Basics

October 9, 2020 9:07 PM

Arithmetic in C:
e (a+bi)x(c+di)=(atc)+ (btdi)
e (a+ bi)(c+di) = (ac — bd) + (ad + bc)i
a+bi (ac+ bd) + (bc — ad)i
c+di c? +d?
e z=a+ bi
o Re(z)=a,Im(z) =b
o Izl = /(@ +b7)
o zZz=a-—bi
» I =2z+22z=122(2/z)=2z/z
= |z = |z|

» Re(z) = % (Zz+2)

1
= Im(z) = 5 (Zz+2)
i
» 7z = |z|?
h_nz 1_ 2z
2 gtz Izl

Polar forms
e rcis@ =r(cosf +isinf)
* 7, =1, cisB,z, =1, cisf, then z,z, = ryrycis(6, + 6;)
* De Moivre's formula: (cis8)™ = cis(n0)

The m-th roots of z = rcis@ is { = r%cis (g%k—n)

Can write r cisf = re'®
1 1 6+2km
O zZm =rme m

Planar sets

e Examples
o |z — zy| = p, circle center at z,, radius p
o |z —zy| < p, open disk
o |z| <1, unit disk

e Open sets: Asubset S c CisanopensetifVzy €S,3p > 0:|z — z5| < pliesin S
o 1< |z| <2isopen
o 1< |z| < 2isnotopen

e Connected set: a set for which every pair of points in the set has some polygonal path (several

straight lines) in the set that joins them

o A domainis an open set

e A cut plane is defined as C\(—, 0]
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Analytic functions

October 9, 2020 9:22 PM

Complex Functions
e LetS c C, afunction f with domain S is a mapping from S to C, i.e. Vz € S, there is a unique

f(z)ecC

Limits
* Wy = Zlirzjf(z) means Ve > 0, 35 > 0 such that |f(z) — wy| < € whenever 0 < |z — zy)| < §

Continuity: f is continuous at z; if
e fisdefinedin{z:|z — zy| < §} forsome§ >0
* limf(z) = f(20)
e f=u(xy)+iv(x,y)is continuous at zy = xq + iy, if and only if u(x,y) and v(x, y) are
continuous at (xg, ¥g)

Differentiation
e WriteAz=2z— zo,f’(zo) = % (zo) = lim [(zo+b2)=1(20) _ lim L&~/ (Z0)

AZ—0 Az z-zy Z—Zo

e (f+9)=f+9,(fg) =f'g+fg, quotient rule, chain rule holds
. %Z" =nz"1lforn=0+—-1+-2..
¢ Differentiability and analyticity

o fisdifferentiable at z if f'(z,) exists

o fisanalytic at z, if f'(2) exists for all z in some open disk centered at z,

o fisanalyticin a domain D if f'(z) exists forall zin D
To show a function is not differentiable, find the limit from two directions, Az = Ax and Az =

Ay, show that they are not equal

Cauchy-Riemann equations
e f=u(x,y)+iv(x,y) isanalyticif and only if u, = vy, and v, = —u,,

* ['(20) = ux(x0,¥0) + ivy(x0, ¥o)
e If f(2) isanalyticin D and if f'(z) = 0 everywhere in D, then f(z) is constantin D

Harmonic functions
e ¢(x,y) areal valued function is harmonic if ¢y, Py, Pxy, Py x are continuous and ¢, +
byy =0
¢ Cauchy-Riemann equations gives an easy way to find such functions
e If f =wu+ ivisanalytic, then u, v are harmonic
o Ifuis harmonic and u + iv is analytic on D, then v is a harmonic conjugate of u
o Level curves of u, v always intersect at right angle when f'(z) = 0
e If u and v are harmonic, then
o u 4+ visharmonic
o uv is harmonic if and only if u and v are harmonic conjugate
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Elementary functions

October 9, 2020 9:22 PM

Polynomials: p(z) = a,z" + ap_1z" 1 + -+ a;z + ay, aj € Canda, # 0
* Ifall a; are real and if z; is a zero, then z is also a zero
e Every non-constant polynomial with complex coefficients has at least one zero in C
o A polynomial of degree n has exactly n zeros counted according to multiplicity
e If zy isazero pf p(2), then p(z) = (z — z1)q(2), with deg(q) = n — 1, and we can continue
to factor q

()
 Taylor form of polynomial: p(z) = Z_, p—kleo—) (z — Zo)k
p@) _  (2-21)(2=25).(z—2n)

@ =)@ ~32)-((~Cm)
® Z,,Z,..,Zy are zeros of R and {4, {5, ..., {;;, are poles of R

Rational functions: R(z) =

Exponential functions: f(z) = e? = e**Y = e*(cosy + i siny)
o eZ1pZ2 = eZ1+Zz,_Zl_ = %1722
e?2
. %ez = e%,e? s entire
e Vz € (C,e? # 0,Range(e?) = C\{0}
e Vk€E€ZzE€C,e?=e?2km
o Ife”t =e?, then z, = z; + 2kmi

Trig and hyperbolic trig function
619 + e—lG . elG _ e—lG
e cosf = — sinf = ————
. eiz+e—iz . eiz_e—iz
e Definez € C,cosz = — sinz=——
- . d . d .
o Trig identity holds and -, €08z = —sinz,—~sinz = cosz, T =2m
o The range can become all complex numbers

: : e?—e % eZ+e~ 2
e Definesinhz = — coshz = ——

o coshiz = cosz,sinhiz =isinz

o ——coshz = —sinhz,—sinhz = coshz
dz dz

Logarithm functions
* Logz =log|z| + i Arg(2) is the principal branch of the log, where Arg(z) € [—g,%] is the
principal argument of z
o Wecanhavelogz =log|z| +i (Arg(z) aF ZkT[)tO have all the branches
o On the cut plane, each branch of Log z is analytic
* logz; +logz, holds if we choose branches correctly

o f(z) =logg(z), thenf'(2) = %’((_ZZ))_

e Arg z is harmonic in the domain
* Log|z| is harmonic in the entire plane except the origin
e f(z) =Log(g(z)) is analytic at z provided that g(z) satisfies
o 1g(2)| >0
o —m<Argw<m
e We take 8§ = —m to be the cut, we have L_: = Log|z| + i Arg z to be the principle branch
If we take T to be the cut, we have the domain (z, T + 27]
L; = Log|z| +i(Arg(z) + m + 1)
Lo:= Log|z| + i (Arg(z) + m) flips the domain
E.g. Log(—z) + imr = Ly(z) is analytic

O O O O
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General powers

a alogz a (Log|z|+i (Arg(2)+2km))

e Z-=¢€ = @

1 (n an).
A —+=i .
e in=¢e\2n n /" putonlyn distinct values
e Properties
o When a is a positive integer z" = e"108Z2 = 7. 7.... 2
z% has infinitely many values if and only if « is not a rational real number

O

. a: : d o a o
o In previous two cases, every branch of z¢ is analytic for z # 0, oz =32
(@]

z%Mz% = z%1%% for suitable choices of branches

Inverse trig functions
¢ Since we know the trig functions if we want to find w = arcsin z, we just need to solve the
function sinw =z

1
e arcsinz = —ilog (iz +(1- 22)5)

1
e arcsinhz = log (z + (14 22)5)

Riemann surfaces
e Suppose we have a many-valued function 1 to n, we can produce a 1-1 function by taking the
domain of z values to be n copies of the cut plane suitably glued together.
* This works even if the function is 1 to oo, such as Log z
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Complex integration

October 9, 2020 9:22 PM

y € Cis a smooth arc if it is the range of some z = z(t)a < t < b such that
e Z'(t) exists and is continuous for t € [a, b]
o Z'(t) = x'(t) + i y'(t) is the tangent vector of z(t)
e z'(t) #0foranyt € [a,b]
e z(t) is one-to-one on [a, b], or for a smooth closed curve, z(t) is one-to-one on [a, b) but
z(a) = z(b) and z'(a) = z'(b)

Contour: directed piece-wise smooth curve (arc or closed curve) I' = y; + y2+.. ¥,

