Introduction & ODEs

May 10, 2021 10:01 AM

Differential equation is an equation that defines a function implicitly by giving a relationship
between a function and its derivatives

ODES: f(x,y,¥, ...,y(”)) = 0.
PDES: f(x, y,u(x, y),ux, Uy, Ugy) Uxy, uyy) = 0.

Let L be the differential operator.

First order ODEs
e Separable equations: g—z =P(x)Q(y).

o Thean() [P(x)dx +C

e Linear equations: E; + P(x)y = Q(x).
o General form: Ly = (Ed;_c + P)y = Q(x).
o Recall = (F(x)y) = F2 + F'y.
o So we can choose F such that;i—i = FP(x),and get FLy = F% + FPy = FQ.
s F = Ae) PO)X ig the integration factor.
= Then we have % (efp(x)dxy) = e P@dxg ().

= Integrating both sides gives the solution

Second order linear ODEs
» Constant coefficient equations: Ly = ay'’ + by’ + ¢y = 0, (a, b, ¢ are constants)

o The differential operatoris L := aD? + bD + c.

o Look for y such that y’ = ry, then we can apply first order techniques.
= This givesy = Ae™.

o To solve for the second order equation, guess y = e’*, r is a parameter to be

determined.

* Then Ly = ar?e™ + bre™ + ce™ = 0.
* Since e™ # 0, we are actually solving ar? + br + ¢ = 0.

-b , Vb2
== + ——2?— with discriminant A = b? — 4ac.
o If A > 0, two distinct real roots 1, 15, general solution y = Ae™* 4+ Be™2*,
b .
o IfA=0,doublerootr =——, general solutiony = (A + Bx)e™.
b , V2
o If A <0, complex conjugate pairry = -5t ——azca——L =Axiu,

¢ general solution y = AeA+ix 4 pe(A-iwx e’lx((A + B) cos ux +
(A — B)isin yx)
e Cauchy-Euler/Equidimensional equations: Ly = x2y"" + axy’ + by = 0.

o Note: The dimension of x2y"’, xy’, y are the same

o Look for y such that x Z—z = ry, then it is the separable case
* Thisgivesy = Ax".
o To solve for the equation, guess y = x”, r is a parameter
* ThenLy = x%r(r — Dx" 2 +axrx" 1+ bx" = (r(r—1) + ar + b)x" = 0.
* Weneedr(r—1)+ar+b=1r +(a—-1)r+b=0.
" r= —g;—l + ¥ (i_iz)z—_@ with discriminant A = (a — 1)?—4b.
o If A > 0, two distinct real roots 1, 15, general solution y = Ax™ + Bx'2.
o IfA=0,doublerootr = —gg—l , general solutiony = (A+ Blnx)x".
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o If A <0, complex conjugate pairry = =+ ——2———i =Atiu,
¢ general solution y = C;x*# 4 C,x?~# = x*(A cos(uInx) +
B sin(uInx))
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Series solutions of differential equations

May 10, 2021 10:12 AM

Taylor series
e PowerseriesS(x) = ap+ a1 x + -+ ax™+ =Yoo apx™
* Suppose we have a function f and know all its derivatives
o Letf(x)=ay+a;x+--a,x"
o Then f'(x) = a; + 2a,x + - + nanx"‘l + ..
o And fM™(x) =nla, +— (n+1) = A1 X + -
7 £™(0)
o This gives that f'(0) = al,f (0) =20y, ..., = Gp.
™ )
© Sof(x)_f(0)+f(0) + - + (0) x4 =3 i (02

= Ln=0
» Ifitis about a point x;, we have f(x) = Z;’f’ 0

- (x°)( xo)"™.

