MATS315 Introduction to Number Theory

1 Division and Primes

1.1 Division

Definition: 1.1: Divisors

Let n,d € Z. We say d divides n if de € Z s.t. n = de.
Notation: d|n.

Theorem: 1.1: Division Algorithm

Let a € Z, b € N. There exists unique g, € Z, where a = gb+r, 0 < r < b.

Proof. Let S={a—bq>0:q€Z}.

Note that if we let ¢ = —|a|, a —¢gb =a +|a]b > 0, s0 —|a| € S, S # 0.

By well-ordering property, there exists a least element r = a — bq, s.t. a =bg+1r, r > 0.

If r>b, then 0 <r—>b=a—0b(qg+1), ris not the least element in S, contradiction, thus r < b.

Uniqueness: Suppose bq; + 71 = bga + 2 = a, then r1 —ro = b(q2 — q1).
Since 0 < r < b, then —b < r1 —ro < b. But it is a multiple of b, then r{ —7r9 =0, 711 =r9 and ¢ = q. 0O

Theorem: 1.2: Properties of Divisors

1. If alb and b|c, then alc
2. If alb and c|d, then ac|bd
3. For all z,y € Z, if d|a and d|b, then d|ax + by

Proof. 1. If alb and b|c, then by Definition dn,m € Z s.t. b =na and ¢ = mb, then ¢ = m(na) =
(mn)a, thus alc.

2. If a|b and c|d, then In,m € Z s.t. b = na and d = mc, then bd = (na)(mc) = (mn)(ac), thus ac|bd.

3. If d|a and d|b, then In,m € Z s.t. a = nd and b = md, then ax + by = (nd)z + (md)y = d(nx + my),
thus d|(ax + by).

O

Definition: 1.2: Greatest Common Divisors

For a,b € Z, their greatest common divisor (GCD) is the natural number gcd(a,b) which is the
largest common divisor of a,b. If @ = b = 0, then ged(a, b) = 1.




Lemma: 1.1: Bezout’s Lemma

Let a,b € N. The equation ax + by = gecd(a, b) has a solution.

Proof. Let S = {c € N:ax + by = ¢ has a solution.}. Obviously a € S, S # 0.
By well-ordering property, it has the least element s. We want to show that s = ged(a, b).

1. Firstly, s > ged(a, b), since ged(a, b)|s by Theorem [1.2] (3).

2. Now we show that s < ged(a, b)
Apply Theorem [I.1]to s,a. a =gs+r with 0 <r < s.
a = q(ax + by) + r, which gives a(1 — qz) + b(—y) = r, is solvable by definition of s. Thus r = 0. s|a
and similarly s|b. Therefore s < ged(a, b)

Thus s = ged(a, b). O

Theorem: 1.3:
Let a,b,d € N. If d|a and d|b, then d|gcd(a,d).

Proof. Apply Lemma ax + by = ged(a, b) has a solution.
Then by Property 3 of Theorem d|ged(a, b). O

Definition: 1.3: Coprime

a,b € Z\ {0} are coprime, if gcd(a,b) = 1. i.e. ax + by = 1 has solutions.

Theorem: 1.4:

ax + by = c is solvable if and only if ged(a, b)|c.

Proof. (<) If ¢ = kged(a, b). By Lemma Jz,y € Z s.t. ax + by = ged(a,b). Multiplying both sides by
k, a(kx) + b(ky) = kged(a,b) = ¢

(=) Solvable by property 3 of Theorem O]

Note: If we let d = ged(a,b), ax + by = dk, Gz + %y =k. g and g are coprime. Therefore, we can always

assume that a,b are coprime.

Let a,b € N be coprime, ¢ € N. If a|bc, then alc.

Proof. If a,b € N are coprime, by Lemma ax + by = 1 has solutions.
Multiply both sides by ¢, a(cx) + (bc)y = ¢, has solutions. ala and albe, so a|c by Theorem O

Suppose a, b are coprime, and (xg, o), (x1,y1) are two pairs of solutions to ax + by = c.
axo +byo = ¢ = axy + by; = a(xg — x1) = b(y1 — yo)

Since a, b are coprime, aly; — yo, blxg — x1.

Let t,s € Z, y1 — yo = at, xg — 1 = bs.

Plug back into the equation, abs = bat, thus s =t. x1 = xg — bt, y1 = yo + at.

Given axg + bxg = ¢, axg — abt 4+ abt + byg = ¢, and a(xg — bt) + b(yo + at) = c.



Theorem: 1.5: Linear Diophantine Equation Theorem

Let a,b,c € N, d = ged(a,b), xo,yo € Z be solutions s.t. axg + byg = c¢. Then all solutions to
ax+by:careoftheformx:xg—gt,y:yo—i-%t,tEZ.

Theorem: 1.6: Euclidean Algorithm

Let a,b € N. Apply division algorithm, a = ¢gb+r, 0 < r < b. Then gcd(a, b) = ged(b, r).

Proof. If d = ged(a,b), d|a and d|b, then dla —bg =1
If d = ged(b,r), d|b and d|r, then d|gb+r = a. O

Example: a = 450, b = 100, a = 4b + 50. Let a; = 100, by = 50, a; = 2b; + 0. Thus ged(450,100) =
ged(100, 50) = ged(50,0) = 50

Example: a =315, b =17, a = 180+ 9.

Let a1 =17, b1 =9, a1 = 1b1 + 8.

Let a0 =9, by =8, as = 1by + 1.

Let as :8, bg == 1, as :8b3+0

Thus ged(315,17) = ged(17,9) = ged(9,8) = ged(8,1) = 1.

We can now iterate backwards to construct a solvable diophantine equation.

1=9-1-8
—=9-1(17-9)=2-9—17
—2.(315—-18-17) — 17

= 2315+ (—37)(17)

Thus x = 2, y = —37 is a solution to ax + by = ¢, where a = 315, b = 17, ¢ = ged(a,b) = 1.

Theorem: 1.7: Euclidean Algorithm (Formally)

Let a,b € N, a > b. Define a sequence by repeated divisions

a=qb+7r,0<r; <b
b= qor1 +r1,
Tn—3 = qn—2Tn—2 + T'n—1
Tn—2 = qn—2Tn—1 +Tn

Tn—1=qnTn +0

Then ged(a,b) = r, and we can solve for z,y in ax + by = r, by 7, = rn—2 — @u_1Tn—1 = Tn—2 —

Qn—l(rn—S - Qn—2""n—2)-
This terminates in log,(a, b).

1.2 Primes

Definition: 1.4: Prime Numbers

A number p € N, p > 1 is prime if its only divisors are 1 and itself.




Theorem: 1.8:

For a prime number p and any number a, ged(a,p) = 1 or p and ged(a, p) = p < pla.

Corollary 1. If a,b € Z and p|ab, then pla or pl|b.
Proof. By Theorem either pla or ged(a,p) = 1 and plb. O
Corollary 2. Ifay,...,a, € N, and play - - - ay, then pla; for some i.

Proof. By induction on i and previous corollary. O

Theorem: 1.9: Fundamental Theorem of Arithmetics

For any n € Z, n # 0, there exists a factorization n = :l:p’f1 - pkr where pj are distinct primes,
k; € N and this is unique up to reordering of p;.

Proof. Existence: (By strong induction)

Base: 1=1 and 2=2 work

Inductive step: Suppose the statment holds for 1...n, consider n + 1

If n+1 is prime, then we are done. Otherwise, 31 < d <n+1s.t. djn+1, thenn+1=defor 1 <d,e <n.
By Induction, d, e factors, so n + 1 factors.

Uniqueness: Observe that if p, ¢ are prime and plg, then p = ¢

Write n = p’fl '--pff’" = q? ---q's. By Corollary since q1|n, then ¢;|p; for some 4, and thus ¢; = p;. By
reordering, we can assume p; = q1, and cancel out to get plfl_lpgz ‘e pffr = qil_l -+-qts. Keep cancelling
q1, we will eventually have plfl_tlpg2 ceeppT = q? gl

If k1 # t1, then pi|g; for some other 2 < i <'s. Then ¢; is not distinct from ¢;, contradiction. Thus k; = t;

k .
and p22 pﬁ’ g qéz qgs
Iterating this procedure, we get r = s, k; = t;, p; = q;. O

Ifazp’fl--‘p,’ff and b:p?--‘pff. Then
1. ab=py' ... pfrtte
2. 2 = pll_ltl . -p,’f’“*tr and alb if k; —t; > 0 for all i. The divisors of b are d = pil -+ pZr for
0 S Zj S tj

3. ged(a, b) = py “Pr

min(k1,61) min(kr,tr)

Note: pi*---pi € Z if a; > 0. Suppose a; < 0 for some j, then p?j ¢ 7.

1.3 Counting Primes

Theorem: 1.11: Euclid

There are infinitely many primes

Proof. Let p1,...,pr be primes. Consider N =py---p, +1 > 1. It has a prime factor q.
If p;|N, then p;|N — p1 ---pr = 1. Contradiction. Thus ¢ # p; for any j
Then p1,...,pr, Pr+1 = q is a larger set of primes. O



Theorem: 1.12: Number of Primes

T

Let m(z) be the number of primes < z. Then 7(z) ~ 27

How do we estimate m(z) and what is the distribution of primes? We can say that p,p + 1 are not both
prime if p > 2. And Bertrand postulate states that p; and pp41 can be far from each other, but for any
natural number n € N, there is always a prime p s.t. n < p < 2n.