Parameterization by arc length

Suppose z(t) = x(t) + iy(t),t € [a, b], then arclength s(t) = fat Jx' W)+ y' (w)2du
Ands'(t) = {x' W2 +y'W)? = |2 (1)

Total length of y = I(y) = f: s'(t)dt = f; |Z'(t)|dt

Partition y is called p,,, let Az, = z;, — zj,_4, then Riemann sum S(Pn) = Z,?zlf(ck)Azk =
fyf(z)dz = 7{Hﬁlos(Pn) where mesh(P,)=arclength of the longest bit of y between any z;,_; and z

If f is continuous on y, then fyf(z)dz = f:f(z(t))z'(t)dt
If f =u+iv, then Az = Ax + iAy, fyf(z)dz = fy(udx —vdy) + ify(vdx + udy)

IfT =y; +y, + -+ ¥y, then [ f(2)dz = fylf(z)dz + fyzf(z)dz + -+ fynf(z)dz

Properties of integrals

. fyaf(z) + fg(z)dz = a'fyf(z)dz +,nyg(z)dz

o IfT =T + T, + - +Ty, then [ f(2)dz = frlf(z)dz + frzf(z)dz + -+ frnf(z)dz
fl,f(z)dz| < MI(T) where M = max|f(z)| on T and [(T) is the arclength of I'

Suppose f is continuous in a domain D and F is analyticin D and F'(z) = f(z) Vz € D, then for a
contour I'in D from a to f3, frf(z)dz =F(B)—F(a)

Let f be continuous in a domain D. Then the following a equivalent
e JF suchthatF'(z) = f(z)vz €D
. fl,f(z)dz = 0 for all closed contour T'in D

. frlf(z)dz = frzf(z)dz, if [, and I, are contours with the same initial and terminal points

Cauchy Integral theorem
e Asimply connected domain D is one domain such that every simple (no self-intersecting)
closed contour in D has every point inside it and in D
o D ={z:|z| < 1}is simply connected
o D ={z:0 < |z| < 1}is not simply connected
o Cut plane is simply connected
e If f is analytic in a simply connected domain D and I is a simple closed contour in D, then

Jf(2)dz =0
o f hasan antiderivative F in D and integrals of f from a to  are path independent
o Green's theorem: [ (Pdx + Qdy) = ffR(%% — %f—/)dxdy
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e Extensions
o Assume f is analytic inside and on a simple closed contour T’, then frf(z)dz =0
o [Ij can be continuously deformed in D to I; but not to I';. Suppose f is analyticin D,
then frlf(z)dz = frzf(z)dz
o Suppose f is analytic in a domain M which is not simply connected (such a domain is
called multiply connected). Lety = y; + ¥, + Y3 (y; are all boundaries of M). Suppose f
is analytic on M and y, then fyf(z)dz =0

= Convention: orient boundary contours such that M lies to our left as we traverse
the boundary

If a function is analytic in D, then it has an antiderivative in D

Cauchy Integral Formula
e Suppose f is analytic inside and on a positively-oriented closed contour I'. Let z, be a point

inside I'. Then f(z,) = i p(;c_(Z)dZ

d . e
o Whenf =1, fr Z—z— = 2mi doesn't matter if I is a general contour
—40

o If f is analytic inside and on T, then the values of the integral on I determines f
everywhereinT
o If z, lies outside I, then fr f%) dz = 0, given that f(z) is analyticinside and on T’
—40

¢ Consequences of Cauchy Integral Formula
o An analytic function has derivatives of all orders

- (n) — nl f@
f (Z) 27T f]" (z_z)n+1 d{

» If f = u + ivis analytic, then all partial derivatives of u, v must exist
o If f is continuous in a domain D and frf(z)dz = ( for every closed contour I"in D,

then f is analytic
o If we want to know G(c) = f%% dz, then
* G'(c) = 2mig'(c)and G"(c) = 2mig" (c)
e Cauchy integral formula holds on a multiply-connected domain M provided we integrate over
the complete boundary of M

Cauchy estimate: let f be analytic inside and on C = {z: |z — z5| = R}. If |f(Z)| < M,Vz € Cy,
then |[f™(z,)] <=5 (n =0,12,..)
e Liouville's theorem: If f is entire and bounded, then f is constant
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Series representations for analytic functions

October 26, 2020 8:46 AM

A sequence is a list of complex numbers ¢y, ¢4, €3, ...
We say {c,, } converges to c and write lim,,,, ¢, = cif Ve > 0, 3N suchthatn > N, |c —c,| < €

An infinite series or series is an infinite sum X;2 c;. The nth partial sum S, = Z;_¢;
* The series converges and has sum s = lim ¢, if the limit exists and is finite
n—-oo

e Otherwise it diverges

Basic facts and examples
e Geometric series: Eﬁocj =14+c+c?+-+c"+--

. 1
o If|c| <1, lim §,, = —, converges
n—-oo 1-c

chti_g
o If|c| >1,5, = 7 diverges
If [c| =1andc =1, S, = n, diverges
o If|c| = 1andc # 1, c™*?! oscillates and does not approach a limit, so it diverges
" Eg. (c=1i)

e P-series: Zfio]—.l,;

o Ifp =1, diverges

o Ifp € (0,1), diverges

o Ifp € (1, 0), converges
o |If Zfiocj converges, then lim ¢, = 0, if the limit is not zero then the series diverges

n—-oo

o Reverse is false
e Comparison test: if |Cj| < M;, and Z;2,M; converges, then Z;2 cj| converges and 2;2¢;
converges
o When Zﬁo |Cj| converges, we say Zfiocj is absolutely convergent

Cj+1

* Ratio test: suppose [ = lim;_, exists

o If L <1, then Z¢; converges absolutely
o IfL > 1,then Xc; diverges
o If L =1, cannot conclude

Sequences and series of functions
e The sequence F(2), F1(2), ... converges uniformly to F(z) ontheset T c C, if Ve > 0, 3N
suchthatn > N = |F(2) — F,(2)| <eforallze€T
* The series X;2;(z) converges uniformly to F(z) on T, if the sequence F,(z) = Z}-’:ij(z)
converges uniformlyto F(z) on T
o Z}’iozj converges uniformly to 1—2 on|z|<r<1,butnoton|z| <1

Power series: %o a, (z — 2o) "
o If X7 ,a,z" converges for some value z = z;, then it converges absolutely for all z with |z| <
|z |-
o Ifit diverges for some value z = z,, then it diverges for |z| > |z].
* Let R=radius of the largest circle within which Z;_,a,z" converges, R is called the radius of
convergence of £;_,a,z".
o IfXy_qa,z™ convergesforall z € C, thenR = o
o IfX;_ya,z" convergesonlyforz =0,thenR =0
o IfZ,a,z" convergesin|z| < R, then converges in every closed disk |z]| < R" <R

. . 1
o Iflim, |a—;‘ﬂ| = L exists, thenR = i
n

MATH300 Page 7



o Iflim,_ e n“an| = [ exists, then R = %

= This may not always exist, we introduce limsup to fix this problem
0 s = limsup s, is the smallest number such that Ve > 0, 3N such that Yn >

N,s, <s+e
¢ If s, = oo, then limsup,, e S, = o, if 5, = —o00, then
limsup;, e Sp = —00

. . 1
0 Iflimsup,e |an| = L exists, then R = |

Uniform convergence

If f,, are continuous on T < C and f,, converges uniformly to f on T, then f is continuous on T
If f,, are continuouson T € C, f, convergesto f uniformly and I' is a contour in T, then
limyco [} fu(2)dz = [ f(2)dz

If f,, are analytic in a domain D and if f,, converges uniformly to f in D then f is analyticin D
Let 2,2 ya,z™ have radius of convergence R and define f(2) = Z;2,a,z" for |z| < R, then f
is analyticin [z]| < R

The derivative of f(z) = Za,z" can be computed term by term, the radius of convergence are the

same

(m) (n)
Actually ap, = 700 and f(z) = 2100 (5 g )"

Convergent power series are analytic functions and analytic functions can be represented by a
power series in some disk

Taylor series

Suppose f is analytic in a domain D, let z, € D, C be a circle of radius r with r<distance from

Zo to boundary of D, then f(z) = E:E Je %g d{, for z inside C and by writing —{iz =
n

1 y(z=2 @)

- pX ((—zo) , we can deduce that f(z) =X — (Z Zo)

eZ=Y—z" R =
n!

