submartingale, so there
exists Doob decomposition X2 = M, + A,,

n

Ap =D BIX|Fia] = X7 =) Bl(X; - X;1)°|Fj]
j=1 J=1

This is related to quadratic variation.
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Then Theorem [4.15] says

E[MW&ﬂgwauMd

1<m<n

Take limits to infinity:

4m%ﬂ=@E%wmﬂSMMWPW%

Theorem: 4.17:

Let X,, be a square integrable martingale with Xg = 0. Then lim,,_,,, X,, exists and is finite on the
event that {Aw < a}

Proof. Fix 0 < a < oo. Let N = inf, {441 >a}. If N =n, A, < a. Since A, is predictable, N is a
stopping time.

By the above inequality, F [sup]C ’XN/\kP] < AE[ANpoo) < 4a. Xnag is bounded in L2, so limg 00 XN ak
exists and is finite.

Therefore, on event {As < a}, limy_,o Xj exists and is finite. O]

Theorem: 4.18:

If X; are independent, centered and >, Var(X;) < oo, then » 22, X; exists a.s.

4.7 Martingale Central Limit Theorem

For each n, let {J—"z( )}‘_1 be a filtration, random variables {fz( )}‘_1 s.t. B [ Q( ) } < 00, 51-( ) e .Fi( )

and F {f}n)\Fi(f)l] = 0. Then X,gn) = Z?:l §J(.n) is a martingale w.r.t. {]—“,.(”)}

7 .
(2

Theorem: 4.19: Martingale Central Limit Theorem

3
Assume (1) for all n, ZT:(?) E [ f](.n) — 0 as n — oco. Then

Xy = N(0,1) in distribution as n — occ.

2 m(n) | (n)
7im1] = 1 and @) 279

Proof. Drop superscripts. Define X, = Z§:1 &, crjz =F [\§j|2 |.7-"j_1].
Let (Z;); be a collection or i.i.d. N(0, 1) independent of F,,(,y. Define Yy, = ZT:(ZEH 0;Z;.

Consider Yy = Z;n:(?) 0jZj. Condition on Fnn), Yo is a Gaussian with variance Z;n:(?) oj, Yo ~ N(0,1).
This is because for any measurable function f,

E(f(Yo)] = E [E [f(Y0)| Fun(m]] = EIE[FN(0,))]] = E[f(N(0,1))]

Let f be a smooth function with bounded characteristic functions. We want to show that as n — oo,

20



Expand out as telescoping series:

Elf (X)) = EF(Yo)l = Y E[f(Xe + Yi) = f(Xp—1 + Yi1)]
k=1

Each term in the sum can be rewritten as:
E[f(Xy +Ye) = f(Xpo1 + Y1) = E[f(Xp—1 + & + Vi) — f(Xp—1 + 0rZk + Y3)]

By Taylor expansion,

= B[/ (Xpr + Y& — onZi)] + 5B [ (Xt + (& — 020)] + 0 (B [l6] + B [0 122f°])

Let Vi = Z? 10l =1- Z;”:(le o3. Consider Y = \/IY = Zﬁ?:ij;? Conditional on Fy, (), Y ~

N(0,1). Y is independent from Fon(n)-
Write Vi, = 1 — Vi Y.
E [f/(Xk—l + Yie) (& — O'ka)|fn—17Y}

= f'(Xp—1 + V1 - V,Y) (E [&Cp:"*l’f/} —oxkl [Zk‘]:"*l’YD

E[&|Fne1,Y] = E[64| Fu_1] =0
E[Z|Fn_1, Y] = E[Z] =0

=F [f/(Xk_l + Yk)(fk — O'ka)|./—"n_1,Y} =0
Similarly, the second order term is zero. Therefore, E[f(Xy,x))] — E[f(Yo)] — 0. O

Example: Simple random walk on Z, have p = % to walk left or walk right, and p = % to stay at the same
position. Let X, be the current position after n steps, then % — N(0,1).

Recall the basic definition of conditional probability P(A|F). Suppose A = U;B; disjoint union. Then
la=32 1B,

P(AlF) = E[1a|lF] =

Zlgwf] ZE13|f Z[(Birf)]
=1

The equalities hold almost surely. The conditional probabilities behave like a measure. However, we may
want to let it operator on some point w € €2, so we need a more regular definition.

Definition: 4.6: Regular Conditional Probabilities

Let (2, F, P) be a probability space. Let (S,S) be a measurable space, X : 2 — S be a measurable
map (S-valued r.v.). Let G C F be a sub o-algebra. Then a regular conditional distribution (r.c.d.)
of X given G is amap p:Q x S — [0,1] s.t.

1. VAe S, w— u(w,A) is a version of P(X € A|G)

2. For a.e. we Q, A~ p(w,A) is a probability measure on (.5, S).

Example: Let X,Y € R with joint density f(x,y) : R? —> R s.t. f( ) > 0 for all ( y) Then the
conditional distribution of X given Y (G = o(Y)) on Ais p(w, A) = [, f ))dz/ [ f( w))dx
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Theorem: 4.20:

If S is a separable metric space, and S is a Borel o-algebra, then regular conditional distribution
exists.

Theorem: 4.21: Conditional Expectation

If pis arcd of X given G and f : S — R is a measurable with E[|f(X)|] < oo, then the r.v.
w— [ f(z)dp(w,z) is a version of E[f(X)|G].

Proof. WLOG f > 0. If f is an indicator function, then holds by definition of u. By linearity, it holds for
simple functions. Then by Theorem [L.5] it holds for f > 0. O

Example: If (Y, Z) are independen and Z ~ N(0,1), and if X = ZY, then the distribution of X given Y
is N'(0,Y?).

Example: If r.c.d. of X given ), is independent of w € €, i.e. p(w,A) = v(A) for a.e. w € Q, then X is
independent of ).

Proof. Let Be€ )Y, A€ S, then

P(X € A, B) = Elu(w, A)1p] = E[v(A)1p] = v(A)P(B) = P(X € A)P(B)

O

4.8 Optional Stopping Theorem
A stopping time T > 0,7 € ZU {0} is s.t. {T' <n} € F, for all n i.e. {T' =n} € F,.

Define Fp = {A: AN{T =n} € F,,¥n}. This is a o-algebra. T € Fp. If X,, € F, for all n, then
XTl{T<oo} e Fr.

If S, T are stopping times, S A T is stopping time. Fgar = Fg N Fr.

If T is a stopping time, 0 < T < K for some K € N. If X, is a submartingale, then E[Xy] < E[X7] <
E[Xk].

Example: If Z, is a branching process with offspring distribution u = 1, then Z,, is martingale. Z, = 0
for all large n a.s. T =inf{n:Zy =0}, T < 0 a.s. Zr =0, E[Z7] =0 # E|[Zy)].

Corollary 4. For stopping time T and submartingale X,,, F[Xo] < E[Xpan] < E[X,]

Lemma 6. Let X,, be a uniformly integrable martingale and T a stopping time. Then Xrpa, s a uniformly
integrable submartingale.

Proof. Since X, is uniformly integrable, by Theorem limy,—s00 Xp = Xoo a.s. and in L.
We check that Xp € L',
E[|[ Xzl = 2B[(X1rn) "] = E[XTA0]

< 9B((X,)"] - B[Xq]
< 281711pE[|XnH — E[Xy] < 0.



By Jensen’s inequality, (X,)" is also a submartingale. By Lemma[1.2 E[|X7|] < liminf, o0 E[|X7an]] <
00.

B [|X1nl Yyxpn,i>k1] = B [1X7| Lxp> k3 Lr<ny] + B [|Xal Lx, sk 1 {msny]
< B[IX211gx0p> ] + 50 B [|Xn] 1, 54

As K — oo, RHS— 0. O

Corollary 5. If X,, is a uniformly integrable submartingale, T is a stopping time, then E[Xo] < E[X7] <
E[X]-

Proof. From previous corollary, E[Xy] < E[X7an] < E[X,).

Take n — 00, X7an — X7 a.s. and in L', X,, = X in L. O

Theorem: 4.22: Optional Stopping Theorem

If S <T are stopping times and Y7a, is a uniformly integrable submartingale, then E[Ys] < E[Y7]
and Yg < E[Yr|Fs].

Proof. The first part follows from the corollary with X,, = Yra,, E[Ys| = E[Xs] < F[X] = E[Y7].

Son A

T 4c We show that N is a stopping
on

Let A € Fg, we want to show E[14Ys] < E[14Y7]. Let N = {
time.

(N=n}={(N=n}nA)U{N=n}nA%) ={S=n}nA)U{T=n}nAYN{S <n})
By definition, {S =n}NA € F,.
If A€ Fg, since Fg is a o-algebra, then A® € Fg, and AN {S <n} = Uiy ACN{S =j} € Fa.
Apply the first part with S = N T =T, we get E[Yy]| < E[Y7]. Note that:

E[Yy] = E[Ys14] + E[Yr1 0] E[Yy] = E[Yr14] + E[Yr1 40]

Therefore, E[Ysla] < E[Yrl4] O

Example (Simple Random Walk): Let & iid, P(§ = 1) = P(§ = —1) = 3. Let S, = > =1 i
Ty = inf {n : S, = 0} the stopping time.
Let a < 0<b, T =T, ATy, STapn is uniformly integrable. Note T' < oo a.s.
0= E[So] = E[S7] = aP(T, < Tp) + bP(T, > T) = ap + b(1 — p),
so P(T, <Tp) = 72, P(T, > T) = =%.
X, = 8% — n is a martingale.
0 = B[Xo] = E[X1an] = E[Stan] = B[T An] = E[St,] = E[T An]
Take n — co. By Theorem |1.5( and , E[S2] = E[T). Then
a?b — ab? _

E[S2) = ®>P(T, < T,) + B*P(T, < T,) = —

—ab
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If a - —o0, E[T}] = oc.

Note: If not a simple random walk P(§ = 1) # P(§; = —1), there is a bias and it is not a martingale.
Example: Let & iid, P(§ =1) =p,P(&=—1)=1—p,p> 3. Let S, = Y7 &.

Let 6 € (0,1),

1—
B 1S,1 =] =67y 07 (1) =6 (0 1T )

If 0 = 1;%, then ¢(S,) is a martingale, where ¢(z) = 6*.
Let T=T, ATy, a <0 < b. Then
1= E[0°T] = ¢(a)P(T, < Tp) + ¢(b)(1 — P(T, < Tp))

This gives P(T, <Tjp) = 1_f(b)

p(a)—¢(b)
If we set b — 00, P(T, < 00) = limp o0 P(Ty < Tp) = gly < 1.
1 oo
P (minS, < —m) = P(T_n - —om inS,|| = in S,| >
(H}lmS < m) (T—p < 00) S=m) 0 :E[mﬁnS} ZP(mr}nS m><oo

Xn =S5, — (2p — 1)n is a martingale, so Xy is also a martingale.
Therefore, E[St,An] = (2p — 1)E[T} A n].

By Theorem RHS gives limy, oo (2p — 1) E[T, A n] = (2p — 1)E[T}].

For the LHS, Tj, < 0o a.s. s0 limy_,00 STyAn = b a.s. We have Vn, |S7 an| < b+ |min, S,|. By Theorem 1.6
limy, 00 E[ST,An] = b, s0 E[T}] = 2}3%1.
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5 Markov Chains

Let I be a countable state space, A a probability measure on I s.t. > ,.; A\ = L, and P = (pij)ijer a
transition matrix (i.e. p;; > 0 and Zje[pij =1, foralliel).

A sequence of r.v.s (X,,)m>0 taking values in I is Markov(A, P) if Xo ~ A, and all 4,5 € I satisfies the
Markov property, P(Xp41 = j|Xn =14, Xn-1,...,X1) = P(Xpt1 = Jj|Xn =1) = pyj

Theorem: 5.1:

(Xn)OSnSN is Markov()\, P) if and only if P(XQ = io, ceay XN = ’LN) = )‘iopioilpiliz o Pin_qin

Proof. (=) N = 2, if Markov, then

P(Xy =iz, X1 = i1, Xo = ip) = P(X2 = ia| X1 = i1) P(X1 = 11| Xo = i0) P(Xo = i0) = NigPigir Piria
And inductively, it will be satisfied for all NV
(<) if the equality holds for N = 2, compute

Pz =0l =i, Xo =) = ( ]23(X12— ’L'11 Xol— 290) . - ())\p-w};l.p.llzz = Piriz
- ’ - 101011

Theorem: 5.2: Markov Property

Conditional on X,, =i, we have (X;4+m)n>0 is Markov(d, P) and is independent of o(Xo, ..., X;,).

Proof. If A € o(Xo, ..., Xm),
P(Xp =10, ooy Xntn = in, Al X = 1) = igDigiy =+ * Piry_yin P(A| X = 1)
WLOG, A = {Xo = jo,---s X;sn = jm}, then
GioPiniy * ** Piny1in P(A| X = 1) = P(Xm = 10y ooy Xintn = Gns X0 = J0, oy X = Jm, Xm = 1)/ P(Xpm = 1)

This can be shown by expanding and rearranging the terms. O

Definition: 5.1: Lead /Communicate

We say i leads to j if Pi(X,, = j) > 0 for some n > 0, and write ¢ — j. Here P; is the probability of
(Xn)n>o started at Xo = 1.
Write i <+ j if ¢ — j and j — 4, say ¢ communicates with j.

By definition i < j.

Theorem: 5.3:

The following are equivalent
1.1 =7
2. there exists a sequence i1, ..., %, S.t. @1 =1,...,%, = J and p; iy - - Di,_qin, > 0

3. (P")y = pg-l) > 0 for some n
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Proof. Note pgl) = P(X, =j) < Pi(X,, = jforany m > 0) = > Pi(X,, =J) = Zmpgn) This shows
3) = (1)
(m)

(3) & (2) beacause p;; ~ =sum over terms of the type appearing in (2) O

Corollary 6. Ifi — j and j — k, then i — k.

Definition: 5.2: Communication Class

i <> j is an equivalence relation, C' = I/ » are called communicating classes.
A communicating class C' is closed if whenever ¢ € C and j € I s.t. ¢ — j, then j € C.
A state ¢ € I is absorbing if {i} is a closed communicating class.

Definition: 5.3: Hitting Time

For a set A C I, define hitting time of A as H4 = inf, {X,, € A}, H? is a stopping time w.r.t.
Fpn = 0(X1,..., X»). Define the hitting probability h#* = P;(H? < 0o) and expected hitting time
kA = E[H4)].

Theorem: 5.4:

l,ie A
ijijhf,i ¢ A

. Any other solution

h# are the unique minimal non-negative solution to h#t = {

has X; th for all¢ € I.

Proof. If i € A, then hf‘ = 1. Otherwise

hit = Py(H? < 00) = Py(1 < H* < o0)
= R HY < oolXy = jR(X1 = j)

J
= _piPi(H* < 00) = 3 pishi!
j j

Let X; be another solution of the equations. For i ¢ A:
Xi= va;ij = sz',j + Zpinj
j jeA J¢A

= Dt > ) PipPii X

Jj1€A J1gA J2

= Pt DD PipPiit D D PinPiiinXs

J1€EA J1gAj2€A J1gA jag A

Continue iterating and drop the final term. All the remaining terms are positive. This gives X; > P;(H4 <
n) for all n.

Take n — 00, X; > lim, o Pj(HA < n) = P,(H* < 00) = h. O
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Theorem: 5.5:

0,i€ A

k‘iA is the minimal nonnegative solution to k‘ZA = A -
1 +ijijkj i A

Example: Simple random walk. If P(X,4; =i+ 1|X,, =i) =p, P(Xpy1 =i —1|X,, =1) =q=1—p,
and h; = P;(X,, = 0,n > 0), then:

hi = phit1 + qhi—1 = phi + qhi = phiy1 + qhi—1 = p(hi — hiy1) = q(hi—1 — hy)
If p = q, general solution is h; = A+ B;,1 > 0,0< h; <1, hg =1, so h; =1 for all 1.
If p # q, general solution is h; = A+ B (%)l.

If g >p, then B=0, h;=A=hog=1.
Ifp>gq, then hg= A+ B =1, hizl—B<1— (g)) By minimality, B = 1, h; = (g)

i g

uy. Let v; = Hj:1 b and v = 1.

io4

Define w;y1 = h;y — hijy1, uip1 = ]%Uz’ =11 o

If A=wuq, thenh;=1—- A <Z§:1 'yj>.
If 22:1 v; = 00 a.s., then we must take A = 0 to enforece 0 < h; <1, h; =1 for all 7.

. - . 1 1 Zj‘:o i
Otherwise, by minimality, A = S hi=1 S

Check with the solutions given by optional stopping theorem.

Theorem: 5.6: Strong Markov Property

Let T be a stopping time. Conditional on {T' < oo} and Xp = 4, the process {Xrin},>q is
Markov(d1, P) and independent of Fr.

Proof. If B C Fp, we want to show:

P(XT = jo, ~--;XT+n = jn,T < OO,XT = i,B) P(X() = jo, ...,Xn = jn)P(B,XT = i,T < OO)

P(Xt =i,T < 0) B P(Xt =14,T < )

Consider {T" = m},

P(XT = jo, ...,XT+n = jn,B N {T = m} ,XT = Z)
=P(Xm = Joy ooy Xy, = Jns Xm =4, BN{T =m})

By basic Markov property (5.2)) at time m
:PZ‘(X() =00,y Xp = ]n)P(B N {T = m},Xm = i)

Summing over m gives the desired equality. O

Example: in simple random walk, we consider H; = inf,,]bsX,, = j.

For 0 < s < 1, we want to compute E; [s/].
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Condition E(sM0) on Hy < oo, Hy = Hy + Hy, where Hy has the same distribution as Hy started from
site 1 by Theorem It is independent of Hj.

Ey[s™] = Eyls HOl{H1<oo}]

= Fy[s"0|Hy < 0o] Py(H; < 00)
2[3H1+H0|H1 < o]

= By[s™] Ea[s"™] = (Eu[s"™])?

Then E;[s70] = pEy[sH0| X, = 2] + qE1[sH0] X1 = 0].

If ¢(s) = Eals™], then ¢(s) = ps(s)® + gs. This gives ¢(s) = V110"

= 2ps
Since ¢(s) should be continuous on s € (0,1) and 0 < ¢(s) < p, we take the negative root ¢(s) =

1—+/1—4pqs?

2ps

1,p<

By Theorem , lims1 ¢(s) = Pi(Hy < o0) = %zfm - {q b
77p>q
P

5.1 Recurrence and Transients

Definition: 5.4: Recurrent and Transient

A state i is recurrent if P;(X,, = ¢ infinitely many n) = 1. A state ¢ is transient if P;(X, =
i infinitely many n) = 0.

Remark 9. A state can only be either recurrent or transient.

Let T; = inf {n > 1, X,, = i}. Consider P;(T; < o0). By Theorem, conditioned on T; < 00, (X740 )n>0 ~
Markov(d;, P).

Let V; =4 visits of X, to state i, P;(V; > n|V; >n—1) = P;(T; < c0) by Theorem

If Ti(n_l) =time of (n — 1)th visit to state i, then by Theorem conditioned on Ti(n_l) < 00.
(XTHT‘(nﬂ))n ~Markov(d;, P).

Pi(Vizn)=P(Vi=n|V; 2n—-1)P(V; 2n—1) = B(T; < o0)"

Theorem: 5.7:

If P;(T; < oo) =1, then i is recurrent, and E;[V;] = co
If Pi(T; < o) < 1, then i is transient and E;[V;] < oo

Proof.
Pi(V; =00) = lim P(V; >n) =1

n—o0

a o0 1
=S Rz ) =3 R(T <o) =
nzl (Vi 2 n) nzl (Ti < o) 1— P(T} < o)

Theorem: 5.8:

Let C' be a communicating class. Then all states in C' are either transient or recurrent
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Proof.
N Eillg,—) = BV = Y pll?
n=0 n=0

Let ¢ ~ j, there exists n,m s.t. pg?) > 0 and pg-?) > 0. Then pg)p;;)pﬁ < p§?+T+m). This shows that

E;[Vi] < oo if and only if E;[V]] < oco. O

Theorem: 5.9:

1. Every recurrent class is closed.
2. Every finite closed class is recurrent.

Proof. 1. Suppose it is not closed. Then there exists i € C, j ¢ C and m > 0 s.t. Pi(X,, = j) > 0, but
then P,({X,, = j} N {X,, =ii.0.}) =0.