Lemma: 1.3: Upper Bound for 7(z)

2n—1

Let p,, denote the nth prime number, then p,, < 2 .

Proof. Base: p1 =2 < 22" = 2 _
Induction Step: Suppose p; < 227! for j < n.
We know that there is a new prime ¢ dividing M = p; - p, + 1 from Theorem [1.11] Then

Pn+1 ngplpn“‘l
S 2217122271 o 227171 + 1
=X 4
=2"""ty1<2”

Definition: 1.5: Integer and Fraction Parts

Forz € R, |z] =n € Z whenn <z <n+1and {z} =n — |z] is the fraction part.

Corollary 3. 7(z) > |logylogy x| + 1

Proof. m(x) = #primes < 2. We want to (at least) count the primes with 22" < z as from Lemma
Therefore, n < |log, log, x| + 1. O

Fact: If n is a composite number, it has non-trivial divisor d < /n. i.e. one of d, 2 < \/n for all d|n.

Principal of Inclusion-Exclusion: For Ay, A, A3 finite sets, |[A; U Ay U As| = |A1]| + |A2| + |As| — |A1 N
A2| — |A1 N A3| — |A2 N A3| + |A1 N As ﬂA3|.

Using the fact and principal of inclusion-exclusion, we can define a sum form of the number of primes
<z

r@)=#n<zx—F#n<z,2n—#n<z,3n— - —#n < x,plnandp < Vr+%$n < x,bjn + - -
x x
SR H YN s
p<Vax p1<p2<x
x N(d) x _
Then 7(z) — m(v/z) +1 = Z N(d) [EJ ==z Z 0 Z wu(d) {E}’ where P/ is the product
d|P< sz d|P< sz d|P< /5

of all primes < /x.



2 Congruence and Chinese Remainder Theorem

Consider 28 + 1 = 3y3. Can it be solved with z,y € Z?

We check if 28 4 1 is divisible by 3. We consider 2% = 3k +r. If r = 0, then 3 f2® + 1. Similar for r = 1 or
2. 284+ 1=3m+2.

We want to find an efficient way of writing the modulo relation.

Definition: 2.1: Equivalence Relation

Given a set X, an equivalence relation on X is a relation ~ s.t.
1. Reflexive: & ~ z,Vx € X
2. Symmetric: if z ~ gy, then y ~ x
3. Transitive: if z ~ y and y ~ z, then = ~ 2

Definition: 2.2: Congruence

For n € N, we define an equivalence relation on Z by a ~ b iff n|(a —b). When a ~ b, we write a = b
mod n

Proof. Reflexive: n|0 =a —a, soa~a
Symmtric: nla —b = nlb—a,soa~b=>b~a
Transitive: If nla — b and n|b — ¢, then n|(a —b) + (b—c) =a — ¢ O

Theorem: 2.1: Properties of Congruence

1. Addition is preserved: if a = a’ mod n and b= mod n, then a+b=a +b mod n
2. Multiplication is preserved: if a = a’ mod n and b =¥ mod n, then ab = a’’ mod n

Proof. Addition: if n|(a—a’) and n|(b—1'), then n|(a—a’)+ (b—b") = (a+b) — (' + V), thus a+b=da' + V'
mod n.

Multiplication: Note that ab—a’'t) = ab—ab' +ab' —a'b' = a(b—b')+V(a—d') , if n|(a—ad’) and n|(b—1V'),
then n|ab — da'b’, so ab=a't’ mod n O

Corollary 4. If f(z) € Z[x] (polynomial ring with integer coefficients) and a,b € Z, then f(a) = f(b)
mod n

Definition: 2.3: Equivalence Classes

The equivalence class of a point x € X is [z] ={y € X : x ~ y}

Note: [z]N[y] # 0 iff 2 ~ y and [z] = [y]. We can write X/ ~= {[z1], ..., [xn], ...}
For congruence, there are n equivalence classes Z/nZ = {[0],[1],...,[n —1]}. Often, we drop the []
bracket.

Example: 7Z/127Z = {0,1, ..., 11}.

34+9=0 mod 12,2(8) +4=8 mod 12, 3(7) =9 mod 12
3(9) =3(-3)=-9=3 mod 12

However, we cannot divide, Azxg s.t. 629 =1 mod 12.

Remark 1. For Z/nZ = {[0],[1],...,[n — 1]}, define [a] + [b] = [a + b], [a][b] = [ab]. The operations are
well-defined as by Theorem



Remark 2. So by induction, if p(x) € Z[z], then p([a]) = [p(a)] is well-defined. i.e. if we are studying
polynomial equations p(x) = 0, the solutions in Z (p(a) = 0) give solutions modulo n ([a]).

Note: Similarly, we can define Q = Z x Z/ ~ as equivalence classes, where % = % = % = --.. However,
f:Q—7Zst. f(%) = a — b is not well defines, since 2 butf( ):—1;&—2— (% :
We know that [a] = [b] if and only if @ = b mod n, but we don’t know how to divide or if we can even

divide.

Definition: 2.4: Division in Congruence Form

We can divide by ¢ mod n if the equation az = 1 mod n has a solution. We call the solution a~*

or the multiplicative inverse of a modulo n. It has a solution if and only if ged(a,n) = 1.

Theorem: 2.2:

The equation ax = b mod n has a solution if and only if d = ged(a,n)|b. If zg is a solution, then
(d=1)n 1)n

the distinct solutions modulo n are xg, o + 5, 7o + 27”, ey o +

Remark 3. ged(a,n)|d is fine because ged(m, gm + r) = ged(m, r) by Theorem and d[n. So if n|b -V,
then d|b < d|b/, since b = b + nk.

Proof. (=) Suppose axg =b mod n for some xg. Then n|azg— b, so there exists yo € Z s.t. axg—b = nyo.
Then azg + n(—yo) = b, ged(a,n)|b.

(<) If ged(a, n)|b, then Jzg, yo € Z s.t. axg+nyo = b by Lemma|l.1] so n|azo — b, or equivalently, azg = b
mod n.

Now, we show that the solutions modulo n to az = b mod n are exactly the congruence of the z s.t.
axr +ny =">b. By Theorem . the solutions are of the form zo + 24 for ¢t € Z.

Then we show that xg, zo + 5, zo + 2 Ty o+ (- )n are distinct and a complete list of solutions.

Distinct: suppose xg + j5 = xo + id mod n, then n|(l J)n ,hbut 0<i— 5 <d—1, (i=5)d ])d <n,s0t—7=0
Complete, for any x = xo + Ft, apply Division algorlthm for t and d, we get x = g+ ”t =z0+5(qgd+r) =
x0+%+qnfor0§r<d. O

Corollary 5. If ged(a,n)|b, then axz = b mod n has d = ged(a,n) distinct solutions modulo n. If d = 1,
then there’s a unique solution.

Example: 10x =11 mod 9=2 mod 9, s0 x =2 mod 9.

Example: Solve for z s.t. 7x =13 mod 15

Proof. since a = 7,n = 15,b = 13 are coprime, there is a unique solution.

We consider 7z + 15y = 13. We can firstly solve 7x + 15y = 1 using Theorem

15=2-7+1, and thus x = —2,y = 1. Multiply both sides by 13, and we get x = —26,y = 13 is a solution

to 7Tz 4+ 15y =13
So the solution to 72 =13 mod 15is z = —26 =4 mod 15. O

Example: Solve for z s.t. 10z =6 mod 16



Proof. Apply Theorem

10z + 16y =6
16=1-10+6
10=1-6+4
6=1-4+42
4=2-2+0

Then back substitute, 2 = 6 — 1(4) = 6 — 1(10 — 1(6)) = 6(2) + 10(—1) = 2(16 — 1(10)) + 10(—-1) =
10(—3) + 16(2)

Thus x = —3, y = 2 is a solution to 10x 4 16y = 2

Multiply both sides by 3, we get z = —9, y = 6 is a solution to 10z 4+ 16y = 6

Thus the solutions are 7= —9 mod 16 and 15 = -9 + % mod 16. O

Theorem: 2.3: Independence Condition

Ifn:p]fl--op’f’“,thenforaGZ,aEO mod n if and only if a =0 modp?j forall 1 <j <.

ki, k ki—1 kj k;
Proof. (=) n=p;’ (p\" -+ p;/3'p;y -+ pF)|a. Thus pf’|a.
(<) by applying the corollary of Theorem p;?s are coprime. O

Theorem: 2.4: Chinese Remainder Theorem

Let m,n > 1 be coprime integers. Then the map

o :Z/nmZ — Z/nZ x Z/mZ st. p(a mod (nm)) = (¢ mod n,b mod m)

is a bijection. Moreover, p(x + y) = o(z) + p(zy), p(1) =1, p(xy) = p(z)e(y).

Remark 4. If p(x) € Z[z], then p(p(x) mod mn) = (p(x) mod n,p(x) mod m).

Remark 5. For Z/nZ x Z/mZ = {([a]n, [b]lm) :a=0,...,n—1,b=0,...,m — 1},
([a]n, [b]m) + ([c]n, [d]m) = ([a + ], [b + d]m), where (0,0) is the additive identity.
([a]n, [b]m) - ([c]n, [d]m) = ([ac]n, [bd]m ), where (1,1) is the multiplicative identity.

Proof. Well defined: if a = ' mod nm, then nm|a — d’,since nm coprime, by Theorem nla—a',a=d
mod n and m|a —d’, a =ad’ mod m.