_1)n22n+1

sinz=Y—————R=
(2n+1)!
Y G
€082 =L
Logz =22 (z—- 1" R=1
Zn
Log(1—2z) =% ——
10g(d z) -
= = — —_ n — n —
Z—dzLogz—Z( D*"(z-1)"R=1

Laurent series (usually used for functions with singularities)

Z;‘{;_ooan(z - zo)n

O Zzg is called center

o The function is undefined at z; if negative powers
Radius of convergence is an annulus (Ry < |z — zg| < R;)

Z,‘f:oan(z - Zo)n converges for |z — zy| <R,

o

o Z;i_ooan(z — zo)n converges for |z — zy| > Ry
o Series may or may not converge on the boundaries
o Possibly R; = 0 (with only finitely many negative terms)

1 1 (1\"
ez = fo:o;(;) converges for 0 < |z| < o0 (z5 = 0)
!
f(Z)=i_-=1—i;=z+1+§+~--=Z,1L=_ooznfor1<|z|<oo(zO=0)

22 (@-n+1)’ 1 _
f(Z)—Z—_I——?_l———z—_I+Z+Z—1f0r0<|Z—1|<00(Z0—1)
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e General properties
o A Laurent series defines a (single valued) analytic function in its annulus of convergence
o Given f analytic (and single valued) in the annulus R, < |z — z5| < R,, we can always

expand f in a Laurent series

o The differentiation formula is no longer valid, but the integral is still valid with a,, =

1 f

EEI(?_ZFTdC,Tl EZ

o Size of annulus determined by location of singularities (annulus goes up to the nearest

singularities)

1 1 : . .
Eg. f(z) = Pl sy different Laurent series represents f in three

. . 1 Z\ 1 1\
regions, |z| < 1,1 < |z| < 2 with f(2) = (_E)Z (5) _EEZ(_Z) ,2<|z| <
(0]
e Purpose of Laurent series
o Expansion at a singularity
o Expansion between singularities

o Classification of singularities

Isolated singularities:
* An isolated singularity of f is a point z, such that f is not analytic at z,, but f is analytic in
some punctured disk 0 < |z — z| < &
S—irll—z has isolated singularities at nm

o Log z has non-isolated singularities at each z; in (—0, 0]
¢ Singularity categories
o Removable singularity: Laurent series has no negative powers (Zf{’zoan(z - zo)n)
" f(z) s agasz— z
» If fisanalyticon 0 < |z — z,| < & and bounded, then z; is a removable
singularity
= Can remove the singularity and get an analytic function by defining a piecewise
function
* |t means that f(z) has a limit point at z,
o Pole of order m: finite number of negative powers (Z{‘{’:_man(z - Zo)n)
* |f(2)]| - »ifz, - z
" Eg.f(2) = S—‘;—Z has a pole z, = 0 of order 3

= Poles of order 1 are called simple poles (f (z) = iznz—z Zy = 0 has order 1)

= The same terminology used for zeros: and a,, # 0 has a zero of order m at z, if
o) n
Zn=man(z - ZO) , wherem >0
o m=1,z,isasimple zero
o Essential singularity: infinite number of negative powers (2§:_wan(z - Zo)n)

= Casorati - Weierstrass theorem: Vb € C, exists a sequence z, — z, such that
f(zn) — b, also, 3z, such that |f(zn)| - Z

= Picard's theorem: if f has an essential singularity at z,, then in every disk 0 < |z —

zy| < 8, f(2) assumes every complex value with possibly one exception
1 1

0 E.g.f(z) = ez has an essential singularity at z,, but ez can never achieve 0

MATH300 Page 9



Residue theory

November 20, 2020 8:28 AM

Residue: Let f(z) = Zn__ooan(z — zo)n be the Laurent series of f in the neighborhood of an
isolated singularity z, of f. Then the residue of f at z, is a_4, writtenas a_; = Res(f; z,)

1
* Res(f;zp) =a_; = EE,[Cf(Z)dZ

e If fhasa simple pole at z, then Res(f; zp) = lim,_,,, (z zo)f(z)

e Iff(z)= a—) W|th P(zo) # 0, and Q has a simple zero at z, (Q(z,) = 0 and Q' (zo) * 0),
. _ P(2)
then Res(f; zy) = 0z0)

e Note: residue is always a finite number

Residue at a higher order pole
e Suppose f has a pole of orderm = 1 at z,

a a_
f@)= (—Z—m—),ﬁ Tt agta(z=z0) o

then (Z - Zo)m =a_g,+--+ a_l(z - zo)m_1 + e,
m—1
And Res(f 20) = a1 = limy.g, s s (2= 20) ()

Residue theorem:
e Let f be analytic inside and on a simple closed contour C except for a finite number of isolated

singularities z4, Z5, ... Z inside C, then fcf(z)dz = ZniZ}‘lees(f; zj)

Trigonometric Integrals: foznf(cos 6,sin6)do

¢ Change of variables z = e'?
s el = g g = dnRes (i) = i = e With bl <)
s Usually [ e = e = 2o v covs
Improper integrals on (—oo, oo)
f f(x)dx with f(x) = == where P(x) and Q(x) are polynomials, with

o deg Q = degP + 2, f(x) =0 (%), so integral converges
o @ has no zeros on real axis

oo R
f f(x)dx = }%im f f(x)dx
—o - J_p
e Let Sk be a semi circle in the upper half plane, Cp = [—R, R] + Sg,
. R
then fCRf(z)dZ = ZHLZZjECRReS(f; Zj) = [ f(x)dx + fSRf(Z)dZ

<o) =0()~0

This gives that foo f(x)dx = 2miZ,, ECRRes(f' zj)

And as R — oo,

Also, if choose lower half planef fx)dx = —ZnLZLHPReS(f z])

21
* Ee f—°0x4+a4- =

e The formula also gives that ZRes(f; zj) = ZLHPRes(f; zj) + ZUHPRes(f; Zj) =0
Principle value of f_oooof(x)dx is p. v. f_oooof(x)dx = limp_ o f_RR f (x)dx if the limit exists

e Note: ffomf(x)dx is defined to be limp_, 4, fORf(x)dx + limg, 500 f_OR,f(x)dx when both
limits exist
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¢ Principle value can exist even if neither of the limit exists
e Eg. p.v.f_ooco xdx =0

Improper integrals of the form ffomf(x)g(x)dx where f(x) is a rational and g(x) = sinax or
g(x) = cosax
e We can consider fjooof(x)eiaxdx, and this gives the cosine and sine integrals by real and
imaginary parts
e Assume:deg Q = degP + 1 and Q has no zeros on real axis

e Taking the upper half plane, we have f_RRf(x)eia"dx = fCRf(Z)eiaZdz — stf(Z)eiade'
o Jordan'slemma:ifdeg Q = degP + 1,a > 0, then stf(Z)e—iade 5 0as R — oo

* So fjooof(x)eiaxdx = Z”izzjecRReS(f(z)eiaZ;Zj)

e If fis even, then fooof(x) cosaxdx = %ffomf(x)eiaxdx

e If fisodd, then fooof(x) sinax dx = %fjooof(x)eiaxdx

Indented contours: fjooof(x)dx when f has a singularity on the real axis

€ﬁgir_t_£: :I - S S'I_Ej M (W'l see Ahig ‘-‘..».'wgr\, )

L{‘* C- L_~+ S, + Ly gg

iz
T Consider g % dz
c

—

2 . . t
g7 CM\GL-I l,;\‘( ‘ﬂnml % re da =0 ~® L._ Ly K

[
[¢]
v T.§ & 4 -0
C s
As ﬁ—"’nﬂfr-‘)val jj,,S S dz = ?q.gi':‘.i‘p}c
Lel,

@] Turdmi Lewma S\ "‘—\g 12 o s R 0.
Vs (

e N I
. Se.