Pi(X, =j)+ Pi(X,, = li.o.) <1, Pi(X, = ti.0.) <1 so it has to be zero.

2. Given any initial distribution A s.t. A(C) = 1. We have for some i, P(X,, = ii.0.) > 0. Apply
Theorem .6 to T; = inf {n > 1, X, =i}, we get P(X,, = ii.0.) = P(X,, =i for some n)P;(X,, = ii.0.), so
Pi(X,, = ii.0.) = 1. 0

Definition: 5.5: Irreducible Markov Chain

P is irreducible if the full state space I is a communicating class

Theorem: 5.10:

If P is irreducible and recurrent, then for all initial distribution A, we have P(Tj < oo) =1 for all j

Proof. It sufficies to check P;(T; < oo) =1 for all ¢, j.
Choose m s.t. pﬁn) > 0.

Since j is recurrent,

1=Pi(Xp=jn>m+1) =Y Pi(Xp=j,n>m+1|Xp =k)P;(Xy, = k)

kel
=" Pi(Xp =g > m o+ X = k)P

kel
Since ) ;. pgzb) =1, for all & with pg-;n) > 0, we must have Py (T} < o0) = 1. O
Example: Random walks
In 1D, if p = %, then it is recurrent, otherwise, it is transient
In 2D, if p= % for each direction, then it is recurrent.
Proof. If n is odd, then p(()g) = 0, compute p((fé) = ((2:) 22%)2 (decompose to 1D cases)
By Stirling approximation, p(()g) ~ % O



)

In 3D, p = % is transient. ), p((]g < 00, because

n o)l 1\
= (igj!k:)!)2 <6>

Z,j,k,l—‘r]—Fk:n

S ) ()
TS

Note >, 1 ( ") (2)" =1 and if n = 3m, then for all i + j + k =n, we have (;”,) < (., )

4,5,k 3 4,5,k m,m,m

Therefore, if n = 3m, we have

(n) o (2n)! 1 ( n > 1 1

00 = ()2 220 \m,m,m/) 3"  n3/2
6 6m—2 6 6m—4 6
Therefore, 2, ply" ~ 3, 7 < oc. Also, dpl" ™ < g™ dply" " < pli".

5.2 Invariance and Equilibrium

Definition: 5.6: Invaraint

A measure on I is (A;)ier, A; > 0, and is distribution if >, ; A; = 1.
A measure A is invariant for P if AP = A, i.e. Y. ; Aipij = A;j for all j.

Lemma 7. Let A be an invariant distribution. If X, ~ Markov(\, P), then
1. X, ~ X foralln
2. (Xntm)m>0 ~ Markov(\, P)

Proof. 1. P(X,, = j) = (AP"); = X;. 2 is Theorem [5.2] O

In the finite-dimensional case, |I| < oo, an invariant distribution exists by Perron-Frobenius Theorem.

Let Ty = inf{n >1:X, =k}. For states k,4, define 7% = E, [25’201 1x,—i|, the expected number of

visits to ¢ before visiting k. Note that 'y,lj = 1 by definition.

Theorem: 5.11:

Let P be irreducible and recurrent. Then
1. vF =1
SV =
2. yFP =~k
3. 0 < ¥ < oo for all i

Proof. 1. by definition.
2. Note that {T, > n} € Fp_1.

Py(Xn =74, Xn1=10T, >n) = Pu(X,, =5, T > n|Xpn_1 =) P(Xp_1=1)
=piiP(T, > n, Xp_1 = 1)
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Since P is recurrent, T} < 0o a.s., SO ZZ’;BI Lix, =i} = sz:l Lix, =i}

T, oo
Z 1{X”:i} Z 1{Xn=i}1{Tk>n}]
n=1

n=1
(o9}
= Pu(Xn=1i,T > n)

'sz:En

n=1
[e.9]
=3 Pu(Xn =i, Xn 1 =5,Tk > n)
n=1 jeI
[e.9]
=3 pjiPu(Xn-1=4,T > n)
n=1 jel

= 0Bk [Lx, = L zny]

jel n=1
Th 7
=D 0il | D lixa=
jel n=1
Trp—1 7
=D Pl | Y Lx=gy| = D pi
Jel n=0 i jel
3. P is irreducible, so for all ¢ € I, there exists n,m s.t. pgk) > (0 and p(m) > 0.
1=7f = Zvjpjk) > AFpl) = AF < 00
Similarly, vF = > vj pﬂ > ,},l’;pl(g) > 0. O

Theorem: 5.12:

Let P be irreducible, and let A be an invariant measure with A\ = 1 for some k£ € I. Then
1.\ > 'yf, forall i € T
2. If P is recurrent, then A = ~*

Proof. 1. X\j =", \ipij = Z#k AiPij + Prj- Expand on the sum, to get
Nj=Pp(Xn=5,Tk > N)+ -+ Pp(Xo =5, T), > 2) + P(X1 = j, T > 1)

N
> 1{an}1{Tkzn}]

n=1

Take N — o0, \j > Ej, [2?:1 1{Xn=j}}

= FE},

If j # k, then \; > E [Zfiﬁl 1Xn=a} -

2. If P is irreducible and recurrent, u = X\ — ~* is an invariant measure, pu;, = 0. Let i € I, we have for
some 7, pgz) > 0, then
0=px =Y mply >y,
J

so u; = 0 for all 4. O
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Start from ¥ = E, {Z l{Xn_Z }

Tk 1
Z%k :ZEk 1{Xn_z}]
Z l Typ—1

Z Zl{xn z}]
Tk 1

d o1

n=0

Definition: 5.7: Positive Recurrent

A state k is positive recurrent if Ey[T;] < co. Otherwise if recurrent but not positive recurrent, call
null recurrent.

Theorem: 5.13:

Let P be irreducible. The following are equivalent
1. Every state is recurrent
2. There exists a positive recurrent state k
3. There exists an invariant distribution 7 for P.
_ 1
Futhermore, 7, = BT

= FEy = Ey[Tk]

P’)OO’. 1=2 by definition
k
T

=%~ 1s an invariant distribution
Ey[T]

2 = 3, P is recurrent so 7" is an invariant measure T =

3 = 1 we need to check that m; > 0 for all j.
(n)

(¥

(n)

> 0. Then7; =5, ﬂ'lpl(;l) > mip;;- > 0.

Now, for any fixed state k, define A; Trk. Then X is an invariant distribution and A\ = 1.
By Theorem , Aj > 7]]?, S0 Y ;A =D, :—i = i < oo. Eg[Ty] =3, 7]]-“ < 0. k is positive recurrent, so

P is recurrent.

Since P is irreducible, there exists n s.t. p

If P is recurrent, then 7 = from \; = 'y] O

By [T}
Example: 1D random walk, AP = A

Ifp=gq= %, Ai = %)\i—i-l + %)\i_l. The general solution is A; = A + Bi, A, B € R. Every state is null
recurrent. Every invariant measure has A\ = A

i
If p # % Ai=pric1+qhiv1, iN=A+ B (g) . If B>0, A>0, this is an invariant measure.

A distribution 7 is invariant if 7P = . If n — oo, will X,, — 77 The following lemma shows that invariant
measure determines the long-term behavior.

Lemma 8. Suppose |I| < co and there exists ¢ € I s.t. limy_,o0 pgb) = m; for all j. Then 7 is invariant.

Proof.

Z?Tkpk] hm szk Dkj = hm p( " = =T



01

Example: P = [1 0

} . P*=P?2=1], PP = P3 = P. In particular, lim, o pz(?) does not exist.

Definition: 5.8: Aperiodic State

(n)

A state is aperiodic if p;;” > 0 for all sufficiently large n

Lemma 9. If P is irreducible and has an aperiodic state i, then for all j, k, we have py,?

large n, depending on j, k

> 0 for sufficiently

Proof. For r, s, p§z+r+s) = p;?)pg)pgz). Since P is invariant, r, s > 0 exist. O

Theorem: 5.14:

Let P be irreducible and aperiodic and have an invariant distribution 7. Let A be any distribution
Xy ~ Markov(A, P). Then Vj € I, lim,, oo P(X,, = j) = ;.

Proof. Let Y, ~ Markov(w, P), independent of X,,. Consider W, = (Xy,Y;) on I x I.
W, is a Markov chain on I x I with transition matrix P((z,7) — (k,1)) = pikpji.

By Lemma @, pgz) > O,pg?) >0, so PM((i,5) — (k,1)) = pgg)pﬁ) > 0 for n large enough. P is irreducible.
P has invariant measure given by 7 x (i, j) = mimj.

Fix state b € I, let T = inf {n > 0, (X,,,Y,) = (b,b)}. Since P is irreducible and has recurrent states, P is
recurrent and P(T < o0) = 1.

X, n<T
Let Z, =4 ™™=
Yo.,n>T

Claim: (Xn)n>0 ~ (Zn)nz(). )
By Theorem , (Wryn)n>0 ~ Markov(d(, p), P) independent of Fr.

(Wn)n20 ~ (VNVTL)nZOa Wn =Wn(n <T), Wn = (Yo, Xpn)(n >1T)

W, is the path up to time T and the path after time T

Then, we have

P(Xn:j):P(Zn:j):P(Zn:jaT<n)+P(Zn:j,TZn)
=PY,=4T<n)+P(Z,=3T>n)
P(Yn:j)_P(Yn:jaTZn)+P(Zn:jaTZn)
as n — 0o. O

Theorem: 5.15: Time Reversal

Let X,, ~ Markov(7, P) with 7 invariant distribution for irreducible P. Then for all N, Y,, = Xn_,,
0 <n < N,Y, ~ Markov(r, P), where pj; = pfr—;” Also 7 is invariant for P and P is irreducible.
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Proof. S pji = >, P4 = Ti — 1, 50 P is stochastic

(Y T
Zj TjDji = Zj mipij = m; is invariant for P.
P(Yy =1ig,.... YN =in) = P(Xo =g, ..., XN = ip)
= TinDPinin_1 " Pivio
= Diny_1inTin_1Pin_1in—2 """

= TioPigi1 * " " Pin_1in

Definition: 5.9: Detailed Balance

(A, P) are in detailed balance if Vi, j, A\ipij = A\jpji

Lemma 10. If (A, P) are in detailed balance, then X is invariant for P.

Proof. zj \jpji = Zj Aipij = Aj as Tow eigen vectors. d

Definition: 5.10: Reversible Markov Chain

Let P be irreducible and X, ~ Markov(A, P). X, is reversible if (Xny_p)o<n<n ~ Markov(A, P) for
all V.

Theorem: 5.16:

If P is irreducible and X,, ~ Markov (A, P). Then the following are equivalent:
1. X, is reversible
2. P and X are in detailed balance.

Proof. (=) if X, is reversible, then X is invariant for P.

By Theorem (XN—n)n ~ Markov(A, 15) ~ Markov(A, P). Then \ip;; = A\ipij = Ajpji because P=r.
This shows that (A, P) are in detailed balance.

(<) Ais invariant for P. By Theorem (XN—n) ~ Markov(\, P), detailed balance = P = P reversible.
O

Remark 10. If (A, P) are in detailed balance, then P is self-adjoint w.r.t. quadratic form given by (v, u), =
Zz’ viui)\i.

(v, Pu), = Z'Uj ijiui/\j = ZvjuipjiAi = (Pv, u),
. ‘ T

¥ 3

5.3 Ergodic Theorem

Theorem: 5.17:

Let P be irreducible and let V;(n) be the number of visits to state i before time n — 1, Vj(n) =
Z?;& lix;=i}, where X, ~ (A, P) for any initial distribution A. Then for all i, we have

Vitn) _ 1 1

limy, 400 =~ = = Em &S
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Viln) _ 0

Proof. In the transient case, m; = oo, and lim,

In the recurrent case, fix some state 4, let 7) = inf,>¢{X,, = i}. Then by Theorem , (X)) ~
M(5, P). Since T < 0o a.s., it suffices to show when A = S;. Let S; be the length of jth excursion from
state 1.

If T'(k) = kth time to visit state ¢, T'(k) — T'(k — 1) = Sk41. By Theorem S; are i.i.d. r.v.s with mean
m; = Ez [il’lfnzo {Xn = Z}] Then Sl + -+ SV(n)—l S n, but Sl + -+ SV(n) 2 n.

V(n) Vin)—1 V(n) ~—V(n) ~ V(n)

By squeeze theorem, % — m;. O

Theorem: 5.18:

Let P be irreducible and positively recurrent, my, = % is an invariant measure, X,, ~ M (\, P) with

any initial distribution A. Let f : I — R be bounded. Then almost surely,

1 n—1
lm 23 5(6) = [ fan =3 £
§=0 :

Proof. By definition, %E;:ol f(X5) =Y ier f(z)@ Assume for all 4, \/1-7(171) — m; as n — oo. Consider
the difference:

nllngoigf(Xj)—/fd”:;f(i) (VT(LH)_W)

Let € > 0, there exists finite J C I s.t. > ;4 ;m < e. WLOG, assume |f(¢)| < 1 for all 4.

5100 (M2 - )| < A0 4 52 Y 57,
iel icJ i¢J i¢J
ier! " ig¢J
< 2e

5.4 Continuous Time Markov Chains

Let the transition probabilities be g;; > 0 for j # 4. Suppose X; = i, for any j # i, let Tj; ~ Exp(q;;).
Let k = arg min; T}, then jump to state £ at time ¢ + Tj;. Recall that for exponentially distributed r.v.s,
T ~ Exp(\), P(T >t+s|T >s)=P(T > t).

Continuous Time Random Processes: Let (2, F, P) be a probability space. For all ¢ > 0, we have a
r.v. w— Xy(w). For each w, we have a random function ¢ — X;(w).

If we want to know P(X; = i for some t € [0,00)), we need the smallest o-alg for which X; is measurable
to be (X : t > 0) C F. This makes sense for discrete cases as well.
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If t - X;(w) is right continuous for every w € €, then

o0

{X; =i for somet e [0,00)} = ﬂ U {qu = J1y ey X = Jn},
nzlj17..,j7LEI7j17£’i7j7L§£i

where ¢, is enumeration of rationals.

For right continuous process, specify X; by jump times J; and jump chain Y;, = X; . The holding times
are S, = J,, — Jp—1. The explosion time is ( = sup,, J,,. A process is minimal if X; = {oo} for ¢t > (.

Theorem: 5.19:

Let T} be independent and T}, ~ Exp(q). Assume ¢ = >, q; < co. Let T = inf; T}. Then the
infimum is achieved at a unique index K, independent of the value T. T' ~ Ezp(q) and P(K = j) =
49
o

Proof.
P(T > 4,K = j) = P(Ty > £, T, > T,V # j)

—/ P(Ty > t,T; > Ty, V1 # jIT; = 8)P(T; = s)ds
0
= / P(T; > s,V # j)gje V%ds

t

[oe)
:/ He_q”qje_qﬂ'sds
t

I
= qj/ e s = L4
t q

Definition: 5.11: Poisson Process

X; is a Poisson process with rate A > 0 if jump chain Y,, = n for all n > 0 and holding times are
iid. Sp ~ Exzp(A).

If S, are ii.d. Exp(\) and J, = Z?:l S;, then Xy = n if and only if J,, <t < J,41 is a Poisson process.
By Theorem , Jn — 00 as n — oo almost surely, so ( = oo (no explosion).

Theorem: 5.20: Poisson Process Markov Property

For all s > 0, the process Xt = Xits — X, is Poisson(A) and is indepedent of o(X,.,r < s).

Proof. Condition on {Xs =i} ={J; < s}N{Jix1 > s} ={J; < s} N{Si41>s—J;}.
For r < s, Xr = z;:l 1{Jn§7“} S O'(Sl, ey Sz)

Now compute the jump Chgin and holding times of Xt conditional on {X, = j}, Yn =n, S; = Jir1 —s =
Si+l + JZ —s. Forn > 2, Sn = On+i-

P(S~1 >u+ (S - J1)|JZ <s,841>8— JZ> = C_Au

Conditional on {X, =i}, S~ Exp()\), indepedent of Ji, ..., J;. Therefore, for n > 2, S, are independent
of Ji,...,J; and are i.i.d. Exp(\).
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Let B € o(X, :r <s).

P(Sy > t, B) = Y P(Sk > ty, BIX, = )P(X, = )

= Z P(S;, > t;)P(B|X, = i)P(X, = i) = P(B)P(S), > t;,)

O

Theorem: 5.21: Properties of Poisson Process

Let X; be right continuous process that is integer valued Xg = 0. The following are equivalent
1. Holding times are i.i.d. Exp(}\), Y, =n
2. (X¢)r>0 has independent increments, i.e. If I, = (a, by) are disjoint, then (X;, — Xy, )i are
iid. and as h — 0, we have uniformly in ¢, P(X; 1, — X; = 0) = 1= A+ o(h), P(Xpp — Xy =
1) = Ah + o(h).
3. Increments are independent and stationary, i.e. distribution of X;ys — X depends only on ¢
and for all £, X; ~Poisson()t), P(X, = k) = Q0% ¢t

Proof. 1 = 2: Suppose holding times are i.i.d. Exp(\).

P(Xpon—X;>1)=P(Xp, >1)=P(J; <h)=1—eM=\h+o(h)
P(Xiyn — Xy >2) = P(Xp, >2) = P(S1 + Sy < h) < P(S1 <h,S2 < h) = (P(S; < h))?
< Ch? = o(h)

By Theorem Xp, — Xas is independent of o(X, s < ag).
2= 3: Set p;(t) = P(X; = j). Assume j > 1.

J
pj(t+h) = P(Xyyn =J) = ZP(Xt+h =7, Xy = 1)
i=0

= P(Xpyp—Xp=j—i,X; =)

=P(Xinh —Xi=0)P(Xy=j)+ P Xz — Xy = 1)P(Xy =5 — 1)+ o(h)
— (1= Mpy(t) + M1 (8) + ofh)

Rearranging to get M = —Ap;(t) + Apj—1(t) + o(1).

Similarly, check the other side, M;(#h) = —Apj(s —h) + Apj—1(s — h) + o(1).

So p;(t) is Lipschitz (difference quotients are bounded), and p;(t) is differentiable a.e.

p}(t) = —Ap;(t) + Apj-1(t),j > 1
0(t) = —Apo(t :
Solve the system pOEO)) po(t) explicitly, we get p;(t) = P(X; = j) = (/\f,)] e~
poU) = )
p;(0)=0,Vj =1
With the same calculation, we get X, ~ X,. O
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Theorem: 5.22:

Let X; ~ Poisson(\), Y; ~ Poisson(u) be independent. Then Z; = X; + Y, ~ Poisson(\ + p).

Proof. Since X; and Y; have independent and stationary increments, so does Z;. Zy1s—Zs = (Xpps— Xs) +
(Yigps — Y5). O

Theorem: 5.23:

Let X; ~ Poisson(\).
1. Conditional on exactly one jump occuring in the interval [s,s + ¢], the jump is uniformly
distributed in the interval.
2. Conditional on X; = n, then n jumps have density f(t1,...,tn) = %1{0<t1<...<tn<t}

Proof. 1. By Theorem it suffices to show for s = 0. Compute the density of first jump Jj.

PX,>1NX;=1) PXy=1X;—X,=0) (u)e e A7)
P(Ji<ulX;=1)= _ _ _
(Jl ~ U’ t ) Xt =1 P(Xt — ]_) ()\t)e*M n

S

2. Note { Xy =n} ={J, <t < Jps1}.
Density of Ji, ..., J, conditional on {J, <t < Jy41} are Si,..., Sp+1 ~ Exp(N).
The density is /\”“e*/\(sﬁ”'s"ﬂ)1{Sl>07_”75n+1>0}.