Injective: If a =b mod n and a = b mod m, i.e. p(a) = ¢(b), since n, m are coprime, nja —b and m|a —b
= nmla — b, thus a = b mod nm.

Surjective: For any b mod n, ¢ mod m, we want to find ¢ mod nm s.t. a =b mod n and a = ¢ mod m.
By Lemma there are xq,yg € Z s.t. nzg+ myo =1
Construct a = b(myp) + c¢(nxg), then a = b(myy) mod n and a = ¢(nzy) mod m = c¢ mod m.

olx+y)=((r+y) modn,(x+y) modm)=(xr modn+y modn,r modm+y modm)
=(x modn,r modm)+ (y modn,y modm)=ex)+ e(y)



o(zy) = (ry mod n,xzy mod m) = (z mod ny mod n,z mod my mod m)

=(z modn,z modm)(y modn,y modm)=p(x)e(y)
©(1) = (1 mod n,1 mod m) = (1,1) O

Example: Solve for 22 =2 mod 14.

Proof. By Theorem it is enough to solve for 22 =2 mod 2 and 2> =2 mod 7,

and then we can construct solutions mod 14.

The first one gives = 0 mod 2. The second one gives 22 =2=9 mod 7, z = +3 mod 7.
So we have the left side of the correspondance, {(0,3), (0,—3)}.

= d2 = d?2
This means we need to solve z =0 mo , and y=0 mo
r=3 mod?7 y=-3 mod?7

We want z mod nm that maps to (¢ mod n,b mod m).

Apply a similar idea in proving the surjection. We use z = a(my) + b(nx) s.t. nx + my = 1, then use the
Euclidean algorithm.

To solve the first one, take z = 0(7y) + 3(2z), where 7y + 22 = 1. Then z = -3,y =1, z = —18 = 10
mod 14.

For the second one, z = 0(7y) — 3(2x) where Ty + (—2)z =1,z =3,y =1, 2 =18 =4 mod 14. O

Example: Solve for 62 = 15 mod 385.

Proof. Note 385 =5-7-11.
So we solve for 62 =15=0 mod 5, 6z =15=1 mod 7 and 62 = 15 =4 mod 11.

Consider the first 2 congruence equations:

We solve for 5z + 7y = 1 and get * = 3, y = —2, so we have a = 0(7y) + 1(5x) = 15 mod 35.

Then combine this with 6z =4 mod 11,

We solve for 11z + 35y = 1: 35 =3-11+2, 11 =5-2+41,s0 1 =11 —5(2) = 11 — 5(35 — 3(11)) =
(—=5)(35) +16(11). i.e. x =16, y = —5. Then we have b = 4(35y) + 15(11z) = 1940 = 15 mod 385.

Thus 6z = 1940 mod 385, x = 195 mod 385. O

Example: (General Problem) You are the general of an army with less than 1000 troops. After the abttle,
you have n troops left.

When you ask them to get into groups of 7, there are 5 leftover.

When you ask them to get into groups of 11, there are 9 leftover.

When you ask them to get into groups of 13, there are 2 leftover.

What is n?

Proof. We have three congruence equations:
1. n=5 mod 7

2. n=9 mod 11
3. n=2 mod 13



Note that 1001 = 7-11-13. And n = a¢ mod 1001 has a unique value.

Use the first 2 equations. We solve for 7z + 11y = 1, and get an a = 5(11y) + 9(7z).

Apply Theorem [I.7] x = -3,y =2. a=—-79= —2 mod 77

Use a = —2 mod 77 and n = 2 mod 13. We solve for 13z + 77y = 1, and get n = 2(77y) — 2(13x).
2=6,y=—1. Son=2(T7)(—1) — 2(13)(6) = —310 = 691 mod 1001.

Thus n = 691. g

Theorem: 2.5: General Strategies

The general strategies for solving f(x) =0 mod n
1. Factor n = p]fl cophr
2. Solve the system f(x) =0 mod p’fl, <+, f(z) =0 mod p;r
3. Use Theorem 2.4l to combine the solutions.

Since for a number a, gcd(a,p™) = 1 if and only if p fa. We claim that to solve f(z) =0 mod p*, we can
solve in steps of solving mod p, then lift to mod p?, mod p3,...

Example: z? =7 mod 81.
Proof. Since 81 = 3%, we can work with mod 3 first.

z*=7=1 mod 3, thus z = +1 mod 3.
And we can lift up to x =1,2,4,5,7,8 mod 9. O

10



3 Rationals

Previously, we consider the equation 22 4+ y? = 22 in the integer domain. We want to know if it has rational
solutions and how to find them.

Theorem: 3.1: Property of Rationals

If a,b € Q\ {0}, then 7 € Q.

Then we can divide by z on both sides, (§)2 + (3)2 =1 or equivalently, u? + v? = 1 for u,v € Q.

z

Geometrically, the solutions lie on the unit circle. And we know that (1,0) is a solution. If (u,v) is another
rational solution to u?+v? = 1, then the slope of the line connecting (u,v) and (1,0) must be rational.

Conversely, if we have a line through (1,0) with rational slope v = t(u — 1) for t € Q. Then the system
v="tu—1)
u? +0? =1

By substitution,

gives the other rational solution.

w P (u—1)2 =1
(1+tH)u? —2u+1t>—1=0

. . 2624 /42 —4(1+12)(¢2 1) 24249 2.1
Using quadratic formula, we get u = 5211 = sy U= Lor oy
; ; : : _ _pt?—1-2-1 . =2t ;
If ¢ is rational, u is rational, and v =t (u—1) =¢ T = @ s rational.
t2—1 m2—n? —2t 2mn

If we write in lowest terms ¢ = 7%, m,n € Z. I = T DAl = et

Then clearing our denominators, we get integer solutions to z?+1y? = 22, (m2 —n?, —2mn, m? + n2).

Theorem: 3.2:

If 7+ = ¢ for a,b € Z, then a = Am, b = An, for A € Z.

However, the same strategy will fail for degree > 2.

11



4 Polynomials

In previous sections, we often work with modulo a prime number. The modulo world also works nicely for
polynomial long divisions.

Example: Suppose we want to divide 2% + 323 + = + 1, with divisor 522 + 3.

The first step is removing the highest degree term, z% + 323 + 2 + 1 — %x2(5x2 +2) = 32% — %I2 +z+ 1.
Continue until the degree of polynomial drops below the degree of the divisor.

And we will get z* + 323 + z + 1 = q(2)(52% + 3) + r(x), with 7(z) = 0 or deg(r(x)) < 2.

We can do exactly the same thing mod p. When p is a prime, we have a division algorithm for polynomials.
Suppose f(x) is a polynomial with f(a) =0 mod p, then f(z) = (z — a)g(z).

Notation: F, = Z/pZ, Fylz] = {anz™ + ---a12 + ag : an, ..., a0 € Fp}.

Theorem: 4.1: Division Algorithm for Polynomials

Let f(z),g(z) € Fp[z], g(x) non constant. There exists ¢(z),r(x) € Fplz] s.t. f(z) = ¢(x)g(z) +r(x)
and r(z) = 0 or deg(r) < deg(g).

Proof. Let f(z) = ana™ +an_12" 14+ +a1x+ag, a; # 0, g(x) = byx"™ + by 12"+ -+ bz +bg, b; # 0.
If m > n, then ¢(x) =0, r(z) = f(z) suffices.

If m < n, then f(x)— g—lx"*mg(aﬁ) =Cp12" V4 oz 2 4+ - 1z + 0.

Continue the iteration until it terminates. What is left is 7(z) and ¢(x) = sum of all terms we multiply
g(x) by. O
Remark 6. The fact we have a division algorithm means we have unique factorization in F,[z]. More

relevantly, the division algorithm lets us connect roots of polynomials with linear factors.

Suppose f(z) € Fplz] and z—a|f(z), i.e. 3g(z) € Fp[z] with f(x) = (z—a)g(z). Then f(a) = (a—a)g(a) =
0 mod p.

Theorem: 4.2:

Let f(x) € Fplz], a € Fp. If f(a) =0 mod p, then z — a| f(x).

Proof. Apply Division algorithm to get f(z) = ¢(x)(z — a) + r(z). We know r(z) = 0 or deg(r) <
deg(x —a) =1, so r(x) = by constant.
But f(a) = (a — a)q(a) + by mod p, 0 = by mod p. O

Note: If we write f(z) = (x — a1)(x — a2) - - (x — ag)g(x), then deg(f) > k.

Theorem: 4.3:

Let f(z) € Fp[z] be nonzero. Then the number of roots of f(z) < deg(f) counted with multiplicity.

Proof. We prove by induction on degree.

Base case: deg = 0 and deg = 1 are clear.

Suppose this is true if deg = n. Consider f(x) with degree n + 1.

If f has no roots, then we are done.

If f has a root, then f(z) = (z — a)g(x) and deg(f) =1 + deg(g)

So deg(g) = n and by induction, the number of roots of g with multiplicity < deg(g).

12



Therefore, the number of roots of f with multiplicity < 14 number of roots of g with multiplicity <
1+ deg(g) =1+ n = deg(f). O

Theorem: 4.4:

For any p, we can construct f(z) € Fp[z] with no roots.

Example: 22 + 1 =0 mod 3 has no roots.

What are the roots of 27 —z =0 mod p?
As long as p is a prime, 2P — x = 0 has p roots. For a # 0, a?~! =1 mod p.