e v =70

e anw l g\ &‘-3 ‘12 " O.:. -
T-v’. S -; Ay  + e Ty 3 = =&
) - Sinx _ . gie
i.e. ]‘N. .S..- =" - ff‘:;d T S = d2

Note: e'? = cos z + i sin z, that's why we take the imaginary part

elz , oo sinx
Then [, —dz —» —imasr - 0,wehave [ —dx=m
Sy z -0 x

* Actually, limg,_,q) fsr 6712 dz = 2miRes (%z, 0) - [, where L is the fraction that we go through on
the little circle
o In our example, we go through half circle, so [ = %
o If f has a simple pole at z = c and T, is the circulararc of T,: z = c + re'?, (6, < 6 < 6,)
o Then limg) fTTf(z)dz =i(6, — 6, )Res(f;c)
o If clockwise/lower half circle, then we have lim,_,g) fTT f(z2)dz = —inRes(f; c)

o If there is sin ax or cos ax, take e‘®*, then consider separate cases, if pole z; is on the
real axis, then use wiRes(z,), otherwise, use 2miRes(z,)
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Mandelbrot set

November 30, 2020 8:34 AM

Given an entire function f(z) and a point z, € C
e The orbit of z, is {2y, 1, Z5, ... } where z; = f(z;_1), denote f2(2) = f(f(2)) = (f o f)(2)
e 7z, isafixed point of f if f(zy) = z,, its orbit is just {z,}
o Behavior near a fixed point zy: f(2) = f(zo) + f'(20)(z — 25) + -
So f(2) = zo = ['(20)(z = 20), |f (2) — 20| = |f"(20) 12 — 20|
If |f'(z0)| < 1, then f(2) is closer to z, than z
If |f'(z0)| > 1, then f(z) is further to z, than z
o Classification of fixed points:
» Attracting: |f'(z9)| < 1
= Repelling: |[f'(z)| > 1
» |Indifferent (neutral): |f’(zo)| =1
o E.g. f(z) = z? has fixed pointsz = 0and z = 1
= f'(0) =0,z = 0is attracting
» f'(1) =2,z = 1isrepelling
= Orbitofz = re¥ is {z,22, 24,25, ...}
o z,—-0ifr<l,andz, - oifr >1
= Domain of attractionof Ois |z| < 1,and 0 is |z]| > 1
* A periodic point z, (period k) is attracting if |(f¥)'(zo)| < 1 and repelling if |(f¥)'(z)| > 1
e The Julia set J(f) is the closure of the set of all repelling fixed points of f
o E.g.for f(z) = z2, has a dense set of periodic points on |z| = 1,

(9 (20)| = |22 | > LI = (z: 121 = 1}

Mandelbrot set: let f,(z) = z2 + c for c a complex number

e M={c€C f*(0) < ®asn— o}ie.theorbit {0,c,c? + ¢, (c? + c)2 + ¢, ... } does not go
to infinity
e Theorem:
o M is connected

o c¢ € Mifandonlyif J. is connected

2
o For c near 0, the Hausdorff dimension of Jis 1 + 4—'13?2- + o(|c|?)
o Forrealc € [—%,ﬂ,]e is simple closed curve
o Mis asubset of {z:|z] < 2}
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Brief review

January 10, 2022 11:17 AM

A domain in C is an open path-connected set

For f defined on a neighborhood of z, f’(zo) = lim,_,, ﬂ%_—’;(z—oz if the limit exists
—40

e fisanalyticon D if f'(z) exists for all z € D.

Analyticity = Cauchy-Riemann equation: f = u + iv has u, = vy, U, = —,.
* If the partial derivatives uy, u, are continuous, then CR equation means analytic.
e If f =u+ ivisanalyticon D, then u, v are harmonic (Uyy + Uy = VUyy + vy, = 0)
e All level curves of u, v intersect in right angles

Note: f(2) = Log(z) = Log(r) + i0, with z = re'®, 8 € (—m, 7].
e The principal branch has a branch cutat @ = m or {(x, y) :x<0,y= 0} .

Contour integral
» Contour: directed piecewise smooth curve T, z = z(t) for t € [a, b].

* Integral: [ f(2)dz = f(ff(z(t))z’(t)dt.

o It obeys |frf(z)dz| < maxzer|f(z)| -length(y).
e Theorem: suppose f is continuous on D and there is an analytic function F such that F' = f
on D, then [.f(z)dz = F(B) — F(a).
o Independent of the contour
o Zero for closed contour (F must be analytic)

Cauchy integral theorem
¢ Simply connected domain: a connected set with subset enclosed by every simple closed
contour is contained in the domain
o Any closed curve can be deformed to a point without leaving the domain
o Thereis no hole
e If f is analytic on a simply connected domain D and I' is a closed contour in D, then
fl,f(z)dz =0.
e Corollary: if D is a domain and I; can be continuously deformed into I, and f is analytic on
D, then frlf(z)dz — frzf(z)dz.
e Cauchy integral formula: if f is analytic inside and on a positively oriented (counter clockwise)

closed contour and if z, is inside T, then f(zo) = %{ frf—(zl dz.

Z—Zy
o f has derivatives of all orders and £ (z,) = E% F(_f%m dz.
Z—Zy
o Also works on a multiply-connected domain f(z,) = - 12 4,

2mi 'T1+02 z—2z,

Taylor series
e If f isanalyticon D and z, € D, then f has a Taylor series f(2) = Y=o an(z — zo)n
1 @ g, - ()

@) e p—— —_—

an 2mi 9T (z—zo)n+1 Al

* It converges at least in the largest disk in D centered at z,
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Laurent series
e If fisanalyticon D and z, € D, then f has a Laurent series f(2) = Y- —o an(z — Zo)n

an = i F(Z_Zo)n+1

e Typically, the inner circle deforms to the isolated singularity z,

Residue
e Ifzyisan isolated singularity, then Res(f;2z0) = a_; = —1.-f f(2)dz.
o Iff(z) =—= W|th P(ZO) # 0, and Q has a simple zero at z, (Q(zy) = 0 and Q' (zo) *
. _ P(20)
0), then Res(f, Zy) Tz

o Suppose f has a poIe of orderm > 1 at z,, Res(f;zy) = a_q =
m
limgezy =2 (2 = 20)"f (@)

¢ Residue theorem: Let f be analytic inside and on a simple closed contour C except for a finite
number of singularities zy, ..., zy inside C, then fcf(z)dz = 2mi Zle Res(f; Zj).
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Residue theory cont.

January 7, 2022 9:44 PM

Keyhole contour

Integration of rational functions fooof(x)xadx.

e anotaninteger

¢ f arational function with no poles on positive x-axis
e ChooseC =L, +L_+Cy+ Cs.

e Require:

o f(z)z*=0 (Elz—,), forp > 1as R - oo, so that |27TRf(Z)Z“| - 0.
o f(z)z*=0 (Elﬁ)' forg<lasd — 0.
¢ Choose branch of z% with cut along [0, ).
. fcR f(2)z%z = fcsf(z)zadz = 0 with the M - [ bound.
o [, f(2)z%dz = f;f(x)xaez”iadz = —e?2mia f; f(X)x%dx = —e?™a fL+ f(2)z%dz.

* Finally, (1 — e2™4) fooof(x)x‘ldx =2mi ) Res(f(z)za; Zj).
o z; are poles of f.

Argument principle
¢ Def: A function f on a domain D is meromorphic if at every z € D either f is anlytic or has a pole
(no branch cuts or singularities)
o Afunction f on D is holomorphic if it is differentiable at every z € D (no poles).
e Theorem (Argument principle): Let C be a simple closed positively-oriented contour. Let f be

. L. 1 f'(2) _
analytic and non-zero on C and meromorphic inside C. Then %fc o) dz = No(f) = Np(f).

o No(f) is the number of zeros of f in C with multiplicity
o Np(f) is the number of poles of f in C with multiplicity
e Reason for the name
d d d . '@
o For—_-logf(z) = EELog|f(z)| +-iargf(z) = f(—ZZ)
O argz may not be globally well-defined for all z € C.
o Solution: break C into small pieces, small enough that arg f is well-defined on each piece.
. o thie ciece. [ L@
On this piece, fC o)
o Sum over pieces, if C is closed, Log|f(z)| cancels.
1
o Then No(f) = Np(f) = —Ac(argf).