We can generate the derivatives of the solution from the ODE

Undetermined coefficients
e Egly=y"-2y=0
o Assumey = Yo, X",y = Yo nayx
o ThenLy = a;x° + a,2x + a33x% + - — 2(ay + a;x + a2x2 + ).
= (a1 - 2a0) + (Zaz - 2a1)x + (3a3 - 2a2)x +--=0.

n—-1

» Thena; = 2ay, a, = a; = 2ay, 3a3 = 2a,, a4, = En—TO
* Soy(x) —a0(1+2x+(21) + - )=a0e2"
o Anotherway: Ly =Y o1+ Dx™ =2Y 7 pa,x" =0
= Then check the coefficients
e Eg. Ly =1y" —xy = 0(Airy equation)
o Note:y” — c?y = 0 gives exponential solutions
=y +c?y= 0 gives sin and cos
o lety =Yoanx",y' = Eiiinax" "t y" = Eion(n — Dax" 2
o ThenLy =Y7__(n+3)(n+ 2)an+3x”+1 Y2 o anx™tt = 0.

= 2-1a,=0.
" And(n+3)(n+ 2)an+3 = a,.
4 7

LN () 1+ x6 — 4 )+ +x_‘+_i_+...
0YyX) = o T o532 U\X T 37 7643

Ordinary points and singular points
e Eg. ly=(x-1y"+y"=0.
o Thesolutionisy = Cln|x — 1] + D.
o Consider a Taylor series expansion about x, = 0,y = Yo apx™
= Ly =Y¥aon(n— Dax™ = L, n(n — Danx™? + Loz nax™™h
* ThenLy = Y5 ,n(n— Dax™ 1 =¥ n(n+ Dapx™ 1+ X0 nax™ 1.
o —1-2a,+a; =0.
o n(n—1)a, —n(n+1)a,,; +na, =0.

0O Soapy = el

x? x"
o Soy(x) =ay +a1(x+7+-~+7+---).

o Consider the expansion about xg =1,y = Yo a,(x — 1™

* ThenLy =Y ,a,n(n—1D(x— D" 1+ Y% an(x— 1)L

= Thisgivesy = ay.
o xo = 0 yields two solutions, ag and —a; In|x — 1] .

= xy, = 0is the ordinary point of this ODE
o xu = 1yields only the regular part of the solution y = a; and does not capture the

ay.
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singular behavior that occurs as x, = 1, namely, —a; In|x — 1] .
o When expanding about the ordinary point x, = 0, the radius of convergence of the
series is at least as far as the distance between x; = 0 and the nearest singular point

xo = 1
 Def: Consider the general second order linear ODE, P(x)y" + Q(x)y' + R(x)y =0
Equivalently, we have y" + gg;y igiy 0,
o Ifp(x) = P( ) =po +p1(x —Xo) +---and q(x) = ;ﬁ =qo +q1(x —Xo) +-

p(x) and q(x)a are analytic at x = x), then x = x is an ordinary point
» ATaylor expansion of the formy = }.¢° an(x - xo)n will yield two independent
solutions
o If p(x) or q(x) are not analytic about x = x,, then x; is a singular point
e If xy is an ordinary point, then the radius of convergence of the power series y =

Y=o an(x — xo) is at least as large as the distance from x, to the nearest singular point

Frobenius Series
e Eg2xy'+(2x+1y=0
o Singular pointat x = 0.
o Solution:y = x—f/; e™™.
o We should try a solution of the form y = x" >.5° a,,x™ (Frobenius Series).
" lety = Y0 0a,x™T,y =32 sa,(n+ r)x™tTL
* Then X5 o2a,(n + )x™7" + Y5 a,x™7 + Y5 2a,x™7 = 0.
o a,(2r+1) =0.
o a,(2m+2r+1)+2a,_,=0.
e Around certain classes of singular points x,, we can assume a Frobenius series y =
n+r
Zn 0 an(x - xO)

e |fwehavea coeff|C|ent that vanishes even more radically

1
o E.g. Ly =2x%y +(2x+ 1)y =0, solutionisy = %eﬂ (essential singularity at 0).
» Consider the general second order linear ODE P(x)y"" + Q(x)y' + R(x)y = 0
o We can rewrite it as (x — xo)zy” + (x —xp) (Lx;;f‘(’—if—(x—))y’ + (x— xo) igg
fo_xz_);g_(x_) and (x - xo) g 3 are analytic, then x = x is a regular singular point,

* the Frobenius series y = Yny an(x = xo) " will yield 2 independent solutions
to the ODE which satisfies the equation r(r — 1) + por + qo = 0 (indicial
equation)

: Q

0 Ppo = limyy, (x — %o ;%.
_ 2R

0O qo = limy_,, (x = xo) ;%.