Change of vairable from (S, ..., Sp+1) to (J1, ..., Ju+1). Density of J is given by )\n+1€_/\Jn+11{0<J1<...<Jn+1}.
Let A C R",

P((J1y ey Jn) CTAN{T, <t < Jpy1})
P(Jn <t< Jn+1)

P((']17 X3) Jn) C A| {Jn <t < Jn+1}) =
The numerator is

n+1 —Atnt1 _\n_—A\t
A /( < e chycincty g} = ATE /1{t1<~~<tn<t}
tly“'yt’n € 7tn7t<tn+l

Construction of Poisson processes Let I be state space, ) be transition matrix s.t.
1. g;j > 0fori#j
2. 54 0ij <00
3. Qi = — D4 %ij
Define ¢; = —q;; = Zj;éz‘ gij, Il a I x I matrix s.t. for ¢ # j, II;; = {g‘[;j’% 70 I = {0’% 70
0, else 1,¢; =0
X ~ Markov(\, Q) if Y, ~ Markov(\,II) and if conditional on Y, ..., Y,_1, the holding times S, ..., Sy

Ynu Jn <t < Jn—i—l
00,t > sup,, Jn

are independent S; ~ Exp(qy;_,). Xi

First construction: Let Y,, ~ Markov(\,II). Let T; be i.i.d. Exp(1), independent of Y,,. Then the set

S; = T is a Poisson process.
;1
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Second construction: Let (77),>1 jer iid. Exp(1). Set Xog ~ A. For n > 1, conditional on {Y,_1 =i},
for all j # i, set S = qT? Set S, = inf;; SJ and let Y, = j s.t. S) = S,. We have P(Y, =j|Yh-1=1) =
% =II;;, and S, ~ Exp(qy,_,)-

Third construction: Xy ~ \. For all states i # j. Let Ntij ~ Poisson(g;;) with Nf’j independent of Nf’l
it (i, ) # (k,1).

Theorem: 5.24:

Let Xy ~ M (X, Q). Then X; does not explode if one of the following is satisfied:
1. [ is finite
2. sup; ¢; < 00
3. Xo =1 and i is recurrent for the jump chain

Proof. 1= 2.
2. Let T, = qv,,_, Sn. Then T, ~ Exp(1) i.i.d. The explosion time ¢ = sup,, J, = Y oo | Sp.

su
<supqz> (= Z paily > ZT — 00 a.8.
n=1 Ay n=1
Therefore ( = oo, since sup; ¢; < oo by assumption

3. Let Ny, < Nyo1 s.t. Y, =i. Then Ty, ~ Exp(1) 1id. ¢ > 35, Sn, = Y52, "ok = ov. O

Remark 11. Explosion is related to the jump chain being transient.

Theorem: 5.25: Continuous Time Markov Property

Let Xy ~ M(\,Q), ¢ = supJ,. Conditional on ¢t < (, Xy = i, (Xs4¢)s ~ M(6,Q) independent of
Fi = J(Xu,u < t).

T :Q — [0,00] is a stopping time if {T'<t} € F; for all t > 0. The o-algebra associated to T is
Fr={A:An{T <t} € F,Vt}. If S <T are stopping times, then Fg C Fr.

Theorem: 5.26: Continuous Time Strong Markov Property

Let X; ~ M (A, Q), T be a stopping time. Conditional on 7" < ¢ and X7 = i. Then (X745)s>0 ~
M(0,Q), independent of Fp.

Proof. Assume ¢ = oo and T' < oo a.s. For all n, define T;, = 7 if T e [ _7,,1, 2%) T, is a stopping time.

T, — T asn — oo.

Since X; is right continuous X7, — X7, X1, — X715 as n — oo.

Since 1, > T, Fr C Fr,.
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Let A € Fp,

P(X7r4s=J,A, Xr=1)= lim P(Xrp,4+s =4, A4, X1,=i)

n—oo

k
= ZP <XTn+5 :jv Av XTn = ZvTTL = 2n>
g .
XQ%—FS_]’ N Tn—27 ,X%—Z

=Y R(X,=j)P <Aﬂ{Tn:2k;}\X2;% :i)P(XQI% :i)

k

=> B(X.=j)P (AH{TH:;}HXQI% :i>

k
~ P(X, = )P (AN (Xr, = )
— Pi(Xs = j)P (Aﬂ {XT = Z}) = P(XT+5 =j,A Xr=1)

as n — oo. ]

Let Xt ~ M()\,Q), P(t) = (Pi'(t))i,jela Pij(t) = Pz(Xt = ]) Define:

Forward equation : %P(t) = P(t)Q

Backward equation : %P(t) = QP(t)

Finite state space:

P;(two jumps < h) = P, <J1 <hnNn <J1 + JZ) < h> < Py(J1 < h,Jo < Ch) < Ch?,
qy;

where J; + (]‘]72 is the second jump time.
1
If j =i, Pi(X, =i)=Py(Jy >h)+o(h) =e %" +0o(h) =1—qh +o(h)
If j #4, Py(Xn =3j) = Pi(J1 < h, Y1 = j) + o(h) = mi;(1 — e"%") + o(h) = q;mi; + o(h) = qij + o(h)

Pj(t+h) =Y Pi(X; = k)Po(Xp = j) = > Pul0rj + qjh) + o(h)
k k

_ Biy(t+h) = P

=P S Qi + o)
k

d
ﬁaQ:PQ

Theorem: 5.27: Backward Equation

Let @ be a transition matrix, (P(t));; = P;(Xy = j). Then P is the minimal nonnegative solution
to P! = QP (the backward equation). P is a semigroup P(s +t) = P(s)P(t).
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Proof.

Pij(t) = Fi(Xe = j,t < 1) + Pi(Xy = j, J1 <1)

=e M5+ Y Pi(Xy =4, Xy =k, Jy <)
k

t
= e‘qitéij + Z/ Pz'(Xt =5,Xn = k‘Jl = 3)6_%8(]1'6[3
r Y0
t
= €_qit(sij + Z/ Pp(Xi—s = j)Pi(Xy, = k|1 = s)e" " q;ds
r Y0

t
=e 95, + Z/ Pyj(t — s)mipgie” %%ds
= Jo
Let u=1¢—s.
eqlth] = 51] Zq e B Wqu.’cj )d
0 ki

pij is continuous in ¢ and the integral of sum is uniformly convergent. Also, ¢;m;r = ¢, we have P/ = QP.

Minimality: suppose Pij(t) is another non-negative solution to the equation. Then
] = e_qzt(s + Z/ g;e 4 Wszkg t— S)
k#1
Since also
Pi(Xe = j,t < Jus1) = € "5 +Z/ gie U mikPr(Xems = jit — s < Ja)ds,
k#i

we have Py;(t) > Py(X; = j,t < Jnt1) O

Theorem: 5.28: Forward Equation

P is also the minimal non-negative solution of the forward equation P’ = PQ. i.e. %Pij(t) =

>k Pir(t) ;-

For P;;(t — s) = P(X; = j|Xs = i), we have the following forward/backward equations:

8 )

8t ZJ t S ZPZk t S ij( ), with Bj(s,s) = 5@'
0

o Py(t, s) ZQ@k (5)Pyj(s,t), with Py(t,t) = 6y

k

Example(Time-homogenous Markov Chain): Let F': I — R be bounded,
flit) = Ei[F(Xy)] = 32; Py (1) F (7).

atf i, t Zat z] qupkj (Qf( ))

I
B

O f(-,t) = Qf(+,t) solves the backwards equation with initial condition f(-,0)
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5.4.1 Properties
The properties of continuous-time Markov chain follows from the jump chain
Class structure:

1. Leads: i —» jif P(X; =4,t>0)>0

2. Communicates: i ~ j if i — j and j — ¢

3. Communicating class, irreducibility, absorbing states, closed classes are the same as in discrete settings

Theorem: 5.29:

The following are equivalent
1.i—=3
1 — j for j Jump chain (communlcatlng class for X; are the same as for jump chain Y;,)
T =10,%1, s %n = J, QigirTiria *** Qin—1in, > 0
PU()>0forallt>0
P;j(t) > 0 for some t.

s e

Proof. 2 = 3: based on discrete case, there exists a sequence i = ig # i1 # -+ # i, = j s.t.
i
Tigi1 * " Tip_1in = 0, and Tij = ﬁ

3 = 4: suppose qu > 0 for a # b,
Pab(t) > Pa(Xt =bJ <t S > t) = 7Tab(1 — e_q“t)e_%t

o @(1 _ efqglt)e*th >0
qa

If 3 holds, then Pj;(t) > Py, (t/n) Py, (t/n) -+ P, (t/n). O

Hitting times and hitting probabilities:
Given A C I, define DA = inf{t >0: X, € A}, H4 = inf{n >0,Y, € A}. P(D? < 00) = P(HA <
00).

Theorem: 5.30:

rA=1ic A
qu =0,i¢ A

Assume ¢; > 0, Vi ¢ A, then K{* = E;[D4] are minimal non-negative solution to
KA =0,ic A
Kff =g+ Ligaailihig A

Let h#* = P;(D# < 00). Then h# is the minimal non-negative solution to {

Proof. Fori ¢ A, hi* = > it mjhf = Z]#Z o hJA

ForigéA,Ei[DA—J1|Y1:j]:KJAbyTheorem
1
KA = B[DA — 1] + Ei[ 1] = —+ZE —J1|}/1:j]7rij:f+ZQI]KA

i
4 jFi v J#, zgéA

Recurrence & Transience:
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e i is recurrent if P;({t: X; =i} is unbounded) =1
e i is transient if P;({t: X; =i} is unbounded) =0

Remark 12. If P;(¢ < co) > 0, then it is not recurrent.

Theorem: 5.31:

1. If 7 is recurrent for jump chain, then ¢ is recurrent
2. If ¢ is transient for jump chain, then 7 is transient
3. Every state is either recurrent or transient
4. Recurrence/transience are class properties

Proof. 1. If i is recurrent for jump chain, then P;({ = co) = 1, we return to ¢ infinitely many times. Every
bounded intervals has finitely many times, {t : X; = i} is bounded

2. similar to 1 O

Theorem: 5.32:

Let T; = inf {t > J;, X; = i}.
1. If g; = 0 or P(T; < co) =1, then i is recurrent and [;° P;; )dt =
2. If ¢; > 0 and P;(T; < o0) < 1, then i is transient and [;° P, )dt < 00.

Proof. 1f ¢; > 0, Ny = inf {n > 1,Y,, = i}, then P;(T; < 00) = P;(N1 < o0).

/ Pyi(t)dt :/ E; [1{Xt:i}] =FE; |:/ 1{Xzi}dt:|
0 0 0

> Sniilpy,—
n=0

[e.9]

Z [Sni1|Yy = i Pi[Y; = ]

il n) li (n)
& qinzo%

Definition: 5.12: Continuous-Time Invariant Measure

A measure A is invariant if AQ) = 0.

If I is finite, P(t) = '@ and AP(t) = \.
If @ is irreducible, then ¢; > 0 for all 4.

Theorem: 5.33:

If @ is irreducible and recurrent, then there exists a unique invariant measure A up to scaler multi-
plication.
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Proof. X is invariant if and only if (ull); = p; with p; = ¢\

H)z = Z UjH]z Z AJ ] Z )‘Jqﬂ = Aigi

JFi JF#i JFi

If @ is irreducible, then we say state i is positive recurrent if m; = E;[T;] < co.

Theorem: 5.34:

Let @ be irreducible. The following are equivalent
1. All states are positive recurrent
2. There exists a positive recurrent state
3. @ is non-explosive and has invariant distribution A

In all cases, m; = /\1q
14

Proof. 1 = 2 is trivial.
First, or any state ¢, define ,u§ = E; [fOTiM Lix,—j1ds|, Zj u§. = Ei|T; A C].
Second, consider the jump chain Y,,, define N; = inf {n > 0,Y,, = i}.

Z Sn+1 1{Yn—j,n<Ni}]

n=0

pwy=E

o0
= Ei[Sp1|Yn = jin < Nj| Bi(Y,, = j,n < ;)

n=0

o0

Z (Yo =j,n < N)
1 N;—1 i,
a ZlYn—J]:
q n=0

2 = 3: 2 means ¢ = co. Jump chain is irreducible and recurrent. ~; is invariant measure. Therefore, by
Theorem m p; is an invariant measure for Q). u* is a distribution.

3 = 1: Let A be invariant distribution. Fix a state ¢ and define v; = %' Then by Theorem [5.33] v is

invariant for jump chain and v; = 1. By discrete theory, v; > 'y;- for all j.

DL
7 @

J

SZZJ Z ]qJ

q; Aigi
zqzz 77 N

This also shows all the states are positive recurrent. O
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Theorem: 5.35:

Let @ be invariant and recurrent. Let A be the invariant measure. Then
1. Vs, )\P(S) = )\, 1.€. (P(S))z] = P1<Xs = ])
2. If u is a measure s.t. uP(s) = p for some s, then p is proportional to A.

Proof. Since @ is irreducible and recurrent, by Theorem [5.34] @ is non-explosive.

Vs > 0, P(s) is a stochastic matrix with strictly positive entries. P(s) is irreducible.

Fix state 1, pj = Ej; [fOT’ 1{Xi:j}dt}, we know p@) = 0 by Definition

Theorem

5.26

- .
/ Lix,=jydt
LJO i

r Ti S
/ 1{Xt:j}dt + F; |:/0 1{th}dt:|

r rT; Ti+s
/ Lix,=jdt| + E; [/ 1{th}dt}

r T;+s '
/ 1{xt=j}dt]

L
/ 1{Xz:j}df}
L/ O

N /0 Ei [1ix,,.=je<ry] dt

oo
= [ P =it < T X0 = by
e Y0

= Z/ Pi( Xyt = j| Xt = k,t < T)Py(Xy = k,t < T})dt
& 0

Z/o Pej(8)Ei [1{x,=t<1)] dt

k

-S> rsen | [ : -

Therefore, uP(s) = p.
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6 Brownian Motions

Consider simple random walk on Z, X is i.i.d. with P(X; = 1) =1, 5, = > j—1 Xj. We want to look at

By(t) = ﬁsm.

By Theorem [3.8]
1. limy, 00 By (t) = N(0,¢) in distribution.

2. For r < s < t, By(t) — Bp(s) = N(0,t — s), Bn(s) — Bp(r) = N (0,5 —r). (Byp(t) — Bu(s), Bn(s) —
Bp(r)) = (N(0,t — s),N (0,8 — 7)), where the normal distributions are independent.

Definition: 6.1: Brownian Motion

A stochastic process {B(t)},~ is a collection of r.v.s, supported on a common probability space.
A stochastic process B(t) is a Brownian motion started from x € R if

1. B(0) ==

2. B(t) has independent increments. B(t) — B(s) ~ N(0,t — s)

3. Almost surely, ¢t — B(t) is a continuous function

A property P holds almost surely, if there exists event A with P(A) = 0 s.t. all w € 2 s.t. P does not hold
is in A.
Let B(t) be a standard Brownian motion, started from z =0

1. —B(t) is a Brownian motion

2. YA >0, t — 33 B(At) is a Brownian motion

3. Markov property: Fix s > 0. Then B®) (t) = Bi+s — Bs is a Brownian motion.

0,t=0
4. Time inversion: X (t) =4 | is a Brownian motion
tB(7).,t>0

Proof. 4. The two processes (X (t1),..., X (tp)) and (B(t1), ..., B(tp)) have the same finite-dimensional dis-
tributions.

If s <t,

Similarly,
1 1 1
Also, lim;_,o+ X (t) =0 a.s. O

Brownian motion exists

Proof. Tt suffices to construct it on [0, 1]. The idea is to sum up Gaussian r.v.s.

Let D, = {£,0<k<2" ke Z}, D=U,D,.

A process B(t) indexed by t € D, is a Brownian motion on D, if it has independent increments and

B(t) — B(s) ~ N(0,t — s).
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Let Y(¢), t € D be i.i.d. Y (t) ~ N(0,1). Then By(t) on Dy can be defined by By(0) = 0, Bp(1) = Y (1).
By induction, we construct a Brownian motion on D,, denoted B, (t) s.t. By(t) = B,—1(t) for t € D, ;.

Let t € Dy \ Dp—1, 7 =1t — 5 and s =t + 5-. Set Z; = Yt Define B(t) = $(B(r) + B(s)) + Z;. Then

2n o3
B(t) — B(r) = 3(B(s) ~ B(r)) + 7
B(s) ~ B(t) = 5(B(s) - B(r)) - Z
Then
Var(B(t) - B(r)) = ~Var(B(s) - Br) + oy = 2 -+ gy = 2oLy Lo L

This is the same for Var(B(s) — B(t)). The covariance Cov(B(t) — B(r), B(s) — B(t)) = tVar(B(s) —
B(t)) — Var(Z;) = 0, so the increments are independent.

From the construction, B(t)|p, is a Brownian motion.

Define B (t) linear interpolation of B(t)|p,, and M, = SUPe|o,1] |B(") (t) — B("_l)(t)‘. By Wierstrass
M-test, it sufficies to show ) M, < oo as.

Then B™)(t) is Cauchy w.r.t. uniform continuity of functions. ‘B(m) (t) — B™ (t)} <D M.

1
My= swp  |Z|=—mr sup |V
t€Dp\Dp_1 272 teDp\Dpn—y

A
P (136 > —r ) <2P(HI> )
272

p[(2# )" < @y ey

00 00 0o 0o 1
E ZM"] =D BM] <Y BMIP <G Yy | 2 < oo
n=1 n=1 n=1 n=1 272

Therefore, almost surely, B (t) — W (t) uniformly, so W (t) is continuous.

We want to show W (t) has the same finite-dimensional distribution as Brownian motion. We show for
r<s<t, (W(t)—W(s),W(s)—W(r)) ~ (B(t) — B(s), B(s) — B(r)).

Choose n large enough s.t. for r,, $p,tn € Dy, 1y — 7, Sy — 8, by > tasn — 00 and 1, < S, < by

Since W is a.s. continuous, W (t) = lim, . W(t,) a.s.
(W (tn), W(sn), W(rn)) = (B(tn)|D,, B(sn)|pD,, B(rn)|D,)

We have B(t,) — B(sn) ~ N(0,t, — s,) and B(t,) — B(sy) independent of B(s;,) — B(ry,) O

Theorem: 6.1: Blumenthal’s 0-1 Law

Let F; = J(Bu,u < t), For = NgsoFs. If A € Fo+, then P(A) S {0, 1}
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Proof. Let A € Fot, g : R™ = R be bounded continuous.
E[lAg(Btu ey Btn)] = ELI%EDAQ(BH — B, ..., By, — BG)]
= lim E[lA]E[g(Bh — Be, ..., By, — Be)]
e—0
= E[14]Elg(By,, ..., Bt,)]

A is independent of 0(Bs : s > 0) = 0(Bs : s > 0). Since Brownian motion is continuous, By = lims_,o Bs €
o0(Bs:s>0). O

Proposition: 6.1:

Let B(t) be a Brownian motion started from 0.
1. Almost surely, Ve > 0, supg<;<. B(t) > 0, info<i< B(t) <0
2. If T, = inf {t > 0, B(t) = a}, then T, < oo a.s.
3. limsup,_,., B(t) = oo, liminf; , B(t) = —00

Proof. 1. Let A =", {SUPogtgi B(t) > 0}. We want to show that P(A) = 1.

A € Fy+, by Theorem we just need to check P(A) =0

1 1
P(A)= lim P ( sup B(t) > 0) > limsup P (B () > O> =_

n—0o0 o<t<il n—00 n 2
2. We want to show that sup,~o B(t) > M for all M > 0 as.

From 1, P (supg<;<; B(t) > 0). Let € > 0, 36 > 0 s.t. P (supg<yc; B(t) > 6) > 1 — € by continuity of
probability measures. Using Brownian scaling

M
1—6§P<sup B(t)>(5> :P<sup —B(t
0<t<1 o<t<t 0

5\ 2
P sup t () >M
<0<<(M/<5)2 4 ( M ) )

=P < sup —B(t) > M)

0<<(M/5)2 0

5/

< P supB )
>0

2 = 3 by deterministic O

e t — B(t+ s) — B(s) is a Brownian motion, independent of Fj

e limsup, o+ % = 0o a.s. liminf; ,o- % = —o0 a.s. Brownian motion is nowhere differentiable.
Let 7t = 0(Bs : 0 < s < t). T € [0,00] os a stopping time if V¢ > 0, {T' <t} € F. Fr =

(A€ Foo : AN{T <t} € Fy, ¥t > 0}
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Example: T, =inf {t > 0: B(t) = a} is a stopping time.

ez = { g p-a=i}=N U {m-azi}en

n=1 s€[0,tjNQ

Example: T, = inf{t > 0: B(t) > a} is not a stopping time w.r.t. F;, but it is a stopping time w.r.t.
+ = Ngst Fs-

Theorem: 6.2: Brownian Motion Strong Markov Property

Let T be a stopping time s.t. T' < oo a.s. Then BT)(s) = Lir<oo}(B(T + 5) — B(T)) is a Brownian
motion independent of Fr.