= Ac(argf) is the total change in arg f over C.

dz = Log|f(z)| |Z + i (change inargz from z, to z,).

Rouche's theorem
e Let f and h be analytic inside and on a simple closed contour C, and suppose |h(z)| < |f(z)| for
each z € C.Then f and f + h have the same number of zeros inside C with multiplicity
¢ Corollary: zeros of non-constant functions are isolated

Open mapping theorem
e If fis analytic on D and not constant on D, then its range f(D) = {f(z) :Z € D} is an open set
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Analytic continuation

January 21, 2022 11:03 AM

2
Consider the power series, Log(1+z) = z — Z; +

Z3

3

Is any information loss in representing a function in the cut plane by a power series in the unit
disk?

In fact, a power series in a disk for a function contains all information about f, including its
domain of analyticity, singularities, other branches etc.

4
Z: + -+, which converges for |z| < 1.

Eg f(z) = é, zo =€ >0.

U ST n (z—e)m"
Compute power series -= Yreo(—1) 1 converges for|z—€| <e.

This power series for |z — €| < € determines f(z),Vz # 0.
We can choose z; close to 2¢, and determine f(") (zl) from the power series, and form a new
Taylor series at z;.

()
o f1(z2) = Y=o f—nl'zl—) (z - Zl)n has radius of convergence R, = |Zl|.

By repeating this procedure, can produce f(z), Vz # 0.

Terminology

Power series of f at z; is the element of f at z;
The sequence of centers zg, z4, ... is called a chain of centers
The process of going from one element to another is analytic continuation

Fraction combinatorics

() = flemntensn
n

As we move around the analytic continuation, we may change the branch

Conclusions and theorems

Suppose f is analytic in a domain D and f = 0 on some arc [l € D or even just a sequence of
points z,, = z,. Then f(z) = 0on D.
Suppose f;, f, are analyticon D and f; = f,onl c D, then f; = f, on D.
Principle of permanence: suppose f3, ..., f,, are analyticon D and P(xl, ...,xn) is a polynomial
in n variables. Then if P(f;(2), ..., fu(z)) = 0 for zon some arcl c D, then P(fi, ..., f,) = 0.
o cos?x +sin?x = 1forall x € R, then cos?z + sin?z = 1 forall z € C.
Monodromy theorem: suppose analytic continuation of an element produces elements at all
points of a simply-connected domain D. Then these elements determine a single valued
analytic function on D.
Analytic continuation can sometimes be done by summation
If an element at z, has a finite radius of convergence R, then there must be a singularity of the
function on the circle |Z - ZO| =R.
o Singularity: there cannot be an element at this point
There are functions analytic in a disk which cannot be analytically continued beyond the disk.
o The disk boundary is a natural boundary.
o z+2z%+ 2zt + 284 =Y, 72" has natural boundary |z| = 1.
Riemann surfaces: suppose we have a many-valued function 1 to n. We can produce a one-to-
one function by taking n copies of the cut plane suitably glued together
o Analytic continuation via a chain of centers going twice around the origin yields a single-
valued function on the Riemann surface
o This also works if the function is 1 to oo such as log z.
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Conformal mapping

January 10, 2022 11:03 AM

Applications
e Fluid dynamics (2D problem):
o Find the streamlines (level curves)
o Solution: u(x, y) = ¢ where V?u = u,, + Uy, = 0 outside the wing.
o Method: find f mapping exterior of the wing to exterior of a disk with f analytic
Then solve the problem on the disk and use f to pull back streamlines to D
e Heat conduction
o Find the steady state temperature in the strip with given boundary conditions
o Method: find analytic f mapping strip to upper half plane, solve the equation and use f
to map back to the strip
e Electric potential
o Same as heat conduction

Mapping

e w=f(2)= u(x,y) + iv(x,y).

e eg.
o D={Z=T€i6:0<r<00,0<9<§},W=Zz.
o Thenw =1%e?® |w| =r? € (0,0), argw = 26 € (0,m).

e Properties
o If ¢ is harmonicon D’, then ¢ o f should be harmonic on D

» ¢ o fiscalled pull back

o f:D — D' should be a bijection (one to one and onto)
o Similarity: small figures in z plane maps to roughly similar figures in the w-plane
o Boundary behavior: if f maps dD bijectively onto dD’, then f maps D bijectively to D".

Local vs. global invertible
e Def: f is locally invertible at z if there is a neighborhood of z, on which f has an inverse.
o e.g.w = z%is not globally invertible but it is locally invertible except at z = 0.
e If f is analytic at z, and f’(zo) # 0, then there is an open disk D centered at z, such that f is
one to one and onto f(D).

Conformal mapping
e A mapping is conformal at z; if it preserves angles at z, (both magnitude and sign)
e Let f be anlytic at zy. Then f is conformal at z, if and only iff’(zo) * 0.
e Remarks
o r= |f’(zo)| is a magnification factor
o Letw = f(z) = z%. Then f'(z) = 2z, s0 f is conformal exceptat z = 0. At z = 0,
angles are doubled.
* Since f' has simple zero at z = 0.
o Small figures are rotated and uniformly magnified where f is conformal
If f:D - D' = f(D) is bijective and conformal, then f~1: D’ - D is bijective and
conformal, since by inverse function theorem diw-f‘l(w) = f_’tz_) # 0.
» Also,if f:D - D"and g: D - D' are both bijective and conformal, thensois g o f
since (g° ) (2) = ' (f(D)f'(2) # 0.

* The set of bijective conformal maps f: D — D forms a group (with identity z — z)
Riemann mapping theorem:

e Main problem: given 2 domains (possibly unbounded) with boundaries C, C’, find a conformal
bijective function f:D — D'.
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* Notation: u = open unit disk = {z € C: |z| < 1}.
e Theorem: let D be a simply connected domain which is not the entire plane. Then there exists
a conformal bijection f: D — u.
o Infact, for any fixed z, € D, there is a unique such f with f(zo) =0and f’(zo) > 0.
e Drawback: don't know what f is, only that it exists
¢ The uniqueness entails 3 real degrees of freedom
o Choose zy = xy + iy,.
o Rotation of the disk to ensure f'(z,) > 0 (in general f'(z,) = re'?)
e Corollary: if Dy, D, are any 2 simply-connected domains (both not C), then there is a conformal
bijection f: D; = D,.

Mobius transformations (fractional linear transformations)
b
e Maps of the formw = %where a,b,c,d # 0and ad — bc # 0.

a
b d aZty;  a
o Ifad — bc = 0,then===and w = =—35 = = constant.
a c c 742 c
c
. . aw ad—bc
e Derivative: — = ——.
dz (cz+d)?
o Is never zero
. . . d
o Sothe map is conformal everywhere except at its unique pole z = — =

* Basic Mobius transformations
o Rotationby ¢p:w = f,(z) = e®z(a=e®,b=c=0,d =1)
o Magnificationbyr:w = f,(z) =rz(a=r>0,b=c=0,d =1)
o Translationbyb:w = f3(z) =z+b(a=1,c=0,d =1)
o Affine transform:w = f(z) =az+b = fyo f, 0 f;(2),a = re'® # 0.
= Such a linear f maps lines to lines and circles to circles.

O

. 1
Inversion map:w = f(z) = ;(a =0,b=1,c=1,d=0).
O N e
r
= |nversion in unit circle and reflection in real axis.
e Let S be the set of circles and straight lines in the plane

o Aline is a circle with radius co.
o w =§mapsStoS.
= A circle passes origin gets inverted to a line
= Anelement of S has equation azz — az — az+d = Owithaa > ad (a,d € R,
a € Q)
o a = 0:aline.