. . 2 124 !
O This gives (x = xo) y + (x = xo)poy +qoy =0
= Radius of convergence is the distance from x, to the nearest different singular
pointin the complex plane
o f(—x—;‘(’—)f—(x—) or ( xo) P( ) are not analytic, then x = x; is not regular (irregular
singular point).
e Eg.Ly=4x?y" —(x*+x)y'+y=0.

o xg # 0 areall ordinary points, we can use Taylor expansion directly.
o0 xo = 0is a regular singular point

* NOTE: py = hmx_)o x_(ﬁﬁ =—= and qo = lim,_ x?2 412 = i.

m r(r—1) _Zr+Z = 0 givesr :Z’l'

x  x? 1 x | x?
= Theny;(x) = apx |1 +-+ -+ Jand y,(x) = apx+ {1+ + 5+ ).
O The radius of convergence is .
= We can also plug in the series to calculate r directly.
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Radius of convergence

* For a series of numbers Y5’ ¢,,, the ratio test is limy,_, 5’:—1 =r,
o Ifr <1, converges
o Ifr =1, test fails
o Ifr > 1, diverges
. Ay x™FT
e Thenlim,_ ;—1”177;; will give the radius of convergence.
Bessel functions
o Ly=x%"+xy' + (x* —v?)y =0 withv ¢ Z.
e x = 0is aregular singular point
. X . JCZ—'V2 2 2
o po = limg_,q X = 1, qo = limy_,, —z X = v
e Indicial equation:v(r — 1) +r —v2 =12 —v2=0,7r = +v.
 Using Frobenius Series y = Y5 a,x™*", we get
o ap(r?—v?)=0,7=1v.
o a((r+1?—v?) =a;(1+2v)=0.
= fyv = —%, a, is arbitrary
= Otherwise, a; = 0.
e Whenv € Z,and v # —%
= __ 92
© Qn (n+v)2—v2
. = __9n-2
Ifr=v,a, S
_ (-1)"ay
" fn = L))
* This gives y, (x) = agx” X3 ()P
& Y+ 0 0 ni2zn(14v)..(n+v)
* Andy_(x) = apxV %9 1)
Y- -0 0 nizzn(1—v).. (n-v)’
e Whenv =0.
o This givesr = 0.
Ay (-1D)™a (—1)Mx2m
O am = =73 Gam = e Y1(X) = a0 X§ e
x? x*

a
o To get the second solution, use ——ayx” (1 — ) atr =0.

ar 24712 (2+7r)2(4+1)2 "

2
= This gives yo(x) = apglnx ),y (222(7:')2 + a, (x: — )

e Whenv = %
1 1 .
o Whenr :—,a1(1+2-—) = 2a, = 0givesa; = 0.
2 2
. g = — an—2 - _ an—2 .
n (n+%)2_12 n(n+1)
1 x?  x* sin x
= y1(x) = apx2 (1 -5t ) = oz
o Whenr = —%, a;(1+2r) =a,(1 —1) =0, a, is arbitrary.
- _ an—2 _ _ _On—2
n = T )

x?  x* cos x

= y;(x) = apx 2(1_ET+ZT_"') = Qo377

= Third solution spawned by a;.
sin x
0 y3(x) = a1 217z

0s x sin x
* The general solutionis y(x) = aO

1z T4 a7
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PDEs

May 10, 2021 10:12 AM

Classifications
e ODEs: f(x,u(x),u’(x)) =0.
e PDEs:
o First order linear PDEs: a(x, y )uy, + b(x, y)u, = c(x,y)u.
= Solutions are surfaces
o Second order linear PDEs: auyy + 2buy,, + cuyy, + duy + euy, + fu =g.
* q,b are functions of x and y.
= Solutions are surfaces
* Recall quadric surfaces: Ax? + 2Bxy + Cy*> + Dx + Ey = F.
o Discriminant A = B? — AC.
o IfA <O, ellipse
o IfA > 0, hyperbola
o IfA =0, parabola
» Define discriminant A = b? — ac.
o IfA <0, elliptic, e.g. Laplace's, Poisson equation
o If A > 0, hyperbolic, e.g. wave equation
o If A =0, parabolic, e.g. heat equation