Proof. Fix A€ Fr, t1 <--- <tp, g:RP = R is continuous and bounded.
E [1ag(BD (), .. BT (1) | = ENAIElg(B(t), ., B(ty))]
Consider p =1, set T;, = {2% Te [t k) g(BDO(t)) = lim,,_,00 g(BT) (1)), so

E [1ag(BT)(®)] = lim E [Lag(B™())]

-t 3 [ngarespo (2 (5 +1) -2 (3)
:ﬁﬂg;m“B“ @N{k21<T<§}>
= E[g(B(t))|P(A)
Because AN{E-L <T < £} € Fpjom O

Corollary 7. {t > 0: B(t) = 0} has no isolated point.

Theorem: 6.3: Reflection Principle

Fix t > 0, S; = sups<; Bs. Let a >0, b € (—o0,a]. P(S; > a,B; <b) = P(B; > 2a —b).

Proof. Let Tp, = inf{t > 0: B(t) = a}, {St > a} = {T, < t}.

P(S;>a,B; <b)=P(T, <t B <b)

<t,B(t) — B(T,) < b—a)
<t,B(t—T,) <b-a)
t,—B(t—T,) < b—a)

t,—B(t) + B(T,) < b —a)

t, B(t) > 2a — b) = P(B(t) > 2a — b)

where B(s) = B(Te)(s), B is a Brownian motion independent of T}, because T, € Fr, . O
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After hitting a, reflecting the Brownian motion around a gives another Brownian motion with reflected
probability.

Let S = C(R,R) be the set of continuous functions, define the o-algebra, S = o(w(t),t > 0), where
w : S — R are Borel measurable functions as coordinate maps.

Let (Q, F, P) be a measure space that supports Brownian motion, w + B(-,w) is measurable.
Define the measure on (S,S) given by pu(A) = P(B € A). This is Wiener measure.
Consider Theorem again,

P(T, <t,BT(t - T,) <b—a) = P((T,B) € H),

where T is an r.v. taking values in R, B € S, P is the law of stopping time T,sxWiener measure.
H={(s,w) e Ry x C(R4,R),w(t—s)<b—a} CRy xS.

Since B = —B in distribution, P((T, B) € H) = P((T,—B) € H).

Definition: 6.2: Continuous Martingale

Given a stochastic process (M;)¢>o and a filtration (F3)¢>0. M; is a continuous martingale if
1. t — M; is continuous

2. My € F
3. E[|M] < 0
4. E[M|Fs] = M; as.

Example: B;, F; = 0(B, : 0 <wu <t). E[B|Fs] = E[B; — Bs|Fs] + Bs = Bs
Example: B? —t is a martingale.

2
ABy—2-t

Example: Z; = ¢ is a martingale by Laplace transform.

Theorem: 6.4: Continuous Martingale Optional Stopping

Let S < T be bounded stopping time, M; be a continuous martingale. Then E[Mp|Fg] = Mg

Proof. Discretize the process. Fix N, define XT(LN) = MLN, ,QN) = fLN. Then (X,(LN), GgN)) is a discrete
2 2

time martingale.

Let TM) = kif T € [55, ), SN = kif 5 e [543, ).

-1

N

N N N
By Theorem [4.22, E[X 1) 1G] = X%,.

Let A€ Fs C Fym C Gy, We then get E[14X\N)] = E[LaX ).
SN

@)

. () B
Since G~ — T and Zx= — 5, X =

M v — Mr, X, — Ms as.
N
If X is fixed, E[X|G] as G varies are uniformly integrable.

| = B[ lim X)) 14] = E[14My]

: (V)
lim E[14X A X

N—300 T

80



Example: Let a <0< b, T =T, NTy. E[Bra) =0. Ast — o0,
E[Brp = E[Br] = aP(T, < Tp) + bP(Ty < T,) = 0

Therefore, P(T, < Tp) = ﬁ.

6.1 Brownian Motion as Markov Chains

By definition B(t) — B(s) ~ N(0,¢ — s) independent of B(s).

P(B() € Al7) = [ - __do
s) = e t—s -
A V2m(t — s)

=p(t —s,B(s), A)

p: Ry xR x B(R) — Ry is transition kernel, mapping from time, state space, and o-algebra of state space
to probability.

If transition kernel satisfy the property P(B(t) € A|Fs) = p(t — s, B(s), A), with p measurable, then it is
a Markov chain, but we consider Brownian motion only here, and it is a Markov chain. The continuous
Markov chain is related to PDEs.

1 (@—y)?

Example: The transition kernel p;(z,y) = =e 2 is associated with heat equation:

1
Owpr = 3 2pe(,y)

Example: Y; = |B;| is a Markov process w.r.t. F; = o(Y, : 0 <wu <t).
P(Y, € A|F,) = P(/(B, — B) + Bs| € A|Fy)
Condition on By

P (|(By — Bs) + Bs| € A|F,) = P (|Vt—sZ + |B;|| € A)
P(I(Bi — By) + B,| € AIF,) = P(|Z] € 4),

for Z € N(Y,,t —s).

Theorem: 6.5: Levy

Let Sp = supg<s<; Bs, t = St — By ~ Yy = | By|.

Remark 13. This is a different version of Theorem [6.3]

Theorem: 6.6:

Let f: R — R be a nice function. Then

1

X() = F(BO) - 3 | @NBw)

is a martingale.

81



Proof.

EIX ORI = BEBOIE - 5 [ FN@)F - [ @ e
= B BN~ 5 [ Engl2 Bl -5 [ (@)

We can compute the second term using heat kernel.

.
3B /62 z)pu(z,y)d /f 2pu(x,y)d

_ / F(2)0upa(e,y)dz = 0, / J(@)pu(e,y)da
— 0uB,[f(B(w)

Replace Ey, with Eg(,), we have

5 | BewlRs @)= - [ 0y (B
0

0

Therefore,

EX ()] ——/ 03 f(B(u))du + f(B(s)) = X(s)
X (t) is a martingale. O

Remark 14. This is related to Ito’s formula.

Definition: 6.3: Binary Splitting

A martingale X, is called binary splitting if each X,, takes only finitely many values. Condiitonal
on Xo = xg, ..., Xp, = Tn, Xpt1 takes only two possible values.

Lemma 11. Given X with E[X?] < oo, there exists a binary splitting X,, that converges to X a.s. and in
L2
1,X > Xg

Lx<x, ST

Proof. Let Xog = E[X], (v = {

EX1ix>pppl/P(X =2 E[X]), (=1
B X1x<pixpl/P(X < E[X]), (0 = —
Then for n > 1, recursively define G, = o((o, ..., (n—1), and X,, = E[X|G,,].

Define X; = E[X|G] = {

By Jensen’s inequality, F[X?2] < E[X?] < oo, so X,, is an L%-bounded martingale. lim, o X, = X a.s.
and in L2.

Now we show that X, = X by showing lim,, o0 (o(X — Xpt1) = | X — Xol-
Consider pointwise, if lim,,_ s Xp(w) = Xoo(w) = X (w), then fine.
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If limy,—y00 X (w) = Xoo(w) > X (w), then for sufficiently large n, ¢, = —1,
(X = X)) = Xnp1(w) = X(w) = [Xoo(w) = X(w)]
The case Xoo(w) < X (w) is the same.

E[((X — Xn41)] = E[((X — E[X|Gn41])] = E[GX] — E[GE[X[Gnt1]]
= B[ X] — E[E[(X[Gn41]] =0
Let Y, = (u(X — Xp41). Then Y, — |X — Xo| as. and L2-bounded. Therefore, E[|X — X|] =
Ellimy, o0 Yy] = limy, o0 E[Y5] = 0.

X, is a binary splitting, because conditional on {X; = z1, ..., X;, = z,,}, X;,+1 can take only two different
values, based on (. O

Theorem: 6.7: Skorokhod Embedding

Let X be any random variable s.t. E[X] = 0, E[X?] < co. Let B; be a Brownian motion. There
exists a stopping time T s.t. B(T) ~ X and E[T] = E[X?].
Any mean zero finite variance r.v. X can be found in a Brownian motion.

Proof. We construct an increasing sequence Ty, s.t. Vn, (B(T}))}_; ~ (Xk)}_;, where X}, is the binary
splitting converging to X.

Let Xo = E[X] = 0, X takes two values a < 0 < b, E[X;] = 0. Let T = inf{B(t) € {a,b}}, so
B(T1) ~ X;.

Assume Ty, k = 1,...,n are constructed so that (B(T%))r_, ~ (X)}_;-

Condition on B(Ty) = z1, ..., B(T,,) = xn, X,t1 takes two values a,b, and E[X4+1]0(X1, ..., X)) = X, =
xn = B(T},). Then X, 41 — X,, is centered at 0. Then

Thi1 =inf{t>T,: By —x, € {a —x,,b—z,}}

Conditional on B(T}y) = z1, ..., B(T),) = @y, we have B(Tj,4+1) — B(Tn) ~ Xpnt+1 — Tn, 80 B(Th41) ~ Xpt1-
Since limy, 00 T, = T', we have B(T) = lim,,—,oo B(T},,) and B(T) ~ X.
By Theorem and applied to My = B? —t, we have:

2
E[T] = lim E[T;] = lim B[B(T,)’] = lim E[X] = E[X?],
since X converges in L?. O

Donsker’s invariance scaling: let Y, be i.i.d. centered r.v.s s.t. E[Y;?] =1, S, = Y_.1_, Y%. Define S(t) the

linear interpolation of Sy, S} (t) = %

There exists a sequence of stopping times 71 < Tp < --- < T, s.t. B(Ty,) ~ > 54 Yx.
Proof. By Theorem we can construct T s.t. B(T1) ~ Yy, Ty s.t. B(1y) — B(Th) ~ Ys.

By Theorem , (T, — Tp,—1) are i.i.d. with the same distribution as T3. lim, 2—" =FET] =1 O

Construct S} (t) from S, = B(T},), lim;, oo P (supogtgl B\(/’lt) Sk (t )‘ ) =0.
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Proof. Define W (t) = Bnt) Tet k= k(t) be the index s.t. % <t<

n

Let A, = {Supogtgl ‘B\%) - S:L(t)‘ = 6}

3|

S

A, C {Ht €1[0,1 Wh(t)| > e,

<[]
C{3s,t €[0,2]: |s—t| < and |Wy(s) — Wy(t)| > €} := By(s)

U{Elt:

P(Bp(s)) = P(Bi(s)) — 0 as s — 0. On the other hand, lim,_,. P(C,(d)) = 0. By Theorem
T,
=1 O

T
k—t‘>(50r
n

Too1 _ t’ > 5} = Cp(6)
n

Theorem: 6.8: Donsker’s Theorem

Consider the space C([0,1]) with topology induced by |||, S, — B in distribution. d.e. for all
continuous functionals F' : C([0,1]) — R, lim,,_, E[F(S})] = E[F(B)].

Proof. By Lemma [L.1] it suffices to show for closed set K C C([0,1]) that limsup,,_,..(Si € K) < P(B €

For € > 0, define K. = {f € C([0,1]) : ||f — gl < € for someg € K}.
P(S; € K) < P(Wy, € Ko) + P([[Wy — S| > €)

Therefore by the previous proofs.
limsup P(S;, € K) < P(B € K,)

n—oo
=lim P(B € K;) = P (ﬂ BeKl/n> :P(Be N Kl/n>

n=1 n=1

= P(B€K)

O

6.2 Brownian Motion in Higher Dimensions and Harmonic Functions

Let U be a bounded open connected set in R%. Given ¢ : 0U — R continuous, u(z) solves Dirichlet problem

in U if Au(z) = Z‘;:l %u(x} =0 for x € U and u(z) — ¢(2) if x — z.
J

Definition: 6.4: Harmonic

w is harmonic in U if Au(z) =0 for all z € U.

Theorem: 6.9:

Let u : U — R be measurable and locally bounded. Then the following are equivalent:
1. u is harmonic

2. VBy(z) C U, u(z) = Wl(m)' fBr(x) u(y)dy
3. VB,(z) C U, u(x) = m f(‘)Br(x) u(y)do(y)




Theorem: 6.10: Maximum Principle

1. If w is harmonic on U, then if it attains maximum in U, then w is constant.

2. If U extends to a continuous function on U, then max, 7 u(x) = maxeor u(z)

3. If u,v are two harmonic functions extended continuously to U s.t. u = v on OU, then u = v
on U.

Definition: 6.5: Brownian Motion in R?

Let Wi (t),...,Wy(t) be standard independent Brownian motions. Then Brownian motion in R?
started at z € R? is W (t) = (Wi (t), ..., Wg(t)) + z.

All properties from one-dimensional Brownian motion still hold.

Let 7 = inf {¢t > 0 : W(t) € OU} be a stopping time, ¢ : OU — R be continuous. Then u(x) = Ey[¢(W (7))].

Proof. Let B,(x) CU, 7 =inf{t > 0: W(t) € 0B, (x)}.

u(@) = Ex[p(W(7))] = Ex[Ex[p(W(7))|F4]]
= Ex[Ews)[o(W(1))]] = Ez[u(W(7))]
1

= 0B,@)] Sy, "W

Now we want to show Vz € 90U, z € U, lim,_,, u(z) = ¢(2).

Definition: 6.6: Exterior Cone Condition

u satisfies exterior cone condition if Vz € U, there exists a cone C,(a) s.t. C,(a) € U at least
locally.

1. For all @ > 0, there exists 0 < a(a) < 1 s.t. Vo with |z| < 1, we have P,(7(9B1(0)) < 7(Co(a))) < a.
2. For all k > 1, all z with |z| < 4—k, we have P,(7(0B1(0)) < 7(Co(a))) < a*.
Proof. 1f |z| < 472, we have, (0B 4(0)) < 7(8B1(0)) < 7(Co(ar)). Then recursively, if [z| < 47*, we have
k

P,(1(0B1(0)) < 7(Ch())) < ;up (O)P(T(aB4—k+j+1(O)) < 7(Ch(a))) < ak
j=1%€B4—k

Theorem: 6.11:

Let u obey exterior cone condition, ¢ : QU — R be continuous, then u(z) = E;[¢p(B(7))] solves
Dirichlet problem.

Proof. Let z € OU and € > 0. Since ¢ is continuous, we have 30 > 0, |¢(z) — ¢(x)| < € for all |z — 2| < 4,
x € OU. Let C,(a) be exterior cone at z.
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By previous two points, there exists n s.t. V|z —z| <n, x € U s.t. Py(7(0Bs(z)) < 7(Ca(z))) < €. For

such z,
[u(x) — ¢(2)] < By [|¢(W(7T)) — ¢(2)]]
= B, [|o(W (1)) — 6(2)| L{r(085(2))<r(C ()} ]
+ B, [|6(W(2)) = 6(2)] Lir(c. (a))<r (085 ()}
<2l et €

log |z|,d =2
>~ d # 2
Tr =inf {t: |W(t)| = R}. ¢(z) : 0A — R with ¢(x) = u(x) on OA. Then Vz € A,

Let A= {r < |z| < R}, u(z) = {

u(x) = E:c[(z)(W(T))] = U(T‘)Px(TT < TR) + U(R)(l - PJC(TT < TR))

This gives

- log R—log|xz| d=29
P(T, < Tg) = M — zla%g—g:;;)%té
U(R) —U(T) W,d# 2
1,d <2
Take R — oo, P(T, < o0) = |TTd_—22vd >3
x

If n = 2, Brownian motion is neighborhood recurrent.

i.e. for all open sets U, Py({t : W (t) € U is unbounded}) = 1,
but for all y # z, P,(3t: W(t) =y)=0,d > 2.

In d > 3, Brownian motion is transient, Pp(lim; o0 |[W (t)] = 00) = 1.

Py (|B(t) < n| for some t > 7(0B,3(0))) < =

86

. Consider T' = inf {T,., Tr}, where T,, = inf {t : |W ()|



MAT1128 Stochastic Differential Equations

7 Continuous Time Stochastic Processes

We start with Einstein’s construction of Brownian motion. Let B; € R? be the position of a particle at
time ¢ in R3. It should satisfy some evoluting probability density,

P(B h
f(t,z)dx = P(B; € dr) = lim (Bt € [z, x + h])
h—0 h3

€. / f(t,x)de = P(B, € A)
A

The transition probability: P(s,z,t,y)dy = P(B: € dy|Bs = z), equivalently, P(s,z,t,y) = P(B; €
A|Bs € ).

Assumption: Time and space homogeneity. P(s,z,t,y) = P(t — s,y — x). It does not matter where the
particle is in time and space. The probability density should not change.

flt+ma)= /f(tym —y)p(T:y)dy
= [t~ 0) =y f(t2) + DS 0) Dol )y
= (t.0) [ o)y - Y 0fe.s) [ (o)
45 000w [ yip(rp)dy+ -

Note that:
e [p(r,y)dy =1 as probability density
e [yip(T,y)dy = 0 by antisymmetry (expectation)
o [yiyip(T,y)dy = 0 if y; # y; by antisymmetry

o [y?p(r,y)dy is like sum of mean-zero i.i.d. r.v.s, Var(X; + -+ X,,) = CN, [y?p(r,y)dy ~ D1, D
is the diffusion coefficient.

Then, it gives the heat equation with solution being Gaussian:

d
Sk ST

In 1D case, d = 1, D = 1, the solution is p(t,z) = \/7 e
[

For a stochastic process X;, t € T = Ry = o0), we need to know the probability distributions
Fyyo4,( Xy <o1,.., Xy, <), assuming t; < to < --- < t, ordered.

To handle the case X; = oo, we need to have a consistent family of finite dimensional distributions.

Theorem: 7.1: Kolmogorov Extension Theorem

There exists a unique probability measure p on R0 B0 st 1 ({X; : Xy, < 21,..., Xy, < xp}) =
Fyy o0 (21, ). B2 is the product o-algebra (smallest o-algebra containing the cylinder sets
{Xe: Xy, < 1,00, Xy, < 20})
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A Markov process is where we can decompose P(X;, € dyi,...,X:, € dyy) into each individual time
intervals.

P(th €dyy, ..., Xy, € dyn)
= P(t1,y1)dy1 P(ta — t1,92 —y1)dy2 - - - P(tn — tn—1,Yn — Yn—1)dyn

z1
/ / th S dyl, ...,th € dyn)

“ "’% 1 _p-wy)? 1 _lom=un1)?
e dyn .. e 2(tg—t1) ... e 2(tn—tp_1)
—00

d
yl\/27rt1 \/27T(t2 —tl) vV 27T(tn _tn—l)
A Gaussian process X; = (Xy,, ..., X;,) is a n-dimensional Gaussian for all t1,...,t,. a1 Xy, +-- -+ an Xy,
is Gaussian for all a € R". E[X] = my, Cov(Xy, Xs) = ¢t 6.
For a Brownian motion By, m; = E[B;] = 0. E[B;Bs] = E[B?] + E[(B; — Bs)(Bs — By)] = s by

independent increments, if s < t.

Let B; be a Brownian motion, v > 0. The following are also Brownian motions
1. By = Byit — By
2. Let a >0, B; = aB, -2
3. By =1tB:

Proof. Firstly, all E[B;] = 0, so we only need to consider the covariance. Assume s < t.
1. E[B¢Bs] = E[(Bust — Bu)(Burs — By =s+u—u—u+u=0
2. ElaB,-2,aB, 2] = a’a"2s =5

3. E[tB;SB;} :ts%zs. O
t s

Theorem: 7.2:

Brownian motion is continuous

B(4),t=5i=0,..,2"

linear in between

Proof. Let t € [0,1), define B, (t) = {

We want -7, P (307 supg<i<y |Bms1(t) — Bim(t)| > €) < 00, because Lemmasays if the probability
of A, is summable, then A, cannot happen infinitely often.