Definition: 4.1: Group of Units Modulo n

For n >1, define the group of units modulo n by (Z/nZ)* = {a € Z/nZ : gcd(a,n) = 1} = invertible
elements modulo n with the following properties

1. If x,y € (Z/nZ)*, then xy € (Z/nZ)*. Also the product is associative and commutative.

2. Yz € (Z/nZ)*, lx = mod n

3. Vx € (Z/nZ)*, Jy € (Z/nZ)* s.t. zy =1 mod n (inverse exists) and the inverse is unique

Definition: 4.2: Euler ¢-function

Define the function on the positive integers by ¢(1) = 1, ¢(n) = [(Z/nZ)*| for n > 1.

Example: for p prime, ¢(p) =p — 1, ¢(pk) = pk —ph!

Example: For a € (Z/nZ)*, define my, : (Z/nZ)* — (Z/nZ)* s.t. mq = ax. m, is a bijection.
Since the inverse a™! exists, mq 0 my-1 = my-1 0 m, = id.

Theorem: 4.5: Euler’s Theorem

For a € (Z/nZ)*, a®™ =1 mod n

Proof. Write (Z/nZ)* = {xl, ...,x¢(n)} = {axl, ...,ax¢(n)}.
Multiply everything together, z1 - Zg(,) = az1 - - azyp) = a®™gy ... Ty(n) Dy associativity.

O

Since inverse of x1 - - - g, exists, we get 1 = a®™ mod n.

Theorem: 4.6: Fermat’s Little Theorem

For p prime, @ 0 mod p, e~ =1 mod p.

Theorem: 4.7:

If n, m are coprime, then ¢p(nm) = ¢(n)p(m).

Proof. Theorem [2.4| gives us Z/mnZ = 7./mZ x Z/nZ.
And we can reduce to (Z/mnZ)* = (Z/mZ)* x (Z/nZ)*

O



Now given an arbitrary n = p]fl .- pkr with pfi,p%j coprime. Then ¢(n) = ¢(p’f1) - p(phr).

If we want 1 < a < pF s.t. ged(a,p®) = 1, there are p¥ — [p—kJ = p* — p*~1 such numbers. ([%J is the

number of elements dividing p* in Z/p*Z = { ) J[pF —1] } { S 1], [p ]})

Theorem: 4.8: Properties of Euler ¢-function

1. ¢(p*) =p* — pF~1 =p*1)p — 1 for p prime and k > 1
2. ifn= p’fl -pﬁ’", then ¢(n) = (;S(p’fl) . ¢(pff ) = p’fl 1(p1 —1)-- .pqlfr—l(pr —1)
Some times, we write p¥ — pF~1 = p¥ (1 — 7) then ¢(n) = an|n (1 _

Example: n = 1343%197, then ¢(n) = ¢(13%)¢(3%)¢(197) = 133(13 — 1)3*(3 — 1)19%(19 — 1)
Example: Compute 3'492 mod 100 (i.e. the last two digits)

Proof. We know 3¢(100) =1 mod 100.

If we apply division algorithm 1492 = g¢(100) +r for 0 < r < $¢(100), then 31492 = (3¢(100))43" 1mod 100 =
3" mod 100.

Since 100 = 2252, ¢(100) = ¢(22)¢(5%) = 2(2 —1)5(5 — 1) = 40

1492 = 37 - 40 + 12, 1492 = 12 mod ¢(100), then 3'492 = 312 mod 100

Successive squaring: every number has a binary expansion m = ¢,2" 4 - - - ¢12+co where ¢; = 0 or 1. Then
M — pen2"tc..co — (xQ")cn .. (xQ)CGCO.

12 =2%422,32=9 mod 100, 3* = 81 mod 100, 3% = (81)2 = (—19)2 = 61 mod 100.

312 =3%3* =61-81 mod 100 =41 mod 100. O
Suppose we want to solve 2 =1 mod n. We consider a® =1 mod n, then ¢~ ! = ¢! mod n.
Definition: 4.3: Order

d

For a € (Z/nZ)*, the order of a is the smallest positive integer d s.t. a® = 1 mod n. We write

ord(a) for the order.

Theorem: 4.9:

For a € (Z/nZ)*. If "™ =1 mod n, then ord(a)|m

Proof. Apply division algorithm, m = gord(a) + r, where 0 < r < ord(a)
=a™ = a?4%g" = ¢ mod n, then 7 = 0, ord|¢(n).

O

Corollary 6. For every a € (Z/nZ)*, ord(a)|p(n).
In part, we know % =1 mod n is only solvable With order d element when d|¢(n).

Suppose ¢?™ =1 mod n and ¢(n) = ord(g), then g 2 has order k.

Claim: We can always find an order d element for d|¢(n) if and only if we can find an order ¢(n)
element.

Aside (Cryptography): You have a large (hard to factor) N and some exponent e. If someone wants to
send a message A in terms of (Z/nZ)* elements. They send you A° mod N where ged(e, p(N)) = 1.



Lemma [1.1] tells us that ef + ¢(N)h = 1 for some f,h, then Al = A/ +eMN)h = fgef(Jo(N)h = (Ae)f
mod N.

If g is an element of order ¢(N) (a generator), then (Z/nZ)* = {1, g, ¢°, ...,g¢(N)_1}. The existence of a
generator gives us a discrete logarithm to each a € (Z/nZ)*. There is some unique 0 < k < ¢p(N) — 1 s.t.
¢" =a mod N, so k = log, a and log(A°) = elog A.

Definition: 4.4: Primitive Root

g € (Z/nZ)* is a primitive root if ord(g) = ¢(IV).

Theorem: 4.10:

For a € (Z/nZ)*, ord(a) = |{a* : k > 0}

Proof. Define a map {1, ...,ord(a)} — {a* : k > 0} by k — "
The map is surjective from dlvmon algorithm
The map is injective: if a® = ¢ mod N for i > j, then a®7 =1 mod N, 0 < i — j < ord(N), then

i=j. O
Consider the polynomial z¢ — 1. If a € (Z/pZ)* of order d, then a is a root. In fact, 1 = a° al,...,a?"!
are roots of the polynomial, with no repeats. Since 2% — 1 should have < d roots. The set a°, al,...,a%"!

is exactly the set of roots. The set of elements of order d is some subset of lists, consisting a* where

ged(d, k) = 1.

Theorem: 4.11:

Let a € (Z/nZ)*. 1f ord(a) = d, then ord(a¥) = —%—,

d k
Proof. (ak)gcd(d*’ﬂ = (a=d@m )4 =1 mod n.
Assume a* = (a¥)7 =1 mod n, then d|kj.
Divide both side by the ged

d .
But now (@) and

| etz
; gcd(d ged(d,k) | ged(d,k)J
are coprime, then by Lemma

k d
ed(dF) ed(dF) |7,s0aslongasj > 0,5 > gcd(dk) O

Corollary 7. ord(a*) = ord(a) if gcd(ord(a), k) = 1.

Theorem: 4.12:

In (Z/pZ)*, there are either 0 elements of order d or there are ¢(d) of such elements.

Let n(d) =# elements of order d in (Z/pZ)*. Z n(d) = ¢(p) = p— 1. We want to show that all

n(d) # 0.

Theorem: 4.13: Gauss Theorem

For any m > 1, Z¢(d) =

dlm
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Proof. Consider Z/mZ and for each d|m, let

Sg={x€Z/m:dr=0 modmandlz#0 mod m for any | < d}

Firstly, Sq, N Sq, = if di # da.
Consider dijz = 0 = dex mod m for any x € Sg, N Sg,, but by definition, d; < dy and dy < dy, thus
di = ds.

Also, Vx € Z/mZ, x € Sy for some d|m, therefore, Z/mZ = U Sy as disjoint union. Therefore, m =

dlm
> 154l

dlm
Suppose z € Sg, dv =0 mod m, equivalently, m|dz. Since d|m, we have |z, so z = "t, t € Z.

We claim that ged(t,d) = 1.

. _ mgy _ m 14 d
Since © = Gt = 3@ ged@n 1N zed(az

But since x € Sy, d < m < d. Therefore d = m, ged(d, t) = 1.

Therefore, Sg = {%t:0 <t <d—1,gcd(d,t) = 1} and |Sq| = ¢(d) by definition. O

)zEO mod m.

Theorem: 4.14:

Primitive roots exist mod p (prime).

Proof. We have Z ndy=p—1= Z od(d) and n(d) < ¢(d), so n(d) = ¢(d).
dlp—1 dlp—1
In particular, n(pp— 1)=¢(p—-1)> 0.p O

Example: (Z/8Z)* = {1,3,5,7},12=1,32=9=1,52=25 =1, 72 = 49 = 1. There are no primitive
roots.

Example: Let p be an odd prime, (Z/4pZ)* has no primitive roots.

Proof. By Theorem (Z)4pZ)* = (Z.JAZ)* x (Z/pZ)*. Then a?~! =1 mod 4p for all a.
But ¢(4p) = 2(p — 1), so there is no primitive roots. (¢(4p) #p —1) O

Example: Let p,q be distinct odd primes, (Z/pgZ)* has no primitive roots.

Proof. By Theorem [2.4] (Z/pqZ)* = (Z/pZ)* x (Z/qZ)*.

Consider a(%l)(qil).