Conservation law and wave equation

X, (X +ax
% /—). WX, 4) q/—yfs)
X X4+ AX
AX

e Letu(x,t) be the density of cars at x at time t, q(x, t) be the flux of cars.

e Conservation principle: cars are neither created nor destroyed
o Changein# carsin [x,x + Ax] over period [t,t + At]=# cars entering - # cars leaving
o ie u(t+ At)Ax —ulx, t)Ax = q(x, t)At — q(x + Ax, t)At.

e Divide both sides by Ax and At, we get Z—? + %% =0.
e Andg = cu, so Z—TZ + CZ_Z = 0. (constant coefficient equation)
o Guessu(x,t) = ek**9t gjven that o = —ikc.

e Infactu(x,t) = f(x — ct) is a solution
Galilean transform

e X' =x—ct,ulxt)=f(x—ct) =fx").

d AL o\ _ 2. .
. (at +c ax) (at c ax) U = Uy — €Uy, = 0. (wave equations)

Motion of an elastic bar

CCX+A%, +) ®—”-‘D

X KAAx

2
e g(x+Ax,t)A —a(x,t)A = pAAx %t—g.

e Divide both sides by AAx, we have %% = PUy.

o Hooke's law gives ¢ = Eu,.
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E
e Thenuy = - Y-

Random walks and heat equation
Erat - - - - ! . L ]

+ . F'Y . - * L
K-dx X Kb
e Letu(x,t) be the density of fruit flies on the tree at x at time t.
o u(x,t+ At) = pu(x — Ax,t) + (1 — Zp)u(x, t) + pu(x + Ax, t).
d

a2 .
. a_ltl =D ——u. (heat equation)

ou %u
* In2D,5 D(Em2 ay)

. Obtalnlng the heat equation from a conservation Iaw — + —=0.

Finite difference method
e Taylor series gives:

o First derivative approximation: flat b7 ) _ f'(x )+ > Z £ (x) + -

Ax
= Or ELAX—;A%(X—EE fx) + ——f(3)(x) + . (More accurate)
2
o Second derivative approximation f(x+AX) Zgi)”(x A0) _ ")+ élx?f(‘t) (x)+ -

e Forward difference approximation
o £(x—+£()—&2 = f'(x) +4 f”(x) (order Ax).
e Central difference apprOX|mat|on

o L(X_Jrﬂ;_Aiﬁ_AX_) f'(x )+——f(3)(x) (order Ax?).

e Approximation to second derivative by central differences
o fx+Ax)—-2f(x)+f (x—Ax) f”( )+__f(4)(x)

Ax?
e 1D heat equation Z—? = az‘; —, u(0,t) = u(1,t) = 0,u(x,0) = f(x).
o Discretion: u_(xil-ﬁ)_u(_xﬂ ~ q? u(x+Ax,t)—2u(x,t)+u(x— Ax,t).
At Ax?

t
o This gives uk*! = uk + a2 (EE) (uk g —2uf +uk_)).

= k for time step, n for position.

2\ 2
e Swift-Honhenberg equation %% =€u-— (1 + _a_) u—us.
. L . ou 2%u . 0%u , .
e With heat equation in 2D, if — Pyl = 0, we have ez + 52 = 0 (Laplace's equation)

o u(xn' Ym) ~ Unm-
o Discretion u"+1'm_zz;1'2”l+u"‘l'm + un'm+1_ZZZ'2’“+u”'m‘1 = 0.

u +Uup— +u +u -
o Suppose Ax = Ay, we have U, ,, = LR Rl

4
k k k k
k+1 _ Yn+imtUn-imtUnmi1tUnm-1
© unm - 4 .
e Wave equation Uy = CZuxx' u(0,t) = u(L,t) = 0, u(x,0) = f(x), us(x,0) = g(x)
k+1 k k-1 k k k
. . u —2untu u —2ul+ul_
o Discretion; —="nT"n  — o2 ndl “TnT Inoq
At? Ax2
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Fourier series

May 27, 2021 1:29 PM

Fourier series example
e f(x)=x,L=1.