Consider the Haar functions: H, j(x) = 23 (1[ 2 241y = 1[2j+1 2j+2)>.

on+129n+T on+179n+T

The Haar functions are orthonormal basis of L2[0,1), fol H,;H,; =1, fol HyjH;z = 0.

Let Sn,j(x) = fox Hn,j(y)dya Bn+1(t) - Bn(t) - 23"01 gn,] ,j( )7 where

: B (45)+B(
n 2 1 n+1 n+1
€y = 2511 B< ‘27;; ) - € / H,B(t)dt = / H, (1)
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So &,,; are i.i.d. N(0,1). This is invariant under change of basis

Suppose e, are ONBs of L?[0,1), f, are another, (e,, &) i.i.d. N(0,1)

fn - Z Apym€m
n

=D tnmam (emsen) = D dumaam = (AA )un = Lo
m,m

- <fnaf'7l> =1,

<fn7 fﬁ>

E[(fn, ) {fa,€)]
50 (fn, &) are i.i.d. N(0,1).
Back to the major claim on probability
m_q

[Barir () = Bua(t)loo = 27~ max [

p (—2‘?‘1 max |&p,j| > 2—T> <2mp (!ém,j! > 2%2) <ome 21T

by Theorem and the approximation of gaussian tail distribution

Yoo 27 m/4 < ¢ for n large enough.
o o0 o oo 4
mH > 2—m/4) < Z Z 2me—2m/ +1 < 00

o0 o0
2P (Z 1Bt — Bull, > ) <SS P(| Bt — Bull,
n=1 m=n n=1m=n n=1m=n

O

s/ for some a, 8 > 0,

Theorem: 7.3: Kolmogorov Continuity Theorem

—X(s)ﬂ <Clt-

Let X(t) be a stochastic process on [0,1], if E || X(t)
then X (¢) is $-Holder with probability 1, by changing X (s) on a set of probability zero

Proof.
B(t) - B(s)|’] = B [t - 572 2] = It —s|2 B[Z%], Z~N(0,1)

E |
B_

So a = g —1, Bis 2 7 ! Holder. As [ increases, we get up to < 5-Holder
1) 3)_p(L

To see it is not 3-Holder, check Z; = B((21))1i(0), Zy = B<‘(‘2)522),... Z; ~ N(0,1) iid. [Bllys =
2 1

max; | Z;| = oc.

P (maxZZ- > /\> —1-P <maxZ < A) —1-P(Z <N"=1-(1-P(Z > \)
7
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If A\~ +/2logn, P(Z; > \) ~ 1.
Definition: 7.1: Bounded Variation

The total variation of f is

Hf”Tv,[o,t] = o sup Z | f(ti+1) ()l

to<ty<--<tn<t

[ is bounded variation if || f{[7y;10 4 < o0

Theorem: 7.4:

1. f is bounded variation if and only if it is the difference of bounded monotone functions
2. Measures are equivalent to functions of bounded variation, u([0,t]) = f(t)
3. If f is bounded variation, then f is differentiable a.e.

Definition: 7.2: Quadratic Variation

2
D O LN

7

A stochastic process X; has quadratic variation (X, X;) if >, |Xt
bility as the meshsize max; |t;41 — t;| — 0.

(X, Xt) in proba-

141

Brownian motion is of bounded quadratic variation

Proof. Let y; = |B(tit1) — B(t;)|* — (tix1 — ti), we want to show that 3, 4; < co. Consider the variance

Since Brownian motions are i.i.d. Ely;y;] = Efy;]Ely;] =0 if @ # j.
2
DEHETE
i ij i
2
- <)~/t2+1 tZZ’ (tisr — )) ]
= (tiy1 — t:)*E[(Z> — 1)?]

< Cmiax tiv1 — ti Z(ti+1 —t;)

)

= CmaX’ti—i-l — ti|t — 0 as max\tiﬂ — ti’ —0
i i

By Theorem [2.T]

C’maxZ |tiv1 — til t
z+1 )| —t = 2
€
So > |B(tiy1) — B(t;)|* — t in probability as max; |ti41 — t;| — 0. O

But Brownian motion is not of bounded variation nor a-Holder for oo > %

Proof. Bounded variation:

> IB(tis1) = B(ty)|* < max|B(tis1) IZIB i+1) — B(t)]
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LHS— t, but max |B(tj+1) — B(t;)| — 0, and it has to be >, |B(ti+1) — B(t;)| — oo.

Similar for a-Holder for o > %:

Z |B(tis1) — B(t;)|* < <maX [Btis1) = > Z ltiv1 —

|t1+1 - tz

Still LHS— ¢, but 3, [ti1 — t:]°* — 0. -

Theorem: 7.5:

B; is nowhere differentiable

Proof. Can show that B, = >k Zie?™kt (1933 Paley, Wiener, Zygmund)

Dvoredsky, Erdos, Kac: If B is differentiable at s € [0,1], then Je > 0 and [ s.t. |B(s) — B(t)| < |t — 3]
for0<t—s<e.

i+1 i+2 i+3 J j—1 7l
< == < T<T SS+6, and ‘B(ﬁ)—B<7>’ §;f0r

n

3|

Choose n large enough that % <s<
j=1t+1,94+2,i+ 3. Then

Unu U0 AlsG) =00l

m n>m 0<i<n+1i+1<j<i+3

it must have some point that’s differentiable. (the union/intersection just means that there exists some
I s.t. for all m, there is sufficiently large m and 0 < ¢ < n+ 1 s.t. forall ¢ < j < i+ 1 the event

(o) o ()] 25 o

Note that (,,, U is equivalent to liminf,, .., we want to show that for every [ the probability — 0.

n>m

nU U0 PG ()0

m n>m 0<i<n+1i+1<j<i+3

e U0 () -5(2)3

0<i<n+1i+1<j<i+3

n+1 . i1 71
<lminfY P | ) {‘B (J)—B<‘7 >‘§}
n—oo n n
i=0 i+1<5<i+3

<timinf(n+2)P | {'B (i) b <j_nl>‘ = Z}

1<5<3

3

=liminf(n + 2)P _ B 1 < n —liminf(n—i—Z)P i|Z| < n ’
oo i n n n—00 \/ﬁ - n

7l
= liminf 2)P ||Z] <
i+ 2P |12 < 7

n
} <CW_>O

For Brownian motion, its filtrations can be defined by F; = o(Bs,s < t).
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B, is martingale w.r.t. F;.

E[Bt|"r8] = E[Bt _Bs‘]:s] +E[Bs|fs] :O+Bs :Bs

B? is submartingale w.r.t. JF;

E[B2|F,] = E[(B; — Bs + B,)?| F]
= B[(B; — By)*|Fs] + 2E[(B; — Bs) B| Fs] + E[BZ| F]
=t — s+ 2B,E[B; — B,|Fs] + B2
=B+ (t—s)> B}

This also shows that B? — ¢ is a martingale.

AB¢

2
Bt g g martingale for A € R if and only if B is a Brownian motion.

2 2
Proof. We want to show E [e’\Bt_A2t|fs} = ABa s

A2 A2
That is equivalent to E [e)‘(BtBS)2(tS)|fs] =1 or E[eNB=B)|F ] = e7 (179)
This is true because B; — B; is independent of F5 and it’s the moment generating function. O

This is a generating function, and gives:

% AB-Xt
A=0
2
% CABt_ét — Bt2 —t
A=0

Theorem: 7.6: Continuous Time Doob’s Inequality

Let X; be a nonnegative submartingale w.r.t. F, t > 0 with right continuous sample paths. Then

X
Pl sup Xy >\ ) < 2T
0<t<T A

Proof. Let 0 <tog<t1 <---<t,=T, Xn:th, Fn:]—'tn.

On the finite grid, Theorem give P (maxy X, > \) < % Take limit on partition mesh size and
get the continuous version. O

A stopping time 7 is a r.v. taking values in time R s.t. {w: 7(w) <t} € F;, Vi > 0.
Fr={A:An{t > 71} € F,Vt > 0} is the stopped o-field

Theorem: 7.7: Optional Stopping

Let 7 > o be bounded stopping times and M; a right continuous martingale, then E[M,|F,] = M,
a.s.
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Proof. Firstly, consider the discrete case, we want [, M dP = [, M,dP for all A € F,.
By definition, AN {o =1} N {7 =k} € Fy, so equivalently:

/ MdP = / MydP
An{o=l}n{r=k} An{o=k}n{r=k}

For LHS, it is E[My|Fs], RHS is M;. They are bounded so it is valid.

Continuous case: let 0, = 27" (|2"0| + 1), 7, = 27" (|2"7] + 1). They are still stopping times, and o | o,
™l T.

We have from discrete case [, M., dP = [, M, dP for all A€ F,, and we want to show that [, M,;dP =
1) 4 MsdP for all A € F,. This requires taking limits in the integrals. We need to show that M, are
uniformly integrable (Definition .

Let X, = M., Fn = Fr.» Xy is a backwards martingale, E[Xn_l\]:'n] = E[M,, ,|F:] = M,,. Then apply
Lemma .11 O

Example: Let B;,t > 0 be a Brownian motion with filtration F;, 7 = [{t > 0,|B;| > a}. We want to
compute F[r].

7 An is a bounded stopping time, B? — t is a martingale. Apply Theorem toTAn and 0 = 0, we get
E[B2,, — 7 An] =0, E[B2,,] = E[r An] — E[r] by Theorem . Take n — oo, E[B2,,] — E[B?] = a?,
so E[r] = a®.

If 7 =inf{t >0, B; > a}, the previous method cannot work, because it is a one-sided bound. Instead, we

. . . a2 o _a2 .
consider the generating function: E[e*7An~=2 7" = 1. This is fine because 0 < eMran=FTAn < gAa g
always bounded.

2
Take n — oo, E [eAagT] =1. Let A0, P(T < ) =1, we get E[e”7] = e V7% for vy = )‘72
Denote 7, = inf{t >0,B(t) >a}, 7, = 74 + -+ + 70, where 7} are independent copies of 71. Also,
B(t) = aB (a%) in distribution. 7, = a?r in distribution.
This gives limg o P(7, > €) = lim, 0 P(11 > ea™2) = 0.

A ma_ V2
dy

E[r] = 5 v aly=og = 00

v=0

1 2., n
Note that % in distribution is stable with parameter %

Example: Given a Brownian motion starting at = € (a,b), what is P(7, < 73)7
B; — z is a martingale, E[Br, ar,an] = . By Theorem [1.6

E[Br pr,| = aP(14 < Tb) + bP (14 > 1) = aP (14, < 7b) + b(1 — P(14 < 7))
Therefore, P(1, < m,) = i—:lg.
Example: Let 7 = {t > 0, B; > a + bt}, what is P(7 < 00)?
2
Use B [eABMnEM" =1. If A < X2, By < a+ b1 An.

Let n — 00, E T<OO]

|:€)\a+(/\bf%)\2)'rl -1
Take A | 2b, E[20%1, o] = 1, P(T < 00) = e~ 2b@
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Definition: 7.3: (Strong) Markov Property

Let s < t, P(B; € A|Fs) = P(B; € A|Bs) a.s.. Given all previous information up to time s, the
current position at time ¢ only depends on B;.

Strong Markov Property: If 7 is a bounded stopping time, then P(By;, € A|F;) = P(Byyr € A|B;)
a.s.

P(B; € A|Bs = z) = P(s,z,t,A) = Py(t — s, A) = P,(B;_s € A) are the same notation: starting at x at
time s, the probability of final position in A at time ¢.

_(a—y)?

Px(t,A):fAﬁe 3t dy.

Feller function f — [ ps(t,dy)f(y) maps continuous bounded functions to continuous functions. Feller +
Markov =- Strong Markov.

B = By — B; is a Brownian motion.
2

2
Proof. We want E [e/\(Bt“_BT)_A?t]}"ﬁLS] — ABres—B)—s,

2 2 2
By Theorem[7.7, E A B =5 (t47) ]-"TJFS} = MBres=5 (T+5) Then multiply both sides by e BT This
is valid since it 1s F, 1 measurable. O

Consider the hitting time example. Define 7, = inf {t > 0, B(t) > a}, find P(7, < t).
By Reflection principle, P(7, < t) = P (supg<,<; Bs > a) = 2P(B; > a). This can be proved:

P(Tagt):P(sup BSZa> :P(BtZa)—i—P(sup Bsza,Bt<a)
0<s<t 0<s<t
= P(B; > a) + P(1q <t, B, 4 (t—r,) — Br, <0) (increment is negative)

1
= P(B; > a) + QP(TG <t)
Then P(r, <t) = Qfaoo ﬁe‘yz/(%)dy.

Brownian motion in R?:

1. B(t) = (Bi(t), ..., Ba(t)), where B;(t) are independent one-dimensional Brownian motions

_ly—=?
2. B(t) is Markov with P,(t,A) = P(B; € A|Bs =) = [, We 2 dy
3. B(t) has stationary independent increements: Gaussian mean 0, E[|B;(t)|?] = t — s, E[|B(t)|?] = dt.

APy . :
4. BM=5t s a martingale for A € R,

Lemma 12. u is harmonic in open set G if and only if it satisfies the mean value property: ¥r > 0 s.t.
B.(z) C G, m faB(m) u(y)ds = u(z).

If w is harmonic, Au = Z;‘i:l aa—;u =0, u(By) is a martingale.

Theorem: 7.8:

Let G be a bounded open set on R?, f bounded measurable function on G, then u(x) = E,[f(Br.)]
is harmonic in G, where 7¢ = inf {t > 0, B(t) ¢ G}, E, means the expectation starting at x
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Proof. Let H be a smaller ball contained in G.
u(z) = Ey [Ey [f(Brg)|Frl]l = Ex[u(Bry)

= /U(y)HaB(% dy)
1

= u(y)ds
|8B(T‘, $)| 9B(r,x)
0l
Au = 0x € G,
Optional stopping gives the solution to Dirichlet problem “ * . f is continuous at a € 0G,
u=f,xe€dG
then u(z) — f(a) as x — a from inside G
We need to check that if lim P, (|Br, —z| <6) =1,
r—a€dG,xeG
th li P B;) — =1
en lm  P(f(B) - f@] <o
L 13. 1 li P, =0, th li P, (|B-. — i) =1
emma fx—mel('?%,a:EG x (TG o 6) ’ n x—)aelarg,xEG * (| i I’| < )
Proof.
P, (|Br, — x| <90) > P, < sup |B; —z| < §,7¢ < e) , for any €
0<t<e
> P, < sup |By — x| < 5) — P.(16 > €).
0<t<e
Take 2 — a, Py(1¢ > €) = 0, and as € — 0, Py (supge;< | By — x| < ) — 1. O

Let og = inf{t >0: B, ¢ G}, 7¢ = inf{t >0: B; ¢ G}, o¢ > 7¢. A boundary point a is regular if
Pu(og = 0) = 1.

Lemma 14. A boundary point a is reqular if and only if limy_sqcoG zea Exf(Br )| = f(a) for all bounded
measurable f continuous at a.

Proof. (=) It is enough to show that P,(G, < €) is L.s.c., because then lim  Pylog <€) > P,(Gy <
r—a€0G,xeG

€) =1, and it gives lim P,(1¢ < €) =1, and we can use the previous lemma.
r—a€dG,xeG

We show the lower semi-continuity. For an x, the probability that there is a time s € (6, €) with Bs ¢ G is

/dlex 7|y—x|2 P,(3s € (0,e—10),Bs ¢ G)
wa 2oy P 25 y ! s

This increases to P,(0g < €) and is continuous. O
If OG is a d — 1-dimensional smooth manifold at a, then a is regular, P,(cg = 0) = 1.

Proof. Let 7,52 = inf {t >0: Ba(t) > 062}, ote =inf{t > 0:|B(t)| > J},
we want to show lims_,g P(7.52 < 04o) = 1 i.e. it hits the boundary ¢§? in small time.

T,52 = c29*71, 04 = 62041 by Brownian scaling, distance is just time squared, so P(7.5 < 04s) = P(1; <
¢ 2672041). Taking the limit § — 0, it becomes 1 — P(o4; = 0) = 1. O
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1, |x| =4,

Let G ={zcRY S < |z| <R}, f=
e {z || bof {O,Ia;\:R

log R—log |z| d=9

u(z) = Eo[f(16)] = Pa(rs < 7R) = § 805804
52—d_R2—d » d - 3, 4,

Theorem: 7.9:

Let d = 2, Brownian motion visits a neighborhood of every point infinitely many times, but does not
hit a point.

log R—log || 0

Proof. The probability fo hitting a point is P,(70 < 7r) = lims_o TR las =

log R—log || __

The probability of getting close to a point is P, (75 < 00) = limp_yo0 Pr(7e < Tr) = limp_00 Tog A logs —
0

1
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8 Stochastic Integrals and Differential Equations

Let f be some deterministic function,

‘/f )dB(s /f

Let f =) ciljg,p,), Where [a;, b;) are non-overlapping intervals.

E /’ﬂﬂ;/ ﬁuﬂ cic; B [@ﬂ@)—zﬂaanay»—B«q»r:EZcﬁm-—m)=1A(ﬂds

If f, € L?[0,1], fo — f in L? (f, is Cauchy in L?), then as n,m — oo

E _(/OtfndB—/OtfmdB>

So fg fndB are Cauchy in L?[0,1], so [ fdB is defined for deterministic f € L? (by Wiener)

_ /t(fn — f)2ds = 0
0

What if f = f(s,w) not deterministic? w is from some Brownian motion.
Simplest example: fo (s)dB(s).

Idea 1 (Stratonovich):

/BdB /B’ s)dS = B%(t) /BdB

N /0 B(s)dB(s) = 3 B(1)

Idea 2 (Riemann integration, Ito integral):

/OtB(s)dB(s) _ JLHQOQnZIB(tj) (B (U;”t) _B (;z)) € {;W)

3=0
~ L (G (j + 1)t j
m= i 38 (U5 (2 (V5) -5 (3))
7=0
— (it (j+ 1t
L=t 38 (5) (2(%5) - ( )
7=0
- ) - =3B%() + 4%
R, — Ly =t (total variation), R; + L; = B*(t). This gives _ IR - L They do not match, so we
) 2

choose L; to satisfy martingale property.