Since p, q are distinct odds, p —1,¢q — 1 are even. 5=, 5=
(p—1)(g—1)

Then a2 — <(ap_1)q%l mod p, (aq_l)p%1 mod q) = (1 mod p,1 mod q) for all a, since a?~! =1

mod p for p primes.
(p=1)(g—1

)
Thus, a2 =1 mod pgq.
But ¢(pg) = (p — 1)(g — 1), so there is no primitive roots. O

3
L
Q
L
m
N

Lemma: 4.1: Reduction

For n|m, the reduction map « : (Z/mZ)* — (Z/nZ)* s.t. w([x]m) = [z], is surjective.
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Proof. Let 1 <z <mn, ged(x,n) =1, i.e. x € (Z/nZ)*.

If y € (Z/mZ)* with y = x mod n, then for any v € Z/mZ, y' =z mod n, y = y + nt, so the elements
in Z/nZ above x are z + nt.

If ged(z,m) = 1, then we are good, there’s only one element.

Otherwise there are primes p|m with p|z. Note m = Tn.

Since ged(z,n) = 1, p|™*, otherwise o|n and ged(z,n) = p.

Take to be the product of p s.t. p[=.

Claim: ged(z 4+ ntg,m) =1

Take a prime p s.t. p|™

If p|x, then p|z + nty implies that p|ntg, so p|ty contradiction.

If p /, then by construction p|tg. So p|x + nty implies p|z, contradiction.

Thus ged(z 4 nto,m) = 1. O

Theorem: 4.15:

Let n|m. If (Z/mZ)* has a primitive root, then so does (Z/nZ)*.

Proof. Let m: (Z/mZ)* — (Z/nZ)* be a reduction map.

Suppose g is a primitive root mod m.

Tkae h = w(g) mod n, then for any x € (Z/nZ)*, there exists y € (Z/mZ)* with 7(y) =z mod n.

But y = ¢* mod m by definition of primitive roots, k > 0.

Since 7 preserves multiplication, k¥ = 7(¢g)* = n(¢¥) = 7n(y) = £ mod n. Thus h is a primitive root
mod n. O

Theorem: 4.16: Obstruction Theorem

If 8|n or 4p|n for p prime or if pg|n for distinct odd primes, then (Z/nZ)* has no primitive root.

Theorem: 4.17:

(Z/p*Z)* has a primitive root for p odd prime, k > 1.

Proof. We have shown the theorem for k¥ = 1 in Theorem

Consider k = 2. Given ¢ a primitive root mod p. Claim that g or g +p mod p? is a primitive root.

If g is a primitive root mod p?, then done.

Otherwise, let d be the order of g in  mod p%. g¢? =1 mod p?, then g =1 mod p, so by order argument
(Theorem [4.9), p — 1|d.

Also if d is the order of g in  mod p?, we know that d|¢(p?) = p(p — 1). Therefore, p — 1|d|p(p — 1).

This implies that d = p — 1 or d = p(p — 1). Since we assume g is not a primitive root mod p?, we have
d=p-—1.

Then (g +p)P =g '+ (p—1g?2p=1+ (p—1)g° 2p mod p? (the higher order terms vanish)

If (9+p)P ' =1 mod p?, then 0 = (p — 1)g?2p mod p?. i.e. p?|(p — 1)g?2p, so p|(p — 1)gP~2, but this
cannot hold, since p does not dive p — 1 or g.

Therefore (g + p) has order p(p — 1) in  mod p?, it is a primitive root.

Now we proceed by induction.

Claim: if h is a primitive root p¥, k > 2, then it is a primitive root mod p
Let d =order of hin mod pF*1, then A% =1 mod p*t! so 4 =1 mod pF.

By order argument, ¢(p*)|d and d|¢(p*t1). Then d = ¢(p*) = p*~1(p — 1) or p(p**1) = pF(p — 1).
Observe that ¢(p*) = pp(pF—1).

k+1



k—l)

RO =1 mod pF—1 tells us that A¢®" ™) = 1 4 ph—1¢
RO # 1 mod p* tells us that p Jt.
Then h¢@*) = ppe@*™1) = (h‘b(Pk*l))p = (1+p )P =14 p*t + (5)p>*= V2 mod pFtL.

The remaining terms vanish mod p*+1.

2(k — 1) is not always > k + 1, but p|(}), so the third term is divisible by 2(k — 1) + 1 and it is > k + 1, so
it vanishes as well.

hO@") =1 mod p**! < pkt = 0 < p|t. Contradiction.

Thus h is a primitive root mod p**! and h6p(p*+1) =1 mod p**. O

Remark 7. If ¢ is a primitive root mod p?, then g is a primitive root mod p* for k > 1.

Theorem: 4.18:

Note that for ¢(2p*F) = ¢(p*), (Z/2p*Z)* has a primitive root for p odd prime and k > 0.

Proof. k=0, (Z/2Z)* has one element only, and it is the primitive root.

When k > 1, let g be a primitive root mod p*. Suppose it is odd. let d =order of g in mod 2p*.

Then d|¢(2p%) = ¢(p¥). and g? =1 mod 2p¥, then ¢g¢ =1 mod p*, so ¢(p*)|d.

Then since d|p(p*), d = ¢(p*).

Hence g has a primitive root mod 2p*

If g is even, take g + p” instead. O

Theorem: 4.19:

(Z/n7Z)* has a primitive root if and only if n = 1,2, 4, p*, 2p* for p an odd prime and k > 1.

Example: Find primitive roots (Z/92)* = {1,2,4,5,7,8}
Proof. We know that 2 is a primitive root for (Z/3Z). We look for its powers in (Z/9Z)* which are 2,5,8

Enumerate all powers of 2 in (Z/9Z)*: 2! =2,22=4,23=8 26 = 1.
2 is a primitive root. Actually 2 is a primitive root for all (Z/3*Z)*. O

Example: What are the solutions to z7 =8 mod 817

Proof. We can always write x = 2Y mod 81 (by previous example). Then 2% = 8 = 23 mod 81
Then we only need to solve for 7y =3 mod ¢(81) by Theorem 4.8 O

Notation: if p is a prime, n is an integer, k¥ > 0, then p¥||n means p¥|n and pF*! fn.

For n >0, 2"+2||52" — 1

Proof. For n =0, 52 — 1= 4,202 = 4 so 20+2H520 -1

Suppose this holds for n > 0. Now consider 52" 1.

Note 52" = 522" = (52")? 50 527" —1 = (52" — 1) (52" +1).

We know by induction 2"*+2||52" — 1.

57" +1=1+1=2 mod 4, so only, 2|[62" + 1, then 2"3||52""" — 1. O
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Theorem: 4.20:

For n > 3,
1. 5 has order 22 in (Z/2"Z)*
2. Every element of (Z/2"Z)* can be written uniquely as (—1)57, 0 <i<1,0<j <2721

Proof. 1. Because ¢(2") = 2"~ then d = ord(5) = 2¥ for some k > 0 by Theorem m
Moreover, 52" —1=0 mod 2", so 2"|52" — 1. By Lemma 2k+2|152" _ 1 son < k+ 2.
We know (Z/2"Z)* has no primitive root, so k < n — 1. Therefore n —2<k<n—-1=k=n—2.

2. We know that each of 5%, 5!, ..., 52%2*1, —59, =51 ..., —52"7"=1 has no overlap. So in total there are
2.2""2 = 2"~ elements and |(Z/2"Z)*| = 2"~}
No-overlap: suppose 5' = —57 mod 2" !, then 1 = —1 mod 4 Contradiction.
O

Example: Solve 27 =9 mod 280

Proof. 280 = 23 -5-7. By Theorem we can split it up.
1. 27 =9 =2 mod 7. By Theorem 4.5 26 =1 mod 7, 27 = 2 mod 7. = 2 mod 7 is the only

solution
2. 27 =9 =4 mod 5. By Theorem [4.5] 2* =1 mod 5, so 2 = 4 mod 5, z = 4 mod 5 is the only
solution

3. 2"=9=1 mod 8. By Theorem #(8) =2%2(2—1)=4,2* =1 mod 8, thus 2> =1 mod 8.
By Theorem all elements mod 8 has the form +5° 45! (n =3). (£5')3 =45% 54 =125=5
mod 8.
(£59)3 = £5% = 4+5' =1 mod 8. Thus z =1 mod 8.

We can then combine the solutions using Theorem O
For any general quadratic equations z2+bz+c¢ mod p, we can follow the quadratic formula z = =0V —dc 3172740,

and the square root can be found by y2 = r mod p, which has 0, 1, 2 solutions, and if s is a solution, then
—s is a solution.

Lemma: 4.3: Hensel’s Lemma

Let f(x) be a polynomial with integer coefficients. Let k be a positive integer, and r an integer such
that f(r) =0 mod p*. Suppose m < k is a positive integer. Then if f/(r) Z 0 mod p, there is an
integer s such that f(s) = 0 mod p*™™ and s = 7 mod p*. So s is a lifting of r to a root mod
pFt™. Moreover s is unique mod p**™.
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5 Midterm

z =13 mod 514

Q1. Solve
Tz =33 mod 144

Proof. 514 = 2-257, 144 = 122 = 24 . 32,
z=13=1 mod 2

The system is the same as ¢ £ = 13 mod 257 . But the first equation is implied by the third, so we
r =33 mod 144
=13 d 257
can solve { * o instead. This can be done by CRT (Theorem [2.4) O
x =33 mod 144

Q2.
(a) Show that if p|n® +n3+1,thenp =3 or p=1 mod 9

(b) Show that there are infinitely many primes p s.t. p=1 mod 9

Proof. (a) Consider 23 —1 = (z—1)(22+ 2 +1). Let z = n3, we get n% — 1 = (n—1)(n®+n3+1). Since
p|(n® +n? + 1), we have p|n? — 1.
Equivalently, ord(n)|9 = ord(n) =1, 3,9.
If ord(n) = 9, then by Theorem and Theorem [4.9] 9[p — 1, so p=1 mod 9
If ord(n) = 1,3, then n> =1 mod p, then 0 =n® +n3+1=3 mod p, p=3

(b) Suppose there are finitely many p1, ...,p, s.t. p=1 mod 9. Consider the prime divisors of m64+m3+1,
m = 3p1, ..., Pn. 1t must be distinct from any of them.