2 2 2 2
m ath:acircIe(x—Z) +(y—§) _b* 2 d

a2 a? a'

. . b
o Any Mobius transformation w = Z—:—d maps S to S.

e Alinein Cis a "circle" that passes throuh co. In this case all elements of S (formally lines and
circles) can be thought of as "circles"
o Mobius transformations map "circles" to "circles"

o w=oelf 2_—2_0 maps the upper half plane to the unit disk with 3 degrees of freedom.
—40

o Choose z, = a + bi € UHP for whichw = 0.
o Choose an angle 0 for rotation of disk

Point at infinity
¢ Also called: Riemann sphere, stereographic projection, Alexandroff one-point compactification
e Geometricversion 1
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@)
@)

Get a 1-1 mapping between sphere without the north pole and C.
Gives a bijection from sphere to C U {o0}.

e Geometric version 2

@)
@)
@)

Similar to 1, but have center of sphere at origin
North sphere outside the unit disk
South sphere inside the unit disk

e Analytic version

o

o

o

O O

Consider C U {00}, neighborhood of oo is 0o U F¢ for any closed bounded F c C.
= oo U FCisopen.

Compliment of F on Riemann sphere is an open neighborhood of N.

Themap z — i is a continuous map on C U {oo}.
= 0> ooando - 0.

On R, FC¢ is disconnected, so we need both +co.

On, C, open disks around oo are connected, there is only one point at co.

Schwarz-Christoffel transformation
e Transforms UHP to a polygon
e Let P be a polygon in the w-plane, with vertices wy, wy, ..., w,, and exterior angles
4T, Ay, ..., A, T With @; € (—1,1). Then there are complex constants A, B and real ordered
numbers X, ..., X, (2 of which can be arbitrary) such that w = f(z) maps UHP conformally

one to one onto P, where f(z) = A fzzo({ — xl)_a1 ({ - xn)_and{ + B.

o

A is a magification and rotation, B is a translation.
= A =1,B = 0 gives a polygon similar to P (same angles a7, a5, ... @, ).
Note: sum of exterior angles Y,i*; a;m = 2.
Tangent vectors are not rotated except at x;, where they are rotated by a;m.
Freedom to choose x4, x, doesn't extend to x5, ..., x,,, which are needed to set scale of
sides

Applications to boundary value problems
e Dirichlet problem:

O O O O

2_

o)

AT 77

'\-ﬁ—-‘?or\ AD

Find ¢ defined D such that V2¢p = 0 inside D, ¢ = f on dD.
Solution is unique if D is bounded
Solution exists for nice D and f.
Poisson formula

» D={z:]|z| <R}

; RZ-r2 2m f(Re'

- (‘b(rele) =2 Jo R2—2Rr(cos(6)—t)+r2 ’
For unbounded domains, the solution to the Dirichlet problem may not be unique,
unless some condition at co is imposed (e.g. solution remain bounded)

* eg. D=UHP,V?¢p =0,¢ = 0aty = 0, has solution (;b(x, y) = Ay forany A € R.

¢ Neumann problem

@)

Find ¢ defined D such that V2¢p = 0 inside D, % = fondD.
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. ap
= With¢ = qb(x, y), I (d)x,(l)y) . (nl,nz).
o Theorem: if D is bounded, then the solution to the Neumann problem is unique, up to

an additive constant

o Note:if f: D — D’ is analytic (conformal), ¢: D’ = R is harmonic with % on dD’, then

= ¢ o f is harmonic on D with o _ 0OondD.
p=¢of -

Heat conduction example

=0

N RSN

T //V/T/‘%////
e

V2T = 0in D = {z: 0 < Im(z) < m} with indicated boundary conditions.
Step 1: map strip to UHP
o w = f(z) = coshz.
Step 2: solve the problem in UHP
o Note: the argument function arg z is harmonic in UHP since argz = Im(log z).

o ¢p(w) = %’ (—Arg(w + 1)+ Arg(w — 1)).
o Since p(w) =1Im (% (—Log(w + 1)+ Log(w — 1))), ¢ is harmonic in UHP and obeys
the boundary conditions.

o Writew =u+iv, p(u,v) = %"-Arg(u2 +v2—1+2iv).
Step 3: pull back to stripby T = ¢ o f.

o Letz=x+1iy, f(z) = coshz = coshxcosy + isinhxsiny.

o Sou = coshxcosy, v =sinhxsiny.

o Note:u? + v? — 1 = sinh? x — sin? y.

o T(x, y) =¢ (u(x, y), v(x, y)) = 2—:’ arctan (iri)

sinh x
Isotherms are T(x, y) = const. Given by siny = C sinh x.

2D fluid flow

?3’%§§§§%%§;:z:r

;—\—/\
:-_-_-___\_H"“‘—-—'_“—-N-_‘

S e e e e e A I Y
é-.-;r.. steeomlines
X q.,\o\ Ao

Problem: determine v(x, y) and streamlines

Notation: v = (vl,vz) = v, +iv,.

Assume velocity satisfies v(x,y) - (a,0) as x - —0, a > 0.
Assumptions

o v isindependent of time (steady state), v is smooth.
.. . a a . . . a
o Flow isirrotational (curl free, _a% = —a%) and incompressible (divergence free % +
0).

o There are streamlines along boundary of the obstacle
Define f(z) = vy — iv, = U where z = x + iy.
i iceince v =9y jov _ 9(va), ;
Then f is analytic since x = oy and ay 5 € obeys CR equation.

Let F(z) = fZZO f(()d( (complex potential) independent of path for a simply connected

avy _
ay_

domain
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* |f we know F, we can
o Obtainv:v =v; +iv, = f(2) = F'(2).
o Streamlines: write F(z) = 1p(x, y) + iqb(x, y), Y, ¢ are harmonic, streamlines are the
level curves qb(x, y) = const.
* v isorthogonal to Vg.
e Parallel flow
b

YVYYwy

L

Velocity v = (a,0), a > 0 is constant everywhere
F'(z)=7=a,s0F(z) =az = a(x + iy).
#(x,y) = ay, streamlines are y = const.

Any flows can be mapped to the parallel flow
¢ Flow around corner

12 A4
w
\;¥ o :Ll\ = Z/-c

—

o O O

o

O
T

(=23

| x
o Potential in the UHP is G(w) = aw.

o Potential in z-plane (pull back) is F(z) = G(f(z)) = azg.

o 1=F(z) =%

o ¢(x, y) = 2axy, streamlines are xy = const.
e Cylinder obstacle

L
y—\)i w=lm = 2-"‘; 5
° m i
1
o F(z)= G(f(z)) = a(z +;).
— Y ; Yy
o d)(x, y) =a (y - m), streamlinesare y — iy const.
e Simple barrier
EKMP'le. Y ‘5..-\9"« Borres (A

ws IE“\'\

o F(z) =G(f(2)) = avz? + 1.

o Streamlines are Im (a z%2 + 1) = const.

G w02

* This has genuine application to aircraft design (Joukowsky transformation)
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Asymptotic evaluation of integrals

January 10, 2022 11:04 AM

Examples
e Stirling's formula: n! ~n™e ™2mn asn - oo.
o In more detail, n! = n”e‘”VZnﬁ( + + ———2 +0 (—1§)>
288n n

e Prime number theorem: let m(x) be the number of primes less than or equal to x (x > 0),
then (x)~—— as x — .
log x

O-Notations
o« Ap={z=re®,a<6<pr>R}
* f(z) = 0(g(2)) means 3R, M such that |f(2)| < M|g(2)| forall z € Ap.

o ie. ‘f% < M, forall z € Ag.
e f(z) = 0(g(2)) means Ve > 0, 3R such that |f(z)| < €|g(2)| forall z € Ag.
o i.e.lim,_q fEZ;

e Examples
o f(z) = 0(1) means f(z) is eventually bounded
o f(z) =0(1) means f(z) = 0.
o Iff(z) = o(g(z)) then f(z) = O(g(z))
o Takea = =0,thene” x—o( )foralln> 1.

o Takea=p =0, then———=o( -)forp>0

2x%+ x27P

Def: We say f(2)~S(2) = qa, +——+ 24 if f(2) — Sp(2) = o( ) where S, (2) = Y= 0 —m ™ for
alln > 0.

¢ S(z) may not converge.