8.1 Lebesgue Integration and Progressively Measurable Functions

Let (2, F, P) be a probability space, B; a Brownian motion with filtration F; = o(B(s),s < t). We want
to compute fot odB, where o(s,w) is simple, non-anticipating, i.e. o(s,w) = 0j(w) on s; < s < sj41, where
0 <sp<s1 <sy<--- isa partition of [0,00), and o; € F;,. Define:

J(t)

t [eS)
/ odB = Za] (sj+1) — B(s;)) + 050 (B(t) — B(s )) = /0 ol(s <t)dB,
where s ;) <t < 85041
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1. It is linear:
t t t
/ (610'1 + CQO‘Q)dB = Cl/ 01dB + CQ/ o9dB
0 0 0

2. It is a continuous martingale

Proof. If u < s;, preconditioning on a larger o-field, gives
Eloj (B(sj+1) — B(sj)) [Fu] = E[E [0 (B(sj+1) — B(s;)) | F5] [Fu] =0,

because o; goes out and Brownian increments is mean zero for u < s;

If u > s;, 0; is F,, measurable,

04 (B(Sj+1) — B(Sj)) , U Z Sj+1

Eloj (B(sj+1) = B(s)) [Fu] = 0, E[(B(sj+1) — B(sj)) |Fu] = {Uj (B(u) — B(s,)) 5 < 1 < 5341

O
3. Tto isometry:
t 2 t
E (/ adB> :E[/ ans]
0 0
Proof. Note that fot odB = [ ol(s < t)dB, so we consider to 0o
2
00 2
E </ odB) =E || ) _0;(B(sjt1) — B(s)))
0 i
—23 [ajaj(B(st) — B(s))(B(s.,) - 3(33))]
<3
+ B |03 (Blsji) — Bls))’]
J
By conditional independence (preconditioning on .7-"33) and measurability, the first term is zero.
Again precondition on Fs,, we get sum;E {sz (B(sj+1) — B(sj))ﬂ =,k {a?(strl - sj)].
Since by definition, o; is constant on the interval, this is equivalent to £ [ fot 0'2d8:| . O

todB—1 [t 52dB - . .
4. eloodB=3 [y 7*dB iy 3 continuous martingale. We can also scale ¢ by Ao to get a general case. Note

that this statement is already a stronger case of Ito isometry

Proof. Suppose s ;) < u < 870141
B [ (S50 7sB =Bl 0 (BO-B10)=3 T o3 =) =3 t=s00)) 7, ]
u

— o) 03 (Blsir)=B(s) =3 S/ 02 (sj01—5) | [emo(B(t)—B(sm>>—%03<t><t—w<o> | ;u}

— o0 0 (Blsjr1)=B(s;) =3 5750 02 (s41—85) o750y (B)=B(s5(6)) =505 ) (u=551))
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Let P be the closure in L?([0, 00), dt x dP) of simple, non-anticipating functions. If ¢ € P, then there exists

a sequence of simple, non-anticipating o, — o, FE [ fot lon — U]Q ds} — 0.
Let X, (t) = [ 0,dB, by Theorem [1.14]

P ( sup | Xn(T) = Xn(t)] > e> < G%E [1,(T) — X(T)] = E%E [/OT(% _ am)st] 0

0<t<T

as n,m — oco. Therefore, X,, — X continuous in ¢, X (¢ fo odB.
It doesn’t depend on the choice of sequence o, — o. If o], — o, then E [f(f lon, —0;1]2613} — 0, so
E [suppeer | Xa(t) = X4(0)F] =0
Properties:
1. Linear

2. Continuous martingale, because F [ fot op,dB \}"u} = fSL ondB and L?-convergence implies L' conver-
gence.

3. Ito’s isometry with the same argument

4. ey 7dB=3 J39%dB i 5 continuous martingale, assuming |o| < C.
Proof. For each n, Z,(t) = elo ondB=3 [y ohdB jg 5 martingale. E[Z,(t)|F.] = Zn(u).
Take limit of n, Z,,(u) = Z(u). For the LHS, check uniform integrability.

E[ZX(t) = E [62(f30nd3 J3 o2dB) o Jy o QdB} < e,

because F [e(fot ondB=[ “’ZldB)] =1land FE [efot U%dB} < eC%t O

Lemma 15. The progressively measurable functions P is the set of simple, non-anticipating functions
o € L?([0,00),dt x dP) s.t. ¥t >0, the map [0,t] x Q — R given by o(s,w) is B[0,t] x Fi-measurable.

Proof. Need to show the set equivalence. P C {-} is clear. We need to show {-} C P.
Let o € {-}.

L. oy =0l5<n, B Ug(a — O'N)st} — 0 by Theorem
2. o bounded, op,(t) = 7 ft Lo(s)ds, B UO o— O'N)st} — 0 by Theorem.

3. o continuous, make it simple by o,,(s) = o(27 [2"s]). by Theorem [1.4]

Example: o(s,w) = f(B(s)) s.t. £ [fg(ﬂ(B(s)))ds] < oo is a progressively measurable function.
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8.2 Stochastic Integrals and Ito’s Formula

Definition: 8.1: Stochastic Integral

If 0,b are progressively measurable with E [ f O'dS] < 0o and fO s,w)ds < oo, then we can define
the stochastic integral

t t
X(t) = Xo +/ b(s,w)ds +/ o(s)dBs
0 0
Often, we write as stochastic differential equation:

dX = bdt 4+ cdB

Example: fg 2B,dBs = Bt2 — t. This is equivalent to dBt2 = 2B:dB; — dt.
Ito’s formula: df (B:) = f'(By)dB; + L f"(By)dt

Theorem: 8.1: Ito’s Formula

If f is twice continuously differentiable, then

f(By) — f(Bo) = /f dB+/f”

Proof. Let 0 =ty <t <--- <t, =1 be a partition of [0,¢]. By Taylor Expansion,

n—1

LHS = f(Bi.,,) — f(Br,)

=0
= 3 S BB, — Bu)+ oS (Be) (Buy, — B

for & € (ti,ti+1). As mesh size — 0,

n—1

t
> £ BBy~ Br) > [ 1/(Ba)aB,
i=0 0
To remove fi, consider the difference:
— n—1
”(Bt )) (Bti+1 - Bt ) < max }f” // Bt Z tiv1
:0 =0

Then we want to show that 3.7~ f”(B,, )(Bt,,, — Bi)* = Sy (B (tign — ti).
Let X; = (BtH-l Btz) (tl-l-l - tl)

n—1 2
(Z f”(Bti)Xi> =2 E[f"(By,)f"(By,)XiX;] + ZE F"(By,)*X?]
1=0

1<J
By preconditioning,
E[E[f"(B,)f"(By,)XiX;|F;]] =0
E [E[f"(B,)*X}|F,]] = E[f"(B,)*E [X}]] = E [f"(By,)*(tj+1 — t;)°E[Z* — 1]*] =0

(2
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As the mesh size — 0, we get the integrals on the RHS. 0l

It is essentially a Taylor expansion. Now consider if f(¢,z), z = By,

2
6fdt+ gdBt + = L0/

ot T B 502 %

df(ta Bt)

If B; € R? are independent /uncorrelated,

L Of
df(t, By) = + Z dt+zax.dBt
i=1 "

If f is harmonic in RY, df = VfdB, f(B;) = f(By) + fg VfdB, so f(B;) is martingale.

2 2
Example: Let f(t,z) = A5t Since (% + %(%22) f=0, Bt ig 5 martingale.

Example: Let f be continuous on [0, c0), Lt( ) =lime,0 o [{0 < s < t,|f(z) — 2| < €}|, where the outer ||
is the Lebesgue measure. L¢(x) = >, c10.4,6(ss) == |#/(s;)|"*. This defines Local time of f at . Then:

/ A ())ds = | Liwyis

/d) ds—/ALt(a:)qﬁ(:c)dm

Theorem: 8.2:

Brownian motion has an a.s. continuous local time.

Proof. Apply Theorem to fI' = %1[96_6@%].

/t F(Byyds = L [{0< s <t |f(x) 2] < e}
0 2¢

We want to show that it is equal to fc(B;) — fe(By) — Ot %ﬁf (Bs)dBs.

As € — 0, continuation gives Li(z) = |By — x| — |Bg — x| — fg sgn(Bs — z)dBs (Tanaka’s formula).
2
Let X; = fg sgn(Bs — z)dBs, X [y sen?(Bs—a)ds §g o martingale.

t t
/ sgn?(B, — x)ds =t — / 1B, —a—0ds =t a.s.
0 0

is a Brownian motion starting at

Let Bt = |B; — x|, Bt is a Brownian motion starting at —x. Then ‘B’t
+x reflected at 0. O

f Ou

22
Example (Heat equation): If G = %T then u(t — s, Bs) is a martingale. If [wug(x)e™ 2 dz < oo,

Exluo(Bt)] = Elu(t —t, By)] = Ex[u(t, Bo)] = u(t, )
Now if 8" = QW + Vu. where V = V(z), then Zs = u(t — s, By)elo VBu)du is a martingale:

dZ, = — gzef V(Bu)du | %g; Jo VB L V(B yu(t — s, By)elo V(Bud
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but V(Bs)u(t — s, Bs)elo VBdu — g0
ult, @) = By [ug(By)elo VEI™| = B,[7) = B, 2]
This is the Feynmann-Kac formula.

8.3 Stochastic Ordinary Differential Equations
Let X; be progressively measurable, a stochastic differential equation is of the form
dX; = b(t, X;)dt + o(t, X;)dB;, Xo=xz9, XibeRYoeR> B e R

We want to search for an X; that satisfy the equation, having the known drift b(¢, X;) and diffusion
O'(t,Xt).

Conditions:
1. X; is progressively measurable
2. [ |b(t, X,)| dt < oo
3. [ lo(t, X¢)||* dt < oo
Equivalently,

t t
X =x0+ / b(s, Xs)ds +/ o(s, Xs)dBs
0 0

Langevin Equation:
ClXt = —OétXtdt + O'dBt, a>0
Notice that

d(e™X;) = ae® Xydt 4 e™'d X,
= e Xydt + e (—aXdt + 0dBy;) = 0e®'dB;

so e X, — Xy = aft e*dBy, ie. X; = e Xy + afot e~(t=s)gB,. This is the Ornstein-Uhlenbeck

process.

For a formal proof, we need to check X; satisfies X; = Xy — ozfot Xsds + o(B; — Byp), we can integrate

Xti
t
/Xsds:Xo/ o‘sds—}—a/ / (s-wgB,ds
0
X
0( —e +0// —als—u)gsdB,

X°(1 —at)+a/(1e ot=v)dB,
«a 0

_ &(1 — e o) + g <Bt B+ = (Xt Xo))

«

Substitute into X; = Xy — « fot Xsds + o(B; — By), we can verify the equality.
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X is Gaussian, m(t) = E[X;] = e **E[X(]. Assume X is independent of Bi:
2
COU(Xt, Xs) = e_a(t+s)VCLT’(X0) + ;’7(6204(5/\0 o 1>e—a(t+s)
«a

If Xy is Gaussian mean 0, var %, then Cov(Xy, Xs) = %6—04(15—5) for s < t, m(t) = 0. Xiy. = Xp in
distribution. It is a stationary process.

For a smooth function f(x):

(/f de)]—2/ >sf E[XX,)dsdt

_2/ f(s 76 alt- S)dtds—>/f2dt
t>s

Geometric Brownian Motion:
Bachelier introduced By as a model of stock prices.

X; is the velocity process.

Samuelson proposed geometric Brownian motion

dSt
S

o is volatility, u is drift. The relative price change is a Brownian motion.

dt + O'dBt,

In our language,

dS; = uSedt + 0SidBy, Sp = sg
Note that ds—stt # dlog S; by Theorem .
Guess Sy = f(t, By),

of 10%f of
d ——= | dt + —dB
St = <8t 2 a7 ) ot
of 4 10°f 2
We want {g} t2 ?12 nf , 80 Sy = f(t,x) = spel= T ItHoz, —%2 is the price of risk.
o = 9

Bessel Process:
Consider d = 2, B; = (B}, B?),

1/2
ro= Bl = ((B) + (B2
By Theorem [8.1]

af f 62f 62f

BZ
—tdBt + —tdBt + ta
Tt 27"t

This is not a stochastic differential equation in the current form, due to the presence of B} and B?.
t B} 1 B? 2
Let V3 = |, deBt + T—:dBt.

2 B2
2 (Ve e N
e 2 " " = =% is a Martingale, and Y; is a Brownian motion.
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Therefore, dry = dY; + Q%tdBt is a stochastic differential equation.

Theorem: 8.3: Existence and Uniqueness of Solutions to SDEs

Assume o : [0,T] x R® — R4 and b : [0,T] x R? — R?. If 0,b are measurable, and satisfy the
Lipschitz condition:

lo(t,z) = o(t,y)ll + |b(t, z) = b(t,y)| < Clo —yl,

then there exists a unique solution X; and E [fot | X2 ds} < 00.

Proof. Uniqueness: Suppose X} and X7 are both solutions with X& =zl Xg = z2.

t t
XPo Xt =a? a0 XE) < b5, XD)ds + [ (005, XD) ~ o5, X))
0 0

Then by (A + B + 0)? < 4A% + 4B? 4 4C?, we get

([ wsxz - b<s,X;>>ds)2]

([ otsx - a(s,X;»st)z

By Cauchy/Jensen’s Inequality and Ito’s Isometry
<42’ -2+ L|X2-XH+L|X2-X!—0

B(|x? - X}"] <4(® - 2")2+ 4B

+4F

Note that with iteration, we get f(t) = |X7 — |2 ( )+ fo ds) < et f(0).

Recall Theorem [7.6] Let S = supy<;<p X¢ We can extend it to

E[S?] —2/ AP(S > Ad))

X
<2/ /' T|15>Ade/\
:2/XT|/ dAdP:2/|XT|SdP

< 2\//\XT\2dP\//SQdP

< 4E[X3).

Existence: Let Xo(t) = o, X, (t) = 29 —i—fg b(s, Xn—1(s) ds—i—fo s, Xn—1(s))dB(s), we want to show that
the limit X, exists.

s 27

E | sup / b(u, Xp—1(u)) — b(u, Xp—2(u))du < C/ { sup | Xp—1(u) — Xn_z(u)|2ds]

o<s<t |Jo ] 2 0<u<s

s 27 C

E | sup / o(u, Xpn—1(u)) — o(u, Xp—2(u))dB, < / { sup | Xp—1(u) — Xn_g(u)|2ds]

o<s<t |Jo ] 2 0<u<s
F0) =B | sup 1%(9) - Xoa (0] < / | X2 (0) — X, o)l

0<s<t i 0<u<s
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IN

fo(t) =A (CT)"A 1

F , b f(t) < Cand P et | Xn(5) = Xno1(s)] > &
rom {fn(t) _ Cfot Fo(s)ds we get fi(t) = an (supog St‘ (s) 1(s)] = 5 )
(CT)"A

=2227 i summable, so | Xy, (s) — Xp—1(s)| < o+ except for finitely many n. X, (t) = > i Xj(t) —
X;-1(t) = X (t) uniformly with probability 1. O

Note: It does not matter how o and b behave w.r.t. t. Also, this theorem does not cover all cases of
existence and uniqueness. Examples in population genetics:

Feller’s Diffusion: dX; = v/ X;dB;
Fisher-Wright Diffusion: dX; = \/X;(1 — X;)dB,

o(x) = +/z or \/x(1 — x) are not Lipschitz, but those SDEs have solutions.
Ford =1, |o(t,z) —o(t,y)| < C|x — y[1/2 is 3-Holder.
They are like square roots of the logistic models, dX; = aXdt, dX; = aX(1 — X)dt.

More formally, Feller’s Diffusion is a Markov process on R? with transition probabilities p(s,x,t,A) =
p(X¢ € A| X = x), satisfying for § > 0, as h — 0:

I |y7x‘>5p(t,9:,t + h,dy) — 0 (X; is continuous)

2. % |y,x‘<5(yz‘ —z;)p(t,x,t + h,dy) — b;(t,z) (mean of jump)

3. % |y_x‘<5(yi —x;)(y; — zj)p(t,z, t + h,dy) — a;j(t, ), where a = ool

Ifb =0 a =1, X,is a d-dim Brownian motion. If a = 0, X, = b(u,z,), Xs = 0, p(s,z,t, A) =
1,X; e A
0,X; ¢ A

Ito’s Diffusion: for every A € R%, exp [/\(Xt — fot bsds) — % Ot/\Tas)\ds} is a martingale.

T

Assume a = go* is non-negative definite, o, b are constants, and d = 1; X; = Xg + bt + 0 Bs.

_ (y—z—bh)® L =220, 50

1 1 Y—x—0h)" 1
Lo Dy—a1>6 Vamomn exp( 207 )dy hf)z+@\>%ﬁ Var

—2—bh)2 .
2. % |y_x\<5(yi — T;) exp <—%> dy — bi(t, ) (mean of jump)

—z—bh)?
3. 3 Jiy—ales (Wi — i) (y; — ;) exp (—%) dy — o®.

Let o(z) = sgn(z), B be a Brownian motion, dB = sgn(B)dB, B(t) = fot sgn(B)dB is another Brownian
motion.

dB = sgn(B)dB is a stochastic differential equation. d(—B) = sgn(—B)dB is another SDE. But they are
two different solutions starting at zero. Uniqueness is not guaranteed.

X, is Markov from uniqueness (by construction), because we can solve dX = bdt + cdB on [0, t], or we can
solve it on [0, s] and then solve on [s, t] starting from Xj.

P(s,z,t,A) = P(X)" € A), P(X"™" € A|F,) = P(s,X%* t, A)

Let o be progressively measurable and bounded, dX; = 0dB;. The quadratic variation is

N tn

2 2
§ | X1, — Xt | —/ o°ds
n=1 tn—1
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Let Yn = ’th — th_l‘Q — j;fnn—l O'st, E[yn] =0.

N 2
E (Z yn> =2 Z E[?/nym] + ZE[:U?@] 5
n=1

n>m
but y, and y,, are not independent.

Note X7 — fé o?ds is a martingale.

tn tn—1 tn
i 0 0

tn—1

tn—1

We have

tn
l; CXQn __;X}n71)2 __0/n (72d8‘]%n71

tn—1

B (XX

1

tn+1

ansyftM] =0

tn
—2X;, X, | — / o2ds|Fi,

But —2X; X;, , = —2X: E[Xy, |F:, ], s0 Elynym] = 0, even though they are not independent.

Now, we compute E[y2]. We want to show that
Elya] = E[(X; — An)*] < CR?,

where X, = foh odB, Ay, = foh 0%dB. Use the martingale generating function,

2 2 2 4
1=E[ 24 = F [<1+)\X+)\2X2> (1—)\2A+2A2+---)]
Xt A% 1
= 4 i R ‘e
=1+ +AE[4!+8 4XA],

X+ A2 1
[oll B Y|
- [4!+8 1 ] 0

1
E[X* = 6E[X%A] — 3E[A?] < 5E[X4] + 72E[A?) + 3E[A?)
The last inequality is by ab < 3(a? + b%). This shows that E[y2] < CE[A% < Ch*.
General Ito’s Formula (1D): Consider
Xt = b(t, Xt)dt + O'(t, Xt)dBt
Let f € 027 gn € [tnfhtn]'

N
F(X0) = f(Xo) = F(Xe, — Xu, )

n=0
N

= 3 (K )Xy = Xy )+ 58 (X)) (K, — X, )

n=1
N tn N tn
-y s (thl)/ b(s, Xo)ds+ 3 f <Xt“)/tn_1 odB

n=1 tn—1 n=1

N N
B0 P ) (X = Xy ) 3 S (7 (X, = 17X ) (5, = X, )

n=1 n=1
t 2 t
— / ba—f + 1JQﬁ ds —|—/ UgdB
0 ) 2 o Oz
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More generally, if f(t, X) for X € R,

t t
f(t, Xt> - f((), X(]) = /0 (05 + L)f(s, Xs)dS + /0 E %Uideja
i "

2 . . o
where L = %Z‘Zj:l aij%&j + Zle bia%i is the general second order linear elliptic operator, and a =
ool > 0.

In differential form:

af
df (t, Xp) = dt + Z 9Kt 3 Z azl 8% L dX;dX;

Theorem: 8.4: Martingale Integration by Parts

Let M; be a continuous martingale, A; be continuous, progressively measurable, with bounded vari-
ation. Assume E [supg<,<; |Ms| ||Asllz,] < oo. Then MyA; — fg MydA, is a martingale.

Proof. Write f(f MydA, = Zjvzl My, (Ay; — Ag;_;). Take expectation conditional on Fs.

Z Mtj (Atj — Atj_1)|fs = Z MtjAtj — Mtj—lAtj—l — MtAt — MSAS

j»tj71>5

. t t
Another proof of Ito’s Formula: Consider eNXe=[obds)+5 [y ATax ¢ g 5 martingale.

Let A; = ¢ Jo bds—3% [y ATaxds

t
. . _ iAXe  _idXo iAXs(iIAb— AT aN)ds
M A; — MoAg MsdAs =e e e 2
0 0

t
— ei)\Xt _ ei/\XO _/ Lei)‘x = /O’ . Vde
0

is a martingale, and f(z) = e***. Now take linear combinations and use Fourier transform, so we can prove
for smooth f with compact support.

Now we know that f(t, X;) — f(0, Xo) — fg(as + L) f(s, Xs)ds is a Martingale. Let s < t, X, =z,
t
B 0.5 - f5.%) - / @+ 1) (0, X)dul | =0

/fty (s,z,t,y) — f(s,x) //3+L (u, y)p(s,x,u,dy)du =0

This means that p(s,z,t, A) = p(X; € A, X5 = s) is a weak solution of
op = sz, t>s

L i -(b;
/= Z ox axj (a3f) = Z 0x; (bif)
with p(s, z,t, dy) — o(z —y)dy as t — s. This is Fokker Planck forward equation. If ATa\ > 6|\|?, strictly

elliptic, then weak becomes normal solution.