O
Q3. Find the smallest n with n/10 a 7th power and n/7 a 5th power.

Proof. 205P7¢pM .. phr = = 10m7 = 2. 52957 plt . pir)T
2“51’7010]161 coephr = =Tm® = 7(2L‘;’5h7ipll1 k)T
a="T7d+1=5g
This gives that < b="7e+1=>5h ,and 7|k;,5|k;. We can set k; to 0 to get the smallest number.

c=Tf=1+5t
=1 d7 b=1 d7 =1 dbs
We just need to solve: “ o , o ¢ o . The solutions are a = b =
a=0 mod5 b=0 mod 5 c=0 mod?7
15,¢ =21 O

Q4. Solve ax + by = ¢

Proof. Use Euclidean’s algorithm (Theorem to find d = ged(a,b). If d|c, then we can find solutions to
axg+ byg =d O

Q6. Solve 23 4+ 22 —5=0 mod 74

Proof. Use Lemma start with 23 + 2?2 =5=0 mod 7, x =2 mod 7.
fx)=2%+2% -5, f'(x) =322 + 2z, f/(2) =3-4+22=16 # 0 mod 7, thus Hensel’s lemma is valid.

[teratively, we compute a; = 2, as = 2 — J{/((le)) to get solution mod 7. 0
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2
Q7. Let p be an odd prime. Show that ((E)') = (—1)%rl mod p.

Theorem: 5.1: Wilson’s Thereom

p-1)N=1-2-3---(p—2)(p—1)=1(—-1) modp=—1 modp

Proof. For Q7, we have ((%)!)2 = (1-2---%) (1-2---%)
= (125 ) (1 =p)—p)- (55 - p
= (122 ()T -V -2) - (B +1) = ()T (- 1!=(-1)'F modp O
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6 Quadratic Reciprocal

In this section, we always consider p as an odd prime.

Definition: 6.1: Quadratic Residue

a €7Z,a#0 mod p is a quadratic residue (QR) if the equation 22 = a mod p has a solution. If
there are no solutions, it is a non-residue (NR).

Theorem: 6.1:

There are % QRs mod p and % NRs.

Proof. Consider the list 12,22, .-, (p — 1)2. This contains all quadratic residues.

2
Since (—)? = 22, the list 12,22, ..., (pT_l) contains all quadratic residues. For pT_l <n<p-11<

p—n <t

There are no duplicates in the list, because if 1 < a,b < % with a? = > mod p, then (a — b)(a +b) =0
mod p.

pl(a —b)(a + b) = pla — b or pla + b.

Because 2 < a+b<p-—1,p fa+b, then pja —b. We know that —p < a — b < p, then a = b. O]

Notation (Legendre symbol): For a £ 0 mod p, (%) =

1, ais a QR mod p
—1, ais a NR mod p

Theorem: 6.2: QR Multiplicative Rule

Let a,b € Z, a,b % 0 mod p, (;b) - (5) (g) That is QRx QR=QR, QRxNR=NR, NRxNR=QR

Proof. 1) QRxQR=QR:

Suppose a = s? mod p, b = s3 mod p, then ab = (s152)> mod p
2) QRxNR=NR:

Suppose a = s? mod p and b is a NR. Assume ab = t> mod p. Then s2b = > mod p, b = (%)2 mod p.

Contradiction.

3) NRxNR=QR:

Suppose a is NR. Let QRs be q1, ..., qp—1, NRs be nq,...,np-1
2 2

The list aqi, ..., agp—1 consists of NRs and there are p%l distinct ones, so they are all of the NRs.
2

The list anq,...,anp-1 has % elements and is disjoint from above. Therefore, the list is all QRs. For a
2

NR b, ab is in the list, hence it is a QR. 0

Example: Does 2 = 3157112 mod 13 have a solution?

3457113 314 (5\7 (11)3 5\ (11
Proof. (¥551%) = (£)" (%) ()" = (&) ()
The list of QRs for 13 contains 12,22, 32,42, 52,62 = 1,4,9,3,12,10, so 5 and 11 are NRs.

Thus (%) (%) =1, 22 =3%5711%> mod 13 has a solution. O
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Observation: For n € Z, (—1)F = (=1)F m°d 2 Given n = iqi“ .-+ gF with ¢; disjoint from p. Then

(2)= (3) (&) ()= () )" ™ ()™

Note: <%> = 1. We want to understand _1) , (5) for prime ¢ # p.

Theorem: 6.3: Euler’s Criterion

For a € Z, a 20 mod p, (%)Ea%l mod p.

Proof. By Theorem . 6] the polynomial zP~! — 1 has exactly p — 1 roots mod p.

Since p is odd, 251 € Z. We get 2P~ —1 = < B —1) (x% + > Therefore, 2" —1and 27 + 1 each
have exactly Tl roots.

Consider s Z0 mod p, (32)]%1 —1=s""1-1=0 mod p.

So {roots of 25 — 1} = set of QRs. {roots of zp2 } = set of NRs.

E(%) mod p
ais NR & "7 4+ 1=0 mod p, so for a NR, o' = — E(%) mod p O

[

i.e. alsQR<:>a > 1=0 mod p, so for a QR, a B

—_

1,4p=1 mod4

Corollary 8. <_—1> =(-1 =
Y P (=1) —1, if p=3 mod 4

Using Theorem we can prove Theorem (%) = (ab)% = a7 = (%) (%) mod p.

To upgrade this to an equality, observe that if p is an odd prime and €, € {£1} with ¢ = mod p, then
e = 0. This is because € = mod p = ple — 0, but e —§ € {—2,0,2}, and only 0 can be divided by an odd

) . _ ab) _ (a b
prime p. Thus e — 6 = 0,e = 4, so (?) - (5) (5)'
Example: Compute ().

Proof. By Theorem , we can compute 775 =7 mod 11, which can be done using successive squares,
which is faster (O(logp)) than exploring all squares mod 11 (O(p)). O

-1
To make Euler’s Criterion more useful, we want to investigate a"T mod p. To do this, recall the proof of
Theorem [4.6) by listing all equivalence classes.

Consider the list 1,2, . ,;, adding a negative sign gives all numbers 1 < n < p — 1. Consider also the
related list a, 2a, .. ,%la
Example: p=13,a =7, 1st list: 1,2,3,4,5,6, 2nd list: 7,14 =1,8,2,9,3

Reduce the second list mod 13, we get —6,1, 5,2, —4, 3.

The number of negative signs = the number of 1 < k < % so that ka mod p > %. Call this number pu

Observe that (—1)#1-2-3-4-5-6="7%(1-2-3-4-5-6), so 7% = (—1)* mod 13.

Theorem: 6.4: Gauss’ Criteria

Let a 2 0 mod p, u =number of 1 < k < 25! s.t. ka mod p > 1. Then a B = (—1)* mod p,
and as a result (%) = (1)~
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Proof. Start with the list 1,2,3, ..., %, and consider the related list a,2a, ..., %a. We knoe for each

1<k< p%l, we can work with ka = exyr, mod p for 1 < gy < %, €p = 1.
As a result, the product of elements in the second list is a(2a) - - - (%a) =o' (%)! mod p.
On the other hand,

a(2a)- - <p; 1a> = (e1,y1) - (e,%ly,%Q = (61---6u) (myz%l) == (myz%l) mod p.

2

We need y1 -+ yp-1 = (%)! mod p. One way to guarantee this is for {yl, ...,yp;l} = {1,2, s E}
2 2

It suffices to show that y;’s are all distinct.
Suppose y; = y;, then ia = €;y; = €;y; = £ja mod p. Then a(i = j) =0 mod p.
Since a # 0 mod p, p|i £ 5. Since 1 <i,5 < %, we require 1 +j =0,s801= 17, i = j.
Thus y; - yp—1 = (%)!, so a’T (%)! =(—DHyy - yp—1 = (—=1)H <p%1>! mod p.

2 2
Thus a2 = (—1)* mod p. O

Theorem: 6.5:

1, ifp=1 d8 =7 ds8
Let p be an odd prime, then (g) — A p S OB o
= —1,ifp=3 mod 8 or p=5 mod 8

Proof. We want to use Theorem so we compute u(2,p).
We know that for 1 < k < %, 2<2k<p-—1,s02k modp=2k
_ -1 -1 -1 -1
Case 1: p=1 mod 4, = € Z, p(2,p) = 5= — 5= = I~ 1

1
Case2: p=3 m0d4,plezpl—3+%,so%<k@%+lgk. Hence, M(Q,p):%—%?’—l—i-l:%

Now, we compute (—1)*(P). All that matters is if ;4(2,p) is even. This is a condition on p mod 8 and
there are 4 cases to consider.

Case 1: p=1 mod 8. This gives p=1 mod 4, u(2,p) = % = 0 is even.