* Write ~ instead of = because S(z) may diverge even if f is finite.

e Properties

o Animproved remainder estimate is f(z) —Sp(2) = (Z—l—)

n+1
o Uniqueness: if f(z2)~A(z) = Y- 0 —and f(z2)~B(z) = Yn- 0—5, then a,, = b,, for all
n = 0.
o Asymptotic expansions can be added or multiplied
o Two different functions can have the same asymptotic expansion
e 0+ 2 00 2
X X X
e Example

o I(x)= [, t—+—d ~ ¥, & 113“” for large real x > 0.

(=1)"n! 1
o Ry(x) = 1) — Th_o St = 0 (o9m).

Gamma function
e T(2) = fooo t?~le~tdt for Re(z) > 0.
e The integral does converge for Re(z) > 0.
e T'(2) is analytic for Re(z) > 0, and I''(z) can be computed by differentiating under the
integral.
e Recursion, let Re(z) > 0,thenT(z + 1) = zI'(z).
e Relation to factorial: T'(n + 1) = n! Forn = 0.
1) =

¢ Analytic continuation.
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o I'(z) = Gin-D.(z+D)z with Re(z) > 0.

o RHS is analytic for Re(z + n) > 0 or Re(z) > —n except for simple poles at
0,—-1,..,—(n—1).
o Since n is arbitrary, we get an analytic continuation of I'(z) to C — {0,—1,-2, ..., }.

Asymptotic equivalence
» Def: two functions f(z) and g(z) are asymptotically equivalent f (z)~g(z) if f(z) =
g (1+0(1)).

o i.e.lim,_q— 1@

=1 (limit takenin a wedge).

9(2)
o A more detailed statement: fE ; ~1 + + +
o But often, just knowing f(z)~g(z) is enough, f is hard to compute, g is easy to
compute
e g provides an approximation to f with small relative error, but not necessarily small absolute
error.
V4

o f(z) =2, f(z)~e*asz - con [0,0).

= Absolute error: |f(z) — ez| = |e* _Jlrf| — 00,

. f(2)-e? eZ;:i;‘ 1
= Relative error: ron A NE - 0.

e Commonfis f(z) = fFeZh(Og(()d(, I"is some contour, z = oo in some wedge.
o I'(z+1) = fooo t?e~tdt = z%*1 fowez(log u=u)gy, h(w) = logu —u, g(w) = 1.
o Laplace transform: §(z) = foooe‘Ztg(t)dt, h(t) = —t.
o Fourier transform: §(z) = ffooo e Ztg(t)dt, h(t) = —

Laplace transform
+ §(@) = J; e g(®)dt.
» Expect G(z) for large z to depend only on g(t) fort = 0.
o If g(t) = Yo ant™ for |t| < ty, then §(2)~ Yoo an foo e ?tt"dt.

_ 1 !
o Lletu = zt, foo e ?ttndt = ;—-foooe udu = Z—n—

n+1 n+1°

anpn!
© (Z) Zn Ozrrzl+1

m) (m)
o since a, =, G~ g TS

e Theorem: suppose g is continuous and bounded on [0, 0) and analyticat t = 0 with g(t) =
ann!

Y=o ant™ for |t] < to, then G(z2)~ Yne 0 nr = gz‘—’ + 321 + %2—' + .- as z - o along [0, ).
e Watson's lemma: let §(z) = fo e Ztg(t)dt, b € (0,], where g is locally integrable and
gO~t*¥® ja,tPrast -» 0Owitha > —1,8 > 0.
o ie g(t) —t*YN_oanth" = o(t**Fn)ast - 0*.
o If b < o0, assume g is bounded (|g(t)| < M, Vvt € [0, b]).
o Ifb = oo, assume |g(t)| < Me* for some ¢, M > 0, Vt € [0, ).
o Then g(z)~ Zf=0% as z - o along [0, ).
o Fora =0, =1, matches the previous theorem.
¢ Improved Watson's lemma: Let I(z) = fob e Ztg(t)dt, b € (0,00], with g(t)~t* ¥, a, tF"
ast » 0 witha > —1, f > 0. Assume the integral exists for all sufficiently large z. Then

o . T(a+pn+1
1(2)~ 55 a, "bn)
o) -zt
e eg. I(Z)—f0 ;2+2tdt
o gt =i =
=Y \/_t\[:_
2

o Note: (1+x)P =Y, (ﬁ) x™foranyp € R, [x] < 1.
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o And (fl) Elﬁn_(p_”ill is the generalized binomial coefficient.

Laplace's method
e Informal:I(2) = f; e~ZM® g(t)dt, z — oo along [0, ). Suppose g and h are smooth, a and b

may be infinite.
o Suppose h has a global minimum at ¢ € (a, b), with h'(¢) = 0,h" (c) > 0.

o Then h(t) = h(c) +%h”(c)(t — )2 4 e, @72 = @m2R(E) g=2(R(O-R(O)),
o) Expect I(Z) fc+€ _Zh(c)e_Z[h(t)_h(c)]g(t)dt = e_Zh(C) fcc_-l—ee e_Z%h”(c)(t_c)zg(c)dt.

zh(c)
o Actually I(z)~Y2EE—9(©)

e Formal:letl(z) = fa e~ZM0) g(t)dt. Suppose there exists a unique ¢ € (a, b) such that
h' (c) = 0, suppose also that h”(c) > 0 and that h € C*, g € C?, g(c) # 0. Then I(z) =

Vzme#9g(c) [
1+0(3)]
h”(C)
—zh(c)
o If cisan end point (a or b), instead I(z) = Lyzme 2" g(c) 1+0 (i)]

2 Jzh!'(¢)
. = [® g—zsinh?t = | l
I(z) = [ e7zsinh®tqr = \ﬁ[1 +0(3)|
o g(t) =1, h(t) = sinh?t, h'(t) = sinh 2t, k"’ (t) = 2 cosh 2t.
e Stirling's formula: T'(z + 1) = fooo tZetdt = z%Ze ?\2nz (1 +0 G))
o Llett=uz, fooo tZe tdt = z?*1 fooo e~z(u-logu) gy,

o gu)=1,h@)=u—logu,h'@) =1-=2,h"@u) =

A useful contour integral
o Ip,(v) = fooo t* 1t dt wherev e R, v # 0,0 < a < p.

F(ﬂ) .
_ ) i——sgn(v)
° Ia.p(V) - p|v|a/pe L7 :

e Special case: Fresnel integral witha = 1,p = 2.

1
wt? g _ _(__)_ sgn(v)——
o Ilz(v)—f eVtdt = 2\/_|e :

o Forv>0,1,(v) :% ”1+l ,so0 [ sin(ve?)dt = [ cos(vt?) dt = %%

Stationary phase method
e Change the variable names of the previous integral

A
r\= L2
o hu(2)= f th-lelzt"de = |7(|'f1>/ﬂe 2058 for0 < A<, z€R, z # 0.

e For Fourier type integrals, I(z) = fa e#h® g(t)dt for real-valued g, h.
Riemann-Lebesgue Lemma: f_nnf(x) cosnxdx — 0 asn — oo if f is Riemann integrable
Thus f_nnf(x)ei"xdx — 0asn — oo,

Idea: adjacent peaks and valleys create cancellation in the integral

o O O O

.. b .
Cancellations in fa e‘Zh(t)g(t)dt are least at endpoints due to lack of symmetry and at

peaks where h'(t) = 0 because h(t) varies more slowly there.
e Endpoint behavior for h(t) = t.

o fab etg(t)dt ~ é (eiZbg(b) - eizag(a)) using IBP.
e Stationary point
o Suppose h'(c) =0,h""(c) #0,h'(t) # Oforall t # c.

© Then fc+6 O g(t)dt ~ Ihfz'%ﬂeiZh(C) éeiza, where g = sgnh"'(c).

Stationary phase theorem
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e ConsiderI(z) = fjeiz’l(t)g(t)dt with a finite b > a (possibly infinite), assume:

o In(a,b), h’ and g are continuous, h"’(t) > 0 and g'(t) and f((t))- are continuously
differentiable with the latter integrable on (a, b).
o Ast — at,thereare u > 1 > 0 such that h(t) — h(a)~c; (t — a)*, g(t)~c,(t — a)*

and the first is twice differentiable, the second is once differentiable.

o Ast—-> b7, E((_)' —finite limit which is zero if b — oo,

inc, (A
e ThenI(z)~e 2#;2 F(—)

) (ca )i

eiz h(a)

e Special case:
o Conditions:a = 0, h(t)~c,;t>ast » 0% (¢; = i (0)

o u=2A1=1.
1 in 1
0 1@~ [Fes e &

. 1 .0 . . .
o Half the previous example, the 3 will disappear for an interior point.