Suppose u(s,z), 0 < s < ¢ solves (0s + L)u = 0 and u(t,y) = 14(y), then it gives the backward heat
equation, Fy s[u(t, X¢)] = u(s,z). This is the backward Kolmogorov equation. (05 + Lg)p(s,z,t,A) =0,
p(s,x,t,A) =14 as s — t.
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t 2 .t
Relationship with Measures Consider eA(Xf_fo bds) =% Jo ds, where a = 02 is a martingale for each \

wrt. Q= C([0,T)), Fi = 6(Bs,s < t). It is a probability measure on C([0,T]), P2*(4) = P(X € A).

The Brownian motion P, is Wiener measure.

From Ito’s formula, the operator L; = af(t, m)da— + b(t,a:)a% for dv = bdt + 0dB, a = o? give transi-

tion probability p(s,z,t,A) = P(X; € A|Xs; = z). For the forward equation —0s¢ = Lgp (L acting
l,xe A

on s), limg; p(s,z,t, A) = 0 v sA In case a = 1,b = 0, the Brownian motion, p(s,z,t, A) =
, T

(- «)2

f e 2(t=s) 2(t—s)
A V2 (t—s)

Relationship with Heat Equation Let L; = %Zgjzl aij%;mj +Z? 1 bi 9_ ' D be a domain with nice

" Dz,
Lu=0,z€D

boundary. Consider the heat equation { " F v ap We want to show that u(x) = E,[f(z,)], where
u=J,xc

T:inf{t >0,B; € DC}.

Let u solve the differential equation, u(X¢n,) is a martingale. If ATaX > §|A|?, § > 0 (a is positive definite),
then as t — oo, u(z) = Ey[u(Xinr)] = Exlu(X;)].

Lu=g,x €D
Poisson Equation R u(Xpr) — ngT 9(Xs)ds is a martingale. This is based on Ito’s
u=0,x € 9D
formula with the fact that fg > J g g 0;7dB; is a martingale, and the function « has no dependency on .
Take t — oo, u(z) = E; [ [y 9(Xs)ds].
ou
- S =Lu+V s
Feynman-Kac ot u v (a time-reversed heat equation). Apply Ito’s formula to u(s, X,)elt V(@Xu)du
u(T,z) = f(z)
with s > ¢t. Note that (% —f—Lt) u = —Vwu, but when we differentiate elt V(wXu)du e get another

Vu, so by product rule, the first order term is zero, and ’U,(S,Xs)efts Vi, Xu)du jg 5 martingale. Since

E; .[Mr] = E[Mp|F] = My, Ei, [u(T, XT)eftT V(“’X“)d“} = u(t,X). As long as f is nice and V' < 0, the

solution makes sense.

Change of Measure Consider the measure P2* on C([0,T7).

The total variation is lim,, ‘th Xy, ’ = fst a(u, X, )du, so if X or a is changed, we get some singular
measure. If we change b, it is generally not changed. If we apply Radon-Nikodym, we get the following
formula.

Theorem: 8.5: Cameron-Martin-Girsanov Formula

a,b
dPy’ oJo a7 10dXs— 1 [ ba~ bds

dPa 0
2 _ —
Proof. We just need to show that eMXe=Xo—Jgbds)=3 [g ads+[ga™'bdXs—5 [gba~ bds jo o martingale w.r.t.
P;f’o. Because fo “Ipdx, — 1 ba_lbds is the formula, and A (Xt Xo — fo bds> — )‘72 fg ads is Pf’b.

Let y = [j(A+a 'b)dX = fOt(A +a~'b)odB under Py,
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oL [t ~1p)2ds - .
By Ito’s formula, e¥* 7% 72 Jo aAita™ib)%ds jo 5 martingale under PO

t
Yt — Yo = MXy — Xo) + / a tbd X,
0

1 t )\2 t t 1 t
/ a(A+a"1b)%ds = / ads—i—A/ b2ds+/ ba~'bds
2 0 2 0 0 2 0

How physicists prove this formula?
For Brownian motion, assuming ¢, =1

2
1<—n  Bt; =By _q)

X
[T @m(t — tioa))/?

We know it is Gaussian with covariance E[B;Bs] =t A s := ¢(t,s). We want to prove this.
Define the linear operator C' s.t. C'f(t) = fol c(t,s)f(s)ds.

P(Bt1 S dl’l, ---,Btn S dl‘n) =

—ixTo lx

@m2 a0y

Substitude y = f(s) € L?, X = B,. Then for some optimizer f, we have:

If P is Gaussian, it should be of the form Note that %XTC'_IX = sup, XTy — %yTC’y.

1 1
B(s):/o C(s,t)f(t)dt:/o sAtf(t)dt
s 1
:/0 tf(t)dt—i—/s sf(t)dt
:—/ f(t)dt + sF(1)
0

. L2
So B(s) satisfies 9;B = —F(s)+F(1), 0°B = —F'(s) = — f(s). This implies — [ B;Bsds = [ ‘BS ds.

Now we want to know what X = B + f, where f = b, is. B is translation invariant by any translation
function f. Its density should be

; : - P ;12
o3 Jo(Xo—f)%ds _ Jy fsXo=F o1 fs| P =5 Jo | Xs [ ds

1 1
The final part is a Brownian motion, and the first two parts are just eJo bsdBs—3 [y bids,

el§ V(Bs)ds+ho(By)
B, [efé V(BS)d5+h0(Bt)]

Consider a Brownian motion B(t), potential V' (x), ho, is a measure on Cy([0, t]) starting

at x.

WZ =302Z+VZ

Let Z(t,z) = E, [efg V(Bs)ds*'hO(Bf)}, from Feynman-Kac, we have
Z(0,z) = eho(®)

Apply log transform h(t,z) = log Z(t,z), Z = e, 0, Z = e"Oh, 0,Z = "0, h, 02Z = e"(0,h)? + " (D2h).
Oph = 502h + 5(0:h)* +V

Then, we get the Hopf-Cole equation
h(O,m) = ho(i(])
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Apply Ito to h(t — s, Xs),
t t 1
ho(X,) = hit, X) — / Dbt — 5, X.)dX,s +/ <—as + 2a§> h(t — 5, X.)ds,
0 0
o dh(t — s, Bs) = <—as + iag%) ds + O,hdB,
but (—8s + 392) h = —5(8,h)* — V, then
t t 1 t
/ V(t — s, By)ds = —h(0, B) + h(t, Bo) + | 0.hdB — 2/ (0,h)2ds
0 0 0

t t 1 t
/ V(t— s, B.)ds = —h(0, By) + ht, ) +/ bdB — 2/ bds
0 0 0

The numerator becomes:
e IS 0ah(t—5,Xs)dXs— 3 [3(8ah)?(t—5,Xs)+h(t,)
The h(t,x) cancels, so the new measure is just a measure derived from an SDE with a = I, b = 9, h(t—s, Xs),
Oh = 102h + 5(0,h)2 +V
h‘( ) ) - hO( )

Special Case (Harmonic oscillators): V = —%- + 1.

where h satisfies {

22

Z(t,x)=e 27T

N|=

[,

2e=Tts 9,7 =

1
0u7 = —ze T T2 §8§Z =

1
= 07 = §6§Z +VZ

B2
If we let b= 0,log Z = —x, we get dX = —Xdt+dB (X; = e~ 3o B§d8+577t) is the Ornstein-Uhlenbeck
process.

8.4 Representation Theorems

Theorem: 8.6: Ito’s Representation Theorem

Let Q@ = C([0,1]), F Borel o-algebra on Q, P a Wiener measure (Brownian motion). If F' €
L2(Q F, P) then there is a unique square integrable, progressively measurable f(t,w) s.t. F =

] + fo f(t,w)dBy. i.e. Every square integrable function can be represented by a stochastic
1ntegral

Proof. Uniqueness: Suppose fi, fo both work. By Ito’s isometry, FE [fo f1i—f2) st} = 0. Therefore,
fi = f2 as elements of L%([0,1] x Q,dx x dP).
Existence: Consider the example F' = eJo hedBs—3 Jo hids.

Fy = ehohdBi=3 o h*ds g, — p,FdB,

t 1
=F=1 ‘l‘/ hiFydB; and F; =1 +/ h: FydB;
0 0
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Define f; = h Fy, f; is square integrable and progressively measurable.

If F = E[F] + [, fdB and G = E[G] + [} gdB, then F + G = E[F + G] + [, (f + g)dB, so it is true for

any finite linear combinations of elo hdB=3 Jo h¥ds g1 p ¢ L2([0,1]).

Now consider the limit. Suppose F,, = E[F,,| + fol fndB and F,, — F in L*(Q, F, P), then E[F,] — E[F).
As n,m — oo,

([ [ 1)

o fn — fin L?([0,1] x ) and

E

—E [(Fn - Fm)Q} + (B[F,] — E[Fn])® — 0

1 1
F, = E[F,] +/0 fudB — F = E[F) +/O fdB

so limits have Ito’s representation, and it is true for the closure of linear span of h.

Now we show this closure is all of L?(Q, F, P). All we need to check is that if g | eo hsdBs=3 Jg hids, for
all h € L2([0,1]), then g = 0.

We can carefully construct h so that fol hdBs = M By, + --- Ay Bt,. Then we have for any Aj,..., A\, and
0<t; <--- <ty <1,

d(Ay s Ap) = F |:ge>\13t1+~..+>\n3tn:| —0

d(A1, ..., A\p) is analytic in C™ and vanishes for \; real. ¢ = 0 means E [gei’\lBt1+"'+i’\”Btn] = 0, and this
implies E[g¢(By,, ..., B,)] =0 and g = 0. O

Theorem: 8.7: Martingale Representation Theorem

Let M; be a square integrable martingale w.r.t. F; = o ({Bs,s < t}), then there exists a unique
square integrable, progressively measurable o(t,w) s.t. My = My + f(f 0sdBs. i.e. any martingale
can be represented as a stochastic integral.

Proof. By Theorem [8.6] M; = E[M;] + [} otdB, = My + [} o'dB; for each t.
Take to > t1, E[M,|F,] = My, so fotl ol2dBy = Otl ol1dBg, and therefore o2 = ¢!t on s € [0,t1], so
ol1(s) = o'2(s) = o(s). O

8.5 Wiener Chaos

Let f be a deterministic function, fol fot f(s,t)dBsdBy should be well-defined. Generalize it by letting
A, ={0<t <ty <--- <t, <1} (Weyl chamber) be increasing sequence of time. f,, € L2(Ap, dty - - - dt,).
Define

1 tn to t1
In(fn) = / / / fn(tl, ...,tn)dBt1 <+ dBy, = fndBy, -+ dBy,
0 J0 o Jo An
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Let K, = {I,(fs): fn € L*(An)}. We know that E[I,(f,)] = 0 as a stochastic integral. What is
E [(In(fn))z} ? By Ito’s isometry:

1 2
( / f(tl)dBn)
0
1 t1 2
< /0 /0 f2<t1,t2)dBtldBt2>
1 t

1
= [ padadts = 1ol

1
nel E _ /0 P(t)dty = | £

o[ )

n=2 F dto

When m #n, eg. m=2,n=1

Bl =] [ [ pamgan, [ nan] = 2] [ o0 n0a] =0

0,
In summary, E [I,(fu)In(fm)] = {Hfm”fn m=n
nllz2(a,) M=

where P is the Wiener measure (Brownian motion)

, K, are orthogonal subspaces on L?(Q,F, P),

Theorem: 8.8: Wiener Decomposition

LY, F,P) = @°2, K,, where K, = L?(A,). It is also called the Fock space. We can represent
any Brownian r.v.s with linear span of stochastic integrals X = { fo, f1,...}.

e Kj: constants
e Ky: Gaussian r.v.
o Ky: chi-squared r.v.

The Hermite polynomials are:

nl 22 d" 22
Hy(z) = (=1)" e /261:)76 2

By Taylor expansion,

o
ete—t2/2 — Ztkﬂk(x)
k=0

Suppose f € L2(A1) = L?([0,1]), denote f&"(ty,...,tn) = f(t1)f(t2) - f(tn).

. " ! fdB
Claim: I,(f%") = HfH%Q(Al)Hn <|fof>

‘fHLQ(Al)

Proof. Start from the generic martingale:

00 1
AL fedBo—2A2 (Y p2as k k Jo fdB
Mo o S2ds Z NTNR £l 5 o) H | 0t
ZO (B0 11220
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2
Consider M; = Jo fsdBs=5 [ ffds’ dMy = \NftM,dB;. Iteratively, we get
t
My =1+ )\/ fsMsdBs
0

t s
=1+ )‘/ JsdBs + >\2fs/ fuMydB,dBs
0

[e.9]

Z k[ f®k

8.6 Stochastic Differential Equations

SDEs as limits of Markov Chains Let X1, X5, ... be a Markov chain on RY. P(X,, 11 € A|X1,...,X,,) =
P(X,+1 € AlX,) = p(X,, A) the one step transition probability. Rescale so time steps h, and space has
corresponding rescaling.

Define A, jump step operator Apf(z) = [(f(y) — f(z))Pu(z,dy). Pu(z,dy) is a transition probability if
and only if f(Xgp) — Z o (Anf)(X;p) is a martingale w.r.t. Frp, = o(Xjn,5 < k) for f € C3°(RY).

Define
by, = h/ (yi — i) Pn(z, dy)
ly—z|<1

ajl () = N /Iy x\<1(yi — i) (y; — ;) Pu(, dy)

Theorem: 8.9:

Assume the following:
1
1. lim sup —Py(x, BS(z)) =0, for all € > 0
h—0 |z|<R
2. lim sup |bj(z) — b'(z)| =0
h—0 |z|<R
3. lim sup ‘ 9(z) — a¥(x ‘:0
i 20 o))
4. a%(x), b (x) continuous in the definition of SDE dX; = bdt + 0dB;, a = oo’ .
5. 6]A? < ATaX <671 A2 (unifromly elliptic)
Then as h — 0, Py, — P2° on C[0, 00).

Consider L = % Z?jzl aij%;x- + Z?:1 bi% and Ly, the discrete approximation by a;;j, vi. If f € C§° (RY),
B 7 7 3
then Lpf — Lf. %Ahf — Lpf — 0if and only if 1,2,3 in Theoerem are true.

If the limit exists, then the limit f(X(¢)) — fg Lf(X(s))ds is a martingale, and (0s + Lz)p(s,z, A) =0, so
it identifies the limit.

1 1

st =3 [ (1) = F@)PuGedy

1 /| W) = @) Pl vy / () — F(2))Pa(z, dy)

h ly—a|<1
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By Taylor expansion,

(@) (i — 2:)(y; — ;) + D*f(€)(y — 2)°

Subtracting Ly f from lAhf, we get

A= Inf <y [ PuGady

ly—zx|>1
C C
S P 5[ el PGy
h ly—=z|>€ h ly—z|<e
But we don’t know if it actually converges. With Theorem [3.8] X;s i.i.d. random variables, E[X;] = 0,
Var(X;) =1, S, = X1 + -+ + X,,, we have % — N(0,1) in distribution. SL—\;%J converges to Brownian

motions in the sense of finite dimensional distribution. However, P,, — P (Wiener measure) weakly requires
functional convergence.

Theorem: 8.10: Kolmogorov—Chentsov

Suppose X; € [0,1] have E [|X; — X,|"] < C |t — s|*™ for 4,6 > 0, then

X, — X\
0<s<t<1 |t— |

for0 < a< %, and C only depends on C.

(@Y

Remark 15. 1t is related to a-Holder. Also, if we have a sequence of stochastic processes X', and they
have the same C, then C is fixed. (uniform equicontinuity)

Proof. Let Dmf{O, 2m,2m,.. 1} D =JDy,.
| X — X |

\t— Sla by continuity.

lent t [Xe— X
is equivalent to sUPg<s<i<1 s tep s

Note that supp<s<1<1
Let Ky, = sup en,, | Xi — X, where Ay = {s <t,t—s = 75 }. Then

EEY < Y BX, - X,[] < c2mem+0) = ggmm
StEAM

For s,t €D, sy <spmp1 <+ <s<t < <typp1 Sl

IfsthD,t—s§2_m,theneithertmzsmortm:sm+2%.

x o
Xp—Xo=> (Xp,, — Xi)+ Xp, — Xop + > (Xy, — Xy
=m

< ZKi+1+Km+ZKi+1 SQZKz‘
= = i=m

S0 supp<s<i<1 X=Xl < 4sup,, 2m* %" K;. Then

|Xt_XS’)7}>1/V o
E Su VAT <4 2" | K;
( [<Oss<€§1 |t — 5] ; 1Kl
< a0y i)

=0
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- (o3
where || X||, = (E IX"DYY, and € = €YY 322, 21(2=%) is finite with the condition 0 <a<?
For multi-dimension, we replace D,, by {O, o 2m, . 1} and the proof is the same. O

Now, back to random walks, h = %, B, (t) = 5/72, t=

o= L6 o (1) o, (5);Bn (£ -

becase 37, % ~ At —sZ.

Example: Ehrenfest’s Chain on {0,1,.., N}, Pm-_l%, P = N]\f'.

If has an invariant measure m; = 2~ (N )
_ —14+1 _ N \i+1
Ti—1Pi—1; + mip1Pig1 = 2 < ) +27N (z’ N 1) N

() (et )
)

—z—i-l N i+1 N
— 9N
(%

Let YN(t) = Y|n¢) be jumps in times %+ ﬁ, Y= "7 h=«

Z

P (e &) -y =] = LS LT

VN N VN N N
bn(y) = =2y
o[ (o2 o= G- b ) -2
an(y) =1,

so YN — dy = —2ydt + dB (Ornstein-Uhlenbeck)

N
. . C . i 2 1
The invariant distribution \/N2 = N (0,02 = 7).
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Apply Ito’s rule to dy = —2ydt + dB, we get the differential operator L = %8—2 2y By It should have

an invariant measure Py(z,dy), which will give [ p(dz)Pi(z,dy) = p(dy) and f (dz)Lf(z) = 0 for all
feCiR)

Theorem: 8.12: Burkholder’s Inequality

E[|M,[P] = CoE

n—1 p/2
(Z(Mkﬂ - Mk)2) ]
k=1

Proof. By Induction on p. O

Theorem: 8.13: Markov Chain Convergence Theorem

X (nh) is a Markov chain taking steps every time h s.t.
[X((n+1)h ) X (nh)|Fnp] = hbop(X (nh)), supy<g [br(z) — b(z)| — 0 as h — 0 for all R

{ ((n+ 1)h) — X (nh))? |fnh} = hap(X(nh)), supjy<g lan(z) —a(z)| — 0 as h — 0 for all

1. FE

2. B

R

L E|(X((n+1)h) - X(nh))" |fnh} < C(X (nh))h2, suppy<g |C(x)| < oo for all R

Then Xy(t) — X; with distribution P3P e dX; = bdt + UdB Where o =/a.

fg )](t)) > Lnf(X;) is a martingale, Lpf — Lf. Lf = J(f(y) = f(x))Pu(z,dy) = E;[f(X(h)) —
X))

Proof. Let t = kh,s = jhs.t. 0 <s <t <1. we want toshow E [(X(t) — X(s))*] <C|t— s|?.
Localize 7p = inf {t > 0,|X(¢)| > R}, Xr(t) = X(t A 7r). We will show that Xp is tight, i.e. Xpr — Xg

as h — 0. If we do this for each R, it is fine. Let R — oo, we can pretend a, b are bounded.
Assume by, = 0, X((n 4+ 1)h) — X (nh) = hb, (X (nh)) + X ((n + 1)h) — X (nh).
X (kh) — Z hby (X (nh)) + X (kh) — X (jh)

where Y% hby (X (nh)) = [1b(X(s))ds.

E|(xkn) —X(jh))Q] o

k-1
+2 Y E[(X((ng+1)h) = X(n2h))(X((n1 + 1)h) — X (n1h))]

ni1<ng=j

Precondition on F,}, the second term becomes zero.

k-1 k—1
S E [(X((n +1)h) — X(nh))Q] = han(X(kh) < Ck = h=Ct

n=j
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The same method won’t work for the fourth order term, because the expansion contains more terms. Instead
use Theorem [R.12]

(k-1

E (X (kh) — X(jh))4] =B | Y (X((n+1)h) = X(jh))* — (X (nh) — X(jh))*

n—j

—E 24 (n+ 1)h) — X(nh))(X(nh) — X (jh))?

n

+E Z 6(X((n+1)h) — X (nh))*(X (nh) — X (jh))?