Case 2: p =5 mod 8. This gives p =1 mod 4, u(2,p) = % =11is odd

Case 3: p=3 mod 8. This gives p=3 mod 4, u(2,p) = % =1is odd

Case 4: p =7 mod 8. This gives p =3 mod 4, p(2,p) = % = 0 is even. O]

Because we know how to compute (%) and (%) = (%) <§> We just need to know how to compute <%>

when « is odd.

Recall that there are unique gg, i € Z s.t. ka = qp + ri, where —% <r, < p%l.
qr, if rp, >0
q — 1, ifrp, <0

ka _ e 1 Tt 1 ka | _
Thenp—qk—i-p, 2<p<2.Therefore{pJ—{

1 p—1

P

2

3 R
Z LGJ = qu — u(a,p), where p(a,p) =number of 1 < k < p%l s.t. ka modp > p%l (negative

k=1 P k=1
value).
Theorem: 6.6:
p=1
| ka
Let p be an odd prime, a be odd s.t. a # 0 mod p. Then u(a,p) = {J mod 2
p
k=1
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p—1 p—1

2 2
Proof. From before, p(a,p) = Z VMJ + Z gr mod 2. (plus and minus are interchangeable when mod

k=1 k=1
2)
Slnce a ,p are odd ka =qp+ 71y mod 2, k = qr + 7, mod 2.

So qu_Zk—i—Zrk mod 2.
k=1

The hbt of r is exactly €1l,€2, ..., ep;1p2;1 where €; = £1.
2

But —1 =1 mod 2, so the list of r, mod 2is 1,2, ..., %

oirkzik modZandiquQikEO mod 2 O
k=1 k=1 k=1 k=1

Example a="7,p=11, find u(7, 11)

3 25 820 )1, (3] =1, 4] =2 |%) =3
u(7,11)5(0+1+1+2+3) =1 mod2
Also, consider the list 7,14 = 3,10,6,2, u(7,11) = 3.

Geometric perspective:

Firstly notice that V“LJ count the integers 1 < m < % = %k‘.

2
ka
{J =number of lattice points (integer coordinate points) inside the triangle with vertices (0,0),

k=
(% %)’ (%70)~ Write as T'(a, p).

Theorem: 6.7: Quadratic Reciprocity

Let p, g be distinct odd primes. Then (g) = <%) (—1)%%1 Equivalently, (g) <;%) = (—1)1777”;71
Specifically, if p =1 mod 4 or ¢ = 1 mod 4, then 22 = p mod ¢ has a solution < 22 = ¢ mod p
has a solution; if p = ¢ = 3 mod 4, then 22 = p mod ¢ has a solution < 22 = ¢ mod p does not

have a solution.

Proof. (%) (%) = (=19 (—1)Hap) = (—1)rPD+rar) = (—1)TPO+T(ep)

Now, we use symmetry from triangle argument.

T(p,q) =number of interior points with y = %az. T'(gq,p) =number of integer points with y = %x.

The two triangles form a rectangle. Also, there is no lattice point on the diagonal, otherwise, p, ¢ are not
coprime.

Thus T'(p, q) + T(q, p) =number of interior points in the rectangle (0,0), (%, %) = 554, O

Example: Let p be an odd prime, p # 5, when is 22 =5 mod p solvable?

Proof. We want to find (%), we know by Theorem that <g> = (%) (—1)172;1% =(B).

—1,ifp=2,3 mod5

r=122*=14=-1. (§) =
1, ifp=1,4 mod5

Example: p # 7, find (%)
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Proof. (1) = (8) (-1)"7 "% = (8) (-1)"7.

1, ifp=3,56 mod 7 b (1 ifp=1 mod 4
r=1,2322=149=2 (&)= "7 HOTE T Also, (1) = PPE S WO

1, ifp=1,2,4 mod 7 -1, ifp=3 mod4
And we can combine the results using Thereom O

6.1 Sum of Two Squares

Which primes can be written as a sum of two squares? i.e. p = z2 + 4%, 2,y € Z.
eg. ifp=2p=1%2+12

Theorem: 6.8:

If p is an odd prime and p = 22 + y?, then p=1 mod 4

Proof. Check squares mod 4, x =0,1,2,3, 22=0,1,0,1
soz2+42=0,1,2 mod 4. But pis odd, so p=1 mod 4. 0

Theorem: 6.9:

If p=1 mod 4, then p is a sum of two squares.

1, ifp=1 d4
Recall that (ll) =0 p e ,s0if p=1 mod 4, then there is some a with a> = —1 mod p
p —1, if p=3 mod 4

or equivalently, p|a? + 1, which we can write as a? + 12 = pk, k € Z.
The argument is 22 + y% + pk, k > 2, then we can find z,y,t s.t. 22 +9y2 =pt,1 <t < k.
This follows from the following two facts: 1) (22 +52)(u?+v?) = (ru—vy)? + (yu+vr)?; 2) if 22 +y? = 202,

Y

w)2 = z. The second is not literally true, because we don’t

then z should be a sum of two squares (%)2 + (
always have w|z and wly.

Theorem: 6.10: Descent Procedure

Input: write A2+ B%2=pk, 1<k<p

If k=1, then A2 + B? = p, done

Find —%Su,vgg,withuzA mod k, v =B mod k

Notice u? +v? = A2 + B2 =0 mod k, so u? + v? = kt, where 1 <t < k
Multiply k?pt = (kt)(pt) = (u® + v?)(A? + B?) = (vA — uB)? + (uA + vB)?
Notice k|vA — uB and kluA 4+ vB, so pt = (”A%“B)2 + (“A%B)2

SN

Proof. 1. is fine
2. We can do this because of Division Algo (Theorem [1.1J)

3. u> +1v2 =A%+ B?2=0 mod k is clear, so we can write u? + v? = kt.
kt:u2+v2§%2+§:§,sot§§<k
Now we show that ¢ < 1. Since u? + v2 > 0, obviously, t > 0.
If t =0, then u = v =0, k|A and k|B. Since A% + B% = pk, also we have A = ka and B = kb. Then

k%(a? + b?) = A% + B? = pk, then k|p, k = 1 contradiction. Thus ¢ > 1.

4. algebraic manipulation
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5. vA—uB=BA—-AB=0 mod k, uA+vB=A>+B?=0 mod k
O

Proof. (Theorem We can write a' + 12 = pk for some a,k € Z, 1 < k < o, apply Descent proceudure
(Theorem |6.10)) until it terminates with p = 22 + y2. It takes O(log k) steps. O
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7 Arithmetic Functions

Definition: 7.1: Arithmetic Functions

An arithmetic function is a function f: N — C.

Example: 7(n) =# positive divisors, 7(3) = 2,7(12) = 6,7(33) =4
For n > 1, 7(n) = 2 < n is prime.

Example: ¢(n) = [{Z/nZ}"| (Euler’s totient function), ¢(3) = 2, $(12) = 4, $(33) = 30

Example: o(n) =sum of all positive divisors of n,
0(3)=1+3=4,0(12)=1+2+3+4+6+12=28, 0(33) =1 +3+11+33 =148
Example: w(n) =# prime divisors of n, w(3) = 1,w(12) = w(33) = 2

1. w(n) is roughly loglogn

2. w(n) behaves like a normally distributed random variable.

Definition: 7.2: Multiplicative Arithmetic Functions

An arithmetic function f is multiplicative if

1. f(1) =1
2. For all n,m € N, ged(n,m) =1, f(nm) = f(n)f(m)

Theorem: 7.1:

Let f be multiplicative. For any n > 1, n = p’fl phr f(n) = f(p’fl) e f(pk).

Proof. By induction that if my,...,m; are s.t. ged(mg,m;) =1, 1 # j,
then f(my---my) = f(my) - f(my).

O

Note: f(p?) # f(p)*.
Definition: 7.3: Totally Multiplicative

An arithmetic function is totally multiplicative if

1. f1) =1
2. For all n,m € N, f(nm) = f(n)f(m)

Theorem: 7.2:

Let f be totally multiplicative. For any n > 1, n. = p& ... pkr, f(n) = f(p1)Fr - f(pr).

Lemma: 7.1:

Let n,m € Z, ged(n,m) = 1. Then Vd|nm,d > 0, there exists unique divisors dj|n, da|m s.t.
d = dyds.

Proof. Take di = ged(d,n), di|n. Let do = %. Then dydy = d. Also ged (%,%) = 1. So dida|nm =

d2|d£1m = d2|m
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Suppose ej|n, e2|m, with d = ejeq, then didy = d = ejes.

Since ged(n, m) = 1, ged(eq,d2) = 1, so e1]d;. By a similar argument, dyle;. So dy = +eq, but e; > dy > 0.
So di = e.

Similarly, ds = es. O

Note: there is a bijection ¢ : {positive divisors of n}x{positive divisors of m} — {positive divisors of nm}
s.t. gb(dl, dz) = dyds.

Soifn,marecoprime,thenZ-: Z :ZZ

dlnm di|n,da|m diln dz2lm

Theorem: 7.3:

Z 1 and of Z d are multiplicative.
dln dn

Proof. 7(1) =0(1) = 1.