—), g(t)~g(0)ast — 0*.

Application to Bessel functions J,,(z).

1 1
e Def: Let f(() = efz({__) (generating function), { € C — {0}. Fixed z € C. Since f is analytic on
Cc—-{0}, |t has a Laurent expansion f(() > %0 Jn(2){™ convergent for z # 0.

f(()
° ]n() Py C{n"'l

2mi
« IfC:|z|=1,we get]n(Z) = [} Tetzsinfeindgg,
o IfzeR, |L(2)|<1.
Dk 1 1

e The power series: J,(z) = ( ) Yreo G~

o Ratio test gives radius of convergence co.
o J,(2)is entire and has zero of ordern at z = 0.

o This is a solution to the Bessel equation J;/ (z) + ]n(z) + (1 — ——)]n(z) =0.

* Asymptotic behavior of J,,(z) = — fzn iz sin 6 -m"de
o g(8) =e "0 h() = 51n9 crltlcal points at =2 need spliting.
= iz sm9 —-inf@ = 2w lZ smB —m9
o J,(2)= v fo e dé + - fn do.
o ~Lcos(z———E)
V2mz 2
i

o —7- nz—n is the phase shift
o This is a damped cosine wave

Method of steepest descent example (Airy function)
e Airy function: Ai(x) = %fooo cos (§t3 + xt) dt.
» Consider the behavior as x — oo along [0, ).

i(§t3+xt)

¢ Rewrite in exponential form: Ai(x) = %f_m dt.

" 00 . 3 1 3
o lett =+xw, Ai(x) = \2/—_7’;[_00 elXZ(W+§W )dw.
© i 1
o letz =+/x,4i(z) = %f_w elzs(w+3ws)dw_
e Leth(w) =w+ §W3, hw)=1+w? h"(w) =2w.
o Critical points: w = +i, h'(+i) = 0, h"' (i) = +2i, ih(i) = _2.
¢ |dea: deform the contour from the real axis to a new contour C which passes through a critical
point
e Write h(w) = u(w) + iv(w).
o We want that on C, we have Im(ih(w)) = u(w) = const = uy, C is a level curve of u
passing through a critical point. Then .. e’ hW) gy, = eiz’uo J: e~ 2 v W gy,
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o iz3h =iz3u— z3v.
o u(w) =x—xy?+ §x3.
* Level curves throughi = (0,1) is x (1 —-y2+ gxz) =0 = u,.
» x=0o0r3y?—x3=3.
= Choose the upper branch of the hyperbola (passing through i) as C, because it is
the part of steepest descent of —v(w).
= The x = 0 is the path of steepest ascent.

1
o v(w) =y -3y +x%.
= Gradient of —v is parallel to level curves of u.
e Deformation from the real axis to C

o Wanttoshow [ e hWgy = Je ez hW) gy,
o The integrand is entire, so local deformation are OK by Cauchy integral theorem
o The only difficulty is at infinity

o Claim: we can deform the contour to any contour going to oo as e with 6 € [O,g),
similarly on left side with 8 € (z?n,n].
. 3; 0 .
= Verification: [ eZ’thW) gy, = foﬁez th(Re®) piif gg.
R
3 B -iR3®sin36 B -iR3*mgz0 1
z ‘h(w)dw| <[ e ""RdO <R[ e”s MF'do = O(F)'
. 2\ _ Z —»3

o SoAi(z?) = Jee? W dw,

e Apply Laplace's method (asymptotic behavior is dominated by w = i critical point)

o Onthe contour C, —v(w) = ih(w) = i(h(i) +h'(Dw—1i)+- i (Q w— i)z).
o h(i) =2i, (i) = 0, h" (i) = 2.

, 2 .
o thw)=-Z-(w-— i)2.
o fe‘zs”(w)dw=f eiz3h(w)dw~e_gz3f e~ P D2 gy = o737 S e tat.

c Ce

2 2
o ~e 5 [Z et dt = gze?zg.
2 3

o Putx = z? Al(x)~a:—1/;e 3% as x - w along [0, o).

Steepest descent theorem
e Lety:(a,b) » CheaC?curve (a = —oo and/or b = o is allowed).
e Let f(w) be continuous along y and analytic at w, = y(to), to € (a,b).
* Let g be a bounded and continuous funciton on y with g(to) * 0.
» Suppose that for |z| = R and arg z fixed.
o fy e“f ™) g(w)dw converges absolutely.
o f'(wp) =0, f"(wo) #0.
o Im(zf(w)) = const for w ony in some neighborhood of w.
o Re (Zf(WO)) > Re (Zf(y(t))) forall t # t,. (—v(w) takes its unique max on y at the

critical point)

« Then [, e Wg(w)dw ~e? ™) ff 1(2_)7_- 9(wp) as z > oo, arg z fixed.
—f""(w

2 (il
. Appllcat|ontoAlryfunctlonAl(x)——f 2( W )

3
o f(w)=ih(w) = l(W+§W ) gw) =1,z = xz.
o Deform to a contour C such that Im(ih) = u = const, Re(ih) = —v is maximal at wy, =
i.

o f(wo) = —g,f”(Wo) =-
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e Example: I(z) = f_oooo e?t(1+ tz)_zdt as z — oo along [0, o).
o Rewriteas[(z) = [, exp (Z(it — Log(1+ tz))) dt.
o Take the branch cut for Log(l + tz) att >iandt < —i.
= Inthe cut plane, Log(l + tz) is analytic.
o Let f(w) = iw — Log(l +w?).
» ffw)=1i-— T 2,WO —i(\/z—l).
© 1) =T ) = S
. f(wo) = —c—log2c(c=v2-1).
» Re(f(w)) =—y—log|l+ w2| =—y-— llog((l +x2—y?)+ 4x2y2).
= Im(f(w)) =x— arctan—— L Im (f(wo)) = 0.
o Path of steepest descent: Im( (WO)) =0.

o Substitute into the theorem:I(z)~Tzzc+1 \/; e % ——,

Laplace transform
e Def: for f:[0,0) — C of exponential order (i.e. 34 > 0, D € R such that |f(t)| < AeBt for all
t > 0), its Laplace transform is f(z) = fooo e 2t f(t)dt.
e Facts
o There exists a unique o € [—o, ®) such that the integral converges if Re(z) > o,
diverges if Re(z) < o.
o fisanalyticon Re(z) > o and (2) = — fooo e Zttf (t)dt.
o If f(t) and g(t) are continuous and f(z) = §(z) for Re(z) > x, for some x,, then
f(t) = g(t)forallt € [0, ).

Inverse Laplace transform
e Complexinversion formula: suppose F: C — C is analytic except for a finite number of isolated

singularities z; and that F is analytic on {z : Re(z) > ¢}. Suppose |F(Z)| < %fcr all|z| = R
with f > 0.Fort = 0, let f(t) = X; Res( ZtF(z);zj). Then f(2) = F(z) for Re(z) > o.

* Note: decay condition is satisfied if F(z) = ZEZ; P, Q polynomials, degP = deg Q + 1.
P .
o With Q(z) having simple zeros at zy, ..., z,, f(t) = Xj=4 eZit Q—,((ZL)) (special case of
Zj

Heaviside expansion theorem).
o The abscissa of convergence is o(f) = max{Re(z,), ..., Re(z,,)}.
¢ Integral form of inverse theorem: suppose the theorem's hypothesis hold, with the rightmost
singularities z; of F on the line Re(z) = o, then the abscissa of convergence of F is g, and

f) = —faﬂoo 2tF(z)dz fora > o .

2mi Ya—1o

Fourier and inverse Fourier transform
« The Fourier transform of an integrable function f: R — Cis f(y) = [ e ¥t f(t)dt.

e Theinverse transformis f(t) = ——f f(y)e™tdy.
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