(k-1
+E | 34X (0 + Dh) = X(0h)* (X (nh) — X (1))

[k—1
+E | (X((n+1)h) - X(nh))4]

By A3B < %A‘l + %AQBZ7 we reduce the third term. By preconditioning, the first term is zero.

k—1
8(X((n+1)h) — X(nh))*(X (nh) — X(jh))?| + 3E [Z(X((n +1)h) — X(nh))‘*}
n=j

-
iy

:Ch2(k— N2+ Ch%(k — §)

Ift—s>h, (k—jh?=nh(t—s) < (t—s)%

Ift—5<h, B2 < (t 8)2

(t—s) (X((n +1)h) — X(nh)>4

- C(t—s)t
. <

1 2 < Clt—s?

E[(X(t)-X(s)'] <E

Example (Random time change): Given
dX; = bdt + odB,
Let 74 = fo v(s,w)ds, where v is progressively measurable. Let v, = X,. Find the SDE for y;.
y(t+h) —y(t) = X(r(t + h)) = X(7(t)) = X(7(t) + 7' (t)h + O(h?)) — X ((t))
X(t+e)—X(t) ~o(t,X;)VeZ + b(t, X;)e
y(t +h) —y(t) ~ X(7(t ) '(t)h) — X(7(t))
~ a(T(t), y(0)) /T (E)VRZ + b(7 (1), y(t)) T (t)h
dyr = o (7, yt)\/ T/(t)dét + 0(7e, ye) 7' (t)dt
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The computation/proof is based on Theorem

Population Model: Let £1,&, ... be iid. values in {0,1,2,...} st. E[¢] = 1, Var(&) = 02 < oo,
E[g]] < oco.

Let X,, = {0,1,....} be size of population at time n. X,41 = & +& + - +&x,. Let h = %, Sph =
cnXn.

E [S(n—i-l)h - th‘fnh] - CNE [451 + -+ an - Xn] =0
E [(Stnt1yn — Snn)*|Fan] = v E [(&1+ -+ +€x, — Xn)? 1 Fun)

Snh
= c?VUQXn = c?\;a2i = eno2Sun

CN

Therefore, cny = %, SL;VV” — Y¢, Where dy = o,/ydB + rydt

8.7 Explosion

We know that ODEs can explode in finite time. For example, & = 22 with 2(0) = xo > 0. Here the solution
is x(t) = (x5' —t)~'. When x = 1, explode at t = 1.

Equivalently, dz = z%dt + dB will have trouble as well.

We want to find conditions s.t. if 7, = inf {¢ > 0, z(t) > [}, then P(7; <T) — 0 as | — oc.

Proposition: 8.1:

Suppose there exists smooth u s.t. u(z) > 0, u(x) — oo as |z|] — oo and (Lu)(z) < Cu(z) for
0 < C < o0, where L is the Ito’s differential operator. Then there is no explosion, i.e. P(1; <T) — 0
as | — oo.

Proof. Z; = e~ Ctu(x;) is a supermartingale.

Zy — Zy — fJ(L — C)u(Xs)ds = M; is a martingale. ((L — C)u < 0) By Theorem

inf E,le”"] < Eyle” (X (1))] = Ex[Zn) < Ex[Z0] = u(x)

|z =1
Therefore, by Theorem [2.1] as [ — oo,

Pn<T)< / CT-Tgp < eCTEz[e_CTl] < T we) -0

n<T inf|$|zlu(x)

Proposition: 8.2:

If |la(z)]] < C(1+ |z|?) and |L(z)| < C(1 + |z|), then there is no explosion

Proof. Try u(z) =1+ |z|?. Then

Lu = EZ .. 82 _}.Zbi
v= 2 ig i axzﬁx]u i Zaxiu
< Cllall + C(1 + [a])|]
< O(1+[2*) < Cufx)
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It goes the other way. Suppose Lu > Cu, then Z; is a submartingale. E,[Z,] > u(x), so E[e=¢7]

u(z)

T, Dlu(a:), so now if u is bounded, then there is an explosion.
Tz

For the example dx = z?dt + dB, L = %68—;2 + :cQC%. We want to find bounded u s.t. Lu > Cu.

—2z~1
x>0
u(x) = {e v works.

0,z <0

8“ _92 _9 —1 Zau

T _9 T =9

ox o ox u(@)
u -3 —4y\ —2z~1 -3 —4
5z = (—4x7 3 + 427 Y)e = (—4x™° + 4z )u(x)

x

Bymy§%+%f0r%+%:1,p,q>l. We have ™~ <% 4—1—%.

Then —4z73 > —3z~% — 1, and % > u(x). Then Lu(z) > Cu(x), and it explodes.
Example (Population model): L = Jng—yz + Tya%.

A trick for dy = o\/ydB: let X(t) = e YW= with ¢ deterministic. With Ito’s formula,
. 0'2
= <¢> + 2¢>2> Xdt — ¢po X \/ydB

_ _ 0242 -1
Choose {¢ 79 , then X is a martingale. The solution is ¢(t) = ()\_1 + %2t> . Then

¢(0) = A

1,025\ 1
Ble=0] = c—v0a(1) _ o~ (3 +57T)

This is weak uniqueness (uniqueness in distribution).
Now we want to solve dz = z*/2dB (0 < a < 1). z(t) = 0 is a solution.

Time Change: From the generic SDE:

dx = o(x)dB + b(x)dt
Step 1: remove b, i.e. b =0, by Theorem [8.5]
Step 2: dx = o(z)dB. Let y = z(m),

dy; = /7' (t)o (w)dB,

Take 7/ = %, where a = 2. Then y is a Brownian motion.

For o(z) = 2%/2, a(w) = [x|°, 2(t) = B(r), where [J" s =t, s0 do = o(x)dB.

If £ UO B~ } < 00, then the solution is non-unique. X (t) = B(7;) is a well-defined solution.

—y?/2s t ®© 1 ey /2
E / } / / dyds:/ s_a/st/ < 00
|: 0 ‘B oo V2Ts ’y|a 0 00 V27T |y|a

for 0 < a < 1. The boundary for uniqueness is o(z) = /2 for d = 1.

Relevant example in ODE: dx = 2y/xdt, x(0) = 0 has non-trivial solution (z — a)?1,,.
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8.8 Markov Chain, Semigroup and Invariant Measures

Recall Markov chain.
P(s,z,t,A) = P(X(t) € A|X(s) =z) = P(t—s,z,A)
The probability is time-homogenous. The Chapman-Kolmogorov equation is

/P(s, 2, dy) (L y, A) = P(s + .z, A)
Consider the operator P, defined by:
(Pf)(z) = Eg[f(X(1))] = E[f(X(1))|X(0) = z] = /P(t,:c,dy)f(y)
(PUP.1)(&) = [ Plt..dy)(Pf)w)
_ / / P(t,z,dy)P(s, y, d2) £ ()

:/P(t—f—s,az,dz)f(z)
= (Prysf) (@)

so as an operator, P, o Py = P,1,, where Py = Id. This is a semigroup of operators. The inverse P_; does
not exist, so it is not a group.

Let £ = %Pﬂt:o (infinitesmal generator of Markov chain), P, = et£. This igves an infinitesimal generator.

For (Lf)(z) = limy_0 w to be well defined, we need some domain.

In our case,

1 0? 5,
== i (X)) m——F— i
£ QZGJ( )8mzax]+;b($)8xz

1,

. [r0xe) - soxon - [ t LACX()ds| =0

i B XN =@ o L e x(s)))ds = £ ()
t—0 t t—=01 Jy
Examples:

e Heat equation:

Gtu = Lu

€t£ r)=1u X
(1) (@) = u(t >@{u<07x):f(x)

< u(t,z) = /P(tJ% dy) f(y)

Pl=1,L1=0

If f>0, P.f >0, but this is not necessarily true for all semigroups

Let ¢ be convex,

L6(f) = lim

t—0 t ~ t=0 t

Carre du champ: L£f? —2fLf >0
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For the last one, note that f(x) fo Lf(xs)ds = My is a Martingale.

2

t t
dM? = df?(x;) — T L < E)
M? = df*(z,) 2f<t>/0 f+/0f
t t
=LfP-2L LFf—2L LFf + dN,
f Qf/o f 2f/0 f+ t
t
E[M?) = / EILS? — 27 Lf](s)ds

Example: Half-Laplacian £ = %A.

1

SAL = JAf = %V(2fo) — fAf = VP

Invariant measure Let uo(z) be distribution of Xg, X; has distribution

pe(A) = / Py, A)po(dy) = P/ po,

where P;" is adjoint of P;. p is an invariant measure if po = fu.

[ ramtan) = [ [ Pty deyutan @) = [ P

If p is invariant, for nice fs, [(P.f — f)du =0

tiw [ (P = =0, [ £rdu=o,

t—0
Typically, write as L*u = 0.
Example: For £ the diffusion operator from Ito, d =1,b =0,

2 T
£ = 5p(al@lala) = 0= gla) = T2,

but we need [ Af&f dx =1, and A, B may not exist, so there may not be an invariant measure.

—H(w)

Example: In R?, let du = gdx = dx, where z is a number. Let f be some nice function. If we can
solve the Dirichlet form below, then the L in the equation will have y as the invariant measure.

1 1 —H(z) —H(x)
=5 [1vsPau=5 [1vsr e = [ r-0)f

1 d
LHS:—Q/fV(er_H)Zx
:/f< AfVHVf) i

Define Lf = lAf VHVf It will have i as the invariant measure. Consider f = 1. (% J VIV fdu =
ff L) fdu, replace f =1, and we get L*f =0)

When we have H = Im\ the harmonic oscillator, 1VH = %x, we get the Ornstein-Ulhenbeck process in
R?, 1 5Af — xV f-
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Jump process Let x be start point, y; be targets, A\;(x) be rates, A = > ;.

P(n jumps in time t) = (A;;)ne_kt
Pn=0)=eM~1-M Pn=1)=XMe M~ Pn=2)=0(?
lim E.[f(X(t)] — f(x) — lim >; Pe(jump to ¢ before others in time t)(f(y) — f(z))
t—0 t t—0 t
~lim (1= [l e M (f(y) — f(x))
t—0 t

= Z Ai(@)(f(ys) — f(=))

8.9 Stochastic PDEs

Let t > 0, x € R, consider u(t,z). Some examples:

N2
du: = (Uz+1_QU1 + Uiz 1>dt—|—cNde
N 2 N
N2
du: = — (Ui —2ui +u _1> dt + —  /u.s dB. (population growth with shifts among cities)
N 2 N N N N N N
N2
du i = — (u@ —2us + 'U:d) dt + u i dB (investment in different assets)
N 2 N N N N

As N — oo, let & be a space function representing white noise:

ou 10%u

9 202 + ¢ (Stochastic heat equation, O-U process)

ou 10%u

ot =3 el + vué (Super Brownian, Dawson-Watanabe process)
0 10%u

81; 2922 + u& (Multiplicity stochastic heat equation)

Gaussian white noise is a random distribution on £. Let f be a function of compact support. £(f), &,
(f,€), [[ f&dtdx all means € acts on f. It is a Gaussian family with mean zero, and E[f(f)f(f)] = <f, f> =
[[ ffdtdz. Tf f =14, f = 14, EIE(f)E(f)] = 0 if AN A = 0. Essentially, it shows the independence of

white noise.

( Z/ < )cNdB>2 —>/ f2dtdax
:]C\E\QZ/Of<S,]i7>dS

This gives cy = V'N.

The stochastic heat equation dyu = %agu + £ is equivalent to

ult, ) = / plt, = — y)uo(y)dy + /0 / plt — 5,2 — y)E(s, y)dyds,

1

x‘2
ﬁff? is the heat kernel.

where p(t,x) =
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The discrete version has
7 1 7 J _

where py (t, ﬁ) = (e%tAN) (ﬁ), ANU% = N? <'U/1<]&\-71 —2u. + Ui—l) is the Laplacian.

N N

Proof. Consider the derivative in time

ZPN< iy N> g (9)
bt e (4] ()
e

The first two parts cancels out by summation by parts. Integrate both sides in time dimension s, we get
the equality in discrete version. O

When d = 1, If fgpr(t —s,x — y)dyds < oo for each t > 0, x € R, then fgfp(t — s,z — y)&(s,y)dyds
makes sense.

/pg(t —s,x—y)dy = /p(t — s, y)p(t — s,y)dy = p(2(t — 5),0) = L

272(t — s)
= /0 /pQ(t — s,z —y)dyds = /0 p(2(t — 5),0)ds < 00

For d > 2, p(¢,0) ~ i /2, and it does not work directly. Need to check with test function.
Now, we want to know the behavior of the solution to dyu = %agu + €.

Claim: Brownian motion is invariant [ £fdp = 0.

Proof. The continuous version cannot be checked. Instead we check the analogue for the discretization
(Gaussian random walk). It has product measure

2
1 R %) iv M 1
du:H —¢ 2 1N du; =e 29 YN H =du ;.
i \/2mx N j 215 N
Then
Ny~ ’ of
/ <8u1) d <Ui1+\11—2u% —f‘UiT\]l) aULd
N
The integrand is the discrete version Ly f. Then we have D(f) = [ f(—=Lf)dy, so it is invariant. 0l

The invariance is modulo initial position. If dyu = v, O = %8%1} + 0,& has white noise as its invariant
measure.
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Check the increments in both dimensions:
u(t,x +6) —u(t,x) ~ N(0,9)

Increment in time dimension:

(/0t+h/p(t+h_873:_y)dyd8+/ot/pQ(t_5>$—y)§(s,y)dyd5>2]
:/0t+h/p2(7f+h—S,x—y)dyd8+/0t/p2(t_8’$_y)dyd8

t
—2/ /p(t—l—h—s,x—y)p(t—s,a:—y)dyds

0

ds

t+h 1 t 1 t 1
= / ds + / ——ds — 2
0 22(t + h — s) 0 \/2m2(t —s) 0 /2m(2(t —s) +h)

R (=a)

Expand in first order of h, we get that the expectation is

h
\F<\[+ \[-i-\[ <\/+\[ 2 2>>~0\/ﬁ

Therefore,
ult + hy ) — ult, ) ~ A0, VR)

Continuity: Check if u is continuous in ¢,z. By Theorem we just need
E[(u(t + h,x + ) —u(t,z))] < C (h*T€ 4 §%)

From the previous estimation, we know that u(t + h,z) — u(t, ) ~ W42y, u(t,z 4 6) — u(t,z) ~ h'/2Zs,
where Z; and Z5 are Gaussian. For the inequality to hold, we just need v > 8 + €.

Scaling: Given {(t,z), what does £(At, Bx) do?

//ftx ¢(At, Bx)dzdt = / il A’B &(t, x)dxdt

E ("C(ﬁl’ﬁ ) //A232f2( )d dt = AB//thxdxdt

Therefore, {(At,Bx) = A~ 1/23 12¢(¢t, ) in distribution. This gives a transformed equation wu(t,z) =
Ctu(At, Bz), Oy = 10%u +

° £, It is invariant under u(t,x) — e2u( 2t e ).

A1/2C

Now consider the general version
1 1

Oyu = §3§u +u®*, a=0, X 1

Discretize it, du .
N

= %ANuL dt +u® vVNdB. . Apply Ito’s formula:
N ~ N

() = (ug)gAvag + 35" ON )+ '

2
N

Ju% VNdB
N N

2
N
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The term 3 f”(us )N is an issue, because we cannot take N to infinity now.
N

Add a test function ¢,

(5o~ T ({0 (1) e

2l

Take limit as N — oo, we get:
1 e
4(6.u) = <2A¢,u> at + (6, u%€)
Note that (¢, u*E) = [ ¢(z x)&(t, x)dz is a Martingale. The integral form is

(6.1u(t)) — (6.u(0)) = /0 t <§A¢,u> ds+ M,

where M; = fg [ d(z)u®(s,z)&(s,x)dxds. [ MP — fg [ #*u**dxds = Ny is the martingale for stochastic
PDEs.

[
S~—

Super Brownian (Dawson-Watanabe) Process (o =
1
Oru = iagu + uég

du i i

2
N N N

1
:§ANui-dt—|— UiV de
This also has strong uniqueness in discrete version, but we don’t know about the continuous version even
in d = 1, when we assume positivity (for non-negative solutions, there is counter example)

Weak uniqueness (uniqueness in distribution) is guaranteed.

NZ ¢(N’T t)u,()

Let X(t) = . Differentiate it,

_ 1 i 99 1, [ |
o b5 o (fr—) o2 (fr—o) et (o) s,
¢

Choose ¢ s.t. 0:¢ = % ¢ — % 2 we get uniqueness,

B |:e—f¢(0,a:)u(T,J:)dz:| _ e—fqb(T,z)uo(z)dx

Example: ¢(0,7) =c, ¢ = —3¢%, (¢,u) = (t) (1, u)
d(1,u) = (A1, u) dt + <1,u1/2§> = (1,u)/?dB

This is equivalently, dy = /ydB. y(t) = (1,u(t)) is a non-negative martingale. It converges to zero, as
t — o0o. Then

o ] I s A

As a — oco. LHS becomes expectation of an indicator function and is equivalent to P ((1,u(t)) = 0). RHS
(1,u(0)
becomes 6_2 R . The population dies.
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Multiplicative Stochastic Heat Equation:
1
du = 782u + ué

d 7ANU2dt+U'L\/>dB7,

N

The general form is du = Audt + udB. If we swap the index from ]i, to ZH , Audt won’t be affected.
udB = s (B —By)
7
=Y ug (Bep ~ B ) + 30 (wsg —uy ) (B — By)
7

2
The second term is ~ u i (Bi+1 — B ) . It just becomes du = Audt + udB + cudt. Therefore, we can

N N

consider the perturbation
Orue = %Aue + ue(&e —ce)
Note E [% Zzuﬁ(t)} =F [% Zlu%(O)}, s0 B [[uc(t,x)dz] = E [ [ uc(0,z)dz]. This identifies c.
Now & — ¢ becomes V in the Feymann-Kac’s formula, we can solve it with
uelt,z) = B, [efé elt=sBa)ds—ccty, (@) Bt)}
Might as well take u(0,z) = d,(x).
Eay [efg @(s,Bs)ds} —E [6<5e,u>} ,
where v(du,dz) = fot do(s — u)do(Bs — x)ds.
Using IBP, we can push € to v and get E/ [e<§”’5>], where v, = fg 0c(s—u)d(Bs—x)ds. Then E [E [e<§’”€>]] =
E [ece—lt]
Eue(t,xy) -+ ue(t, )]
- E :E:my [efot &(t—s,B;)ds—cEt] pe(T1,y) - Eay [efot Ee(t—sﬂB?)dS—cst] pt(l'ruy)}

= F E:c1,v..,xn—>y,...,y |: szlfo Ee(t—s,Bl)ds—ce }] Hpt x“

= BB etz s 2l | T] pi(ai, )

—E 'eZi<j<vivvi>] Hpt(xz‘73/)
Now we compute

hm VE,Vg /// dsl/ ds20e, (851 — )0y (s Q*U)5el(3§1 fx)662(Bg27x)dudx

= /// dsl/ dsad0(s1 — u)do(s2 — u)50(B§1 - :U)50(B§2 — x)dudz
0 0
t
= /da:/ dséo(B: — x)6o(BI — )
0
t . .
:/ do(Bs — Bl)ds
0
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Then

n

Hu(t,aji)

i=1

U(t7 MO PR l'n) =K = E$17~--,$n |:€Zi<j IOt 6O(BgiBg)d85y(x1) e 59(1:”)]

This gives the following PDE system

1 v 9?
atU:2;a$z2U+ Z 50(131—1']) v

1<i<j#n

’U(O7 T1yeeny .’En) = 5y7,_,,y(«r17 seey x’l’b)

This is a PDE with a well defined operator £ = %A + D i j do(x; — ;). This is explicitly diagonaliz-
able.
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