Let n,m € N, ged(n,m) =1, 7(nm) 21—22122121:T(n)7(m

dlnm di|n d2|m diln da|m
Similarly, o Z d= Z dq Z dy | =a(n)o(m). O
dlnm di|n da|m

7.1 Dirichlet Series

Definition: 7.4: Generating Series
A generating series is Z anz"” Z bnz™ | = Z Z a;b; 2.

n>1 m>1 k>1 \itj=k

Definition: 7.5: Riemann Zeta Function

(e.9]
1
The Riemann zeta function is {(s) = E —-
n

~ ‘

n=1
Consider D(s) = Z M ,E(s) = Z g7(ln)7 D(s)E(s) = Z (Z f(a)g(b)> %

n=1 n=1 n=1

We can rewrite the first term as Z f(d (%)

din

Definition: 7.6: Dirichlet Convolution

If f, g are arithmetic functions, the Dirichlet convolution is an arithmetic function fxgs.t. (f*g)(n) =

> f(d)g (g)

dn

Example: Let 1 be s.t. 1(n) = 1,Vn.

Then (1% 1)(n) = Y 1(d)1 (%) =Y 1-1=Y1=7(n)

din dln din
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Example: Let I ( ) =

Then (I * 1)( ZI (g):Zd:a(n)
dn

Theorem: T7.4:

Let f, g be multiplicative, then f * g is multiplicative.

Proof. (f*g)(1)=>_ f(d) ( ) f(Mg(1) =1
d|l
Let n,m € N, ged(n,m) = 1. Then

= 3 st (%) = X sty (7

dlnm di|n d2|m
=33 seanstans (5) ()
=dlz|%f(d1)g< >d22|;1fd2 ( )

= (f*xg)(n)(f*g)(m)

Definition: 7.7: Identity

1, ifn=1
Leti(n):{’ln ,

0, otherwise

Claim 1. If f is an arithmetic function, then fxi= f

Proof. (f xi)(n Zf ( ) f(n) O

din

There is a special class of arithmetic functions f for which there is an arithmetic function g s.t. f*xg =
1.
Example: Let f = 1, f(n) = 1. For g to be an inverse of f, we need f*xg =1 or (f*g)(n) =i(n). ie.
1, ifn=1
> g(d) = .
0, otherwise
dln

(1)=1;n=2, g(2) + g(1) =0 gives g(2) = —1; similarly, n = 3, g(3) + g(1) = 0 gives g(3) = —1
n=4,g(4)+g(2) +g(1) =0 gives g(4) =0
Note g(n) = Z g(d) =0.

dn,d<n
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Definition: 7.8: Mobius Function

1, if n is square free and has even number of prime factors
wu(n) = < 1, if n is square free and has odd number of prime factors
0, otherwise
Square free means no square divisors. i.e. p* with ¢ > 2 are not divisors.

1, ifn=1
Zu(d)Z{

0, otherwise
dln

Proof. RHS is multipicative. u(n) is multiplicative and thus LHS is multiplicative.
Then it suffices to check if this equality holds for n = p¥, p prime, k& > 1.

k
> p(d) = Zu(pj) = p(") + p(p") = p(1) + p(p) =14 (=1) =0

Note that anything larger will have a square divisor and u(p’) = 0.

O

Theorem: 7.6: Mobius Inversion Formula

Let f, g be arithmetic functions, then

fm) =Y gd) & gtn) = Y f(du (3)

dn dln

Proof. (=) Suppose f(n) = Zg(d)

din
S fu(5) =3 X a@ | u(%)
dln dln eld
= Z Zg(e),u (%) = Zg(e) Z 1 (g) (switching sums)
din el|d eld d|n,eld

Note d|n,e|ld < d = ed' and ed'|n or d'|Z.
Continuing the transformation, we get

njfe

=Y g(e) :
WEMICY
= g()i (%) = 9(w)

eln
ie. f=g*xle fxu=gxlxpu=gxi=g. 0l
1 n
Example: ¢(n) :n1|_I <1—p> :;u(d)d @n:dz:qﬁ(d).
pin n n
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8 Extra Topics

8.1 Probability in Number Theory (Analytic Number Theory)

Q1: If I pick two positive integers n, m at random, how likely is it that they are coprime?
Q: If T pick two positive integers n,m at random from {1,2,..., N}, how likely is it that they are coprime?
If we call this probability py, then the limit A}im PN, if exists, is a descent answer to Q1.

— 00

Total number of outcomes = total number of pairs (n,m) s.t. 1 <n,m < N = N2

Total number of pairs (n,m) s.t. 1 <n,m < N,ged(n,m) =1 = Z 1
1<n,m<N,gcd(n,m)=1

1, if M =1

Substitute M = ged(n, m) into the Mobius function (Definition [7.8)), we get Z pu(d) = )
0, otherwise

n|M

0, otherwise

1, if ged =1
we get Z wu(d) = { , i ged(n, m) . Then,
)=1

nlged(n,m)=
) =2 > wd
1<n,m<N,gcd(n,m)=1 n,m<N d|gcd(n,m)

—Z d)#pairs (n,m) s.t. dln,dm,1 <n,m < N
d<N

-S| X]

d<N

Note that % — {%} = L%J
Square both sides (% — {%})2 = L%J we get 2N { } + { } L%J
Since 0 < {%} < 1, by triangle inequality,

B <R T (B <

Then |§° = 22+ 0 {4},

1<n,m<N,gcd(n,m)=1 d<N
N
_ 40 v
=Y oY y
d<N d<N
=Ny B “ Jio|n > - =
d<N d<N

= N? Z ) 4 O (NlogN)
d<N
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==

=2 > 1

1<n,m<N,gcd(n,m)=1

N2 S (N”‘ +0(Nlog N))

PN =

d<N
p(d) log N
=2 g O <N>
d<N
o A(d) _ 6

Therefore, p = i = — = —.
refore, p = Ju pv =3 " =
i.e. If we pick two positive integers n, m at random, they are coprime with probability %

0o 1 2 0o
We know that E — = %, how is that related to E AZ) = E?
n n

o
Consider the Dirichlet convolution (Definition ,

Euler’s Product: Consider

()Mo 3o)-Gogedon ) oeio)

p
9]
1
:ZE
n=1

This is due to the unique prime factorization of integers.
This also shows that there must be infinitely many primes, because RHS is infinite.

If f is multiplicative,

”>:H(1+f(m+f(pz)+'“>-

S 2s
» p p

e
3 ~

If f is totally multiplicative,

/() _ fo)  (f@Y ) !
nZ::l n® _H<1+ p* +(p5> i >_H1—f(p)/ps

p

For Mobius function,

ST (i ) ST (- 5) =

3
Il

—_

kS

> 1
— = E &2) = | | (1 — 2) = probability n, m are not both divisible by p
n p
= p
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Q: If T pick two positive integers n,m at random, how likely is it that m|n?

Start with finite N, gy = 2™ S‘t'NZ’mSN’mm

2. 1= ) 1=) (W)

n,m<N,m|n n<N m|n n<N

Note that %ZHSNT(N) ~log N, so qn ~ % —0as N — .

Why the same technique won’t work for the first problem?

Fix n, how many m < N are there with ged(n,m) = 17

Example: N =15, n =4, ¢(n) = 2. There are 8 such n with ged(n,m) =1

In each modular partition, there are exactly ¢(n) occurrence. But there are either L%J or L%J + 1 different
partitions. The error term cannot be ignored.
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8.2 Fermat’s Last Theorem (Algebraic Number Theory)

Find solutions to 2% — y? = 22 for ged(w,y,2) = 1, i.e. ged(z,y) = ged(y, 2) = ged(w, 2) = 1.
This means that exactly two of x,y, z are odd. WLOG, assume x, z are odd, y is even.

By difference of square (x — y)(x + y) = 22

Since z +y =2 —y + 2y, ged(z — y,x + y) = ged(x — y,2y) = ged(x — y,y) = ged(x,y) = 1.

. k 2k 2k
Write z = py' -+ plr, 2% = pi™' -+ p2hr so (x —y)(x +y) = i - pPhr.
r—y=s>

As a result, there are coprime s and ¢ s.t. { z +y = t2

z=st
o 2+t2
e 82 2 2
This gives { y = t%s . So we find all possible integer solutions to 2% = 3% + 22.
z=st

However, this idea can fail for 23 + y% = 23, gcd(z,y,2) = 1

23 =23 — 3 = (2 — y)(2% + zy + 9?), which cannot be factored anymore in integers.

For 22 + 32 = 2%, we can also consider z2 — (iy)? = 22 where i = —1. Then (z — iy)(z + iy) = 2%

Now, we are wroking with Gaussian integer Z[i]. Since Z[i] has unique prime factorization, this still
works.

2mi

With a similar idea, we consider w = e™3 , w3 = 1 with w # 1.
P -1l=@-1)2+z+1)=(r—-1)(r—w)(z - w?).

Then 23 = 23 + y3 = (x + y)(z + wy)(z + W?y).

Now, we we work with the Eisenstein integers Z[w].

More geneerally, for an odd prime p, there is ¢, = ¢’s with ¢p =1and (,,C2, ..., =l

P =af+yP = (z+y)(z+Gy) - (@+ G y)

Now, we are in Z[(,]. As long as we can show that (p, (g, v Cgil are coprime and there is unique prime
factorization in Z[(,], we are done.

However, it fails. Consider Z[v/5i], 6 = (1 4 v/5i)(1 — v/5i) = 2 - 3 has multiple factorizations. 22 4 5y? =
(x + V/5iy)(x — v/5iy) = 2% won’t work the same way.

This is the issue in Lame’s proof of Fermat’s Last Theorem.

Theorem: 8.1: Fermat’s Last Theorem

For n > 3, there are no positive integer solutions to z” + y" = 2.
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