_4\n+1
o Thenb, = Eflx sin(nmx) dx = ﬁn%)t—
o Sof(x) =x~=X7 (—17)1—— sin(nmx).

* Eigen function f(x) = sin(3mx).

o Then b, = 2 [ sin(3mx) sin(nmx) dx = {2 Z i g = 8,3
o Note: §p = {0 n f Z is called the Kroneker delta function.

e Eigenvalue problems in the real world
o Euler's beam X"’ + (%)X =0, X(0) = X(L) = 0.
L Pa_ _, _ (nm 2 _ ni\ 2
. A,;—(L)  then P, = EI (*%).
= P = EII% is the critical value (the first mode sin (ELE)).

Zg: ||j§|I ; il’ v+ (hb;/:r(;)l/) =0,9(0)=y(L) =

o Quantum mechanics o well V(x) = {
0

Full Fourier series
e f(x)= @ + X1 a, cos (EE) + b, sin (%’f)
—f f(x) cos (nnx) dx = - CC+LLf(x) cos (——) dx.
——f f(x)sm(——) ——fc Lf(x) n(——)dx
If f(x) is odd, thena, =0, b,, = —f f(x)si n —— dx and f(x) = X9 b, si n(nnx)

=l

s L

If f(x) is even, then b, = 0, a, = %fOLf(x) cos (TLI—X) dx and f(x) = % + Y1 a, cos (%)

UX £ 27
RS

§
I

—L

2L
7 2 a7

Eg f(x) = {O;c_()n<<xx<<7r0’ find the Fourier series with period 27, L = m.

1, T
o) = = = =
ag =~ J, xdx =3

o a, = lfnx cos(nx) dx = _n_z_ if n is odd.
n+1
o b, = —f x sm(nx) dx = (—31——.
oo COS(2k+1)x o (=D
o Sof(x)=—— —Z 0 “2rrD? T sin(nx).

E.g. find the Fourler sine series for f(x) = x on [0, ]

MATH316 Page 8



o by f xsm(nx)dx—Z( 1).

o f(x)=2Y7 _T_ sm(nx)
e E.g. Fourier cosine series for f(x) = x on [0, ].
o a0=%f:xdx=n.

o a,= Efnxcos(nx)dx = _11'_4_ if nis odd.
os(2k+1)x

o C
© Sof() =1~ EF G
e E.g. determining the Fourier series of period 7 for the function f(x) = x sampled on [0, ]

o Period: 2L = 1.

2s= /7
! FEioD

= %f_%f(x)dx = %(f_ogx + mdx + fOExdx> =

o ap= %ffzf(x) cos (%’f) dx = 0.
2

o b, = Ef_g',_rf(x) sin (273) dx = —-.

oo sin(2nx)

o S0 f(x) = 1 - gp e

Convergence of Fourier series and the Gibbs phenomenon
e Let f and f' be piecewise continuous functions defined on [—L, L] and let f be periodic with

period 2L, then f(x) = @ + >{" a, cos (275_") + b, sin (275_")
= —f f(x) cos (nnx) %fCCjLLf(x) cos (EZ—x) dx.
== f_ f(x)sin (——) =1 fCC_JrLLf(x) sin (En—x) dx.

b, =
* And the Fourier series converges to f(x) at points where f is continuous and to = (f(x0+) I

f(xo_)) at x, where f is discontinuous
e The Gibbs phenomenon: jump is equivalent to a step function

o Jump:J = f(xo+) = f (o).
o g(x) = f(x) —JH(x) is continuous.
Ju

F60 = F2) =T HED
CONTratedas

// He=)

o All jumps can be expressed by the Heaviside function

o The Fourier series for the Heaviside function
o Sin(2k+1)x

" by=2—— k=0,1,. S(x)——Z )

m2k+1’
4(N+
» sylx )—>—(n——)asx 0.
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! = ="
= |f we want SN(xO) = 0, then xy, = TTE
= Convergence is pointwise but not uniform
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Heat equation

May 10, 2021 10:12 AM

Dirichlet boundary value problems

e Givenu; = a?uy, 0 <x <L, t>0u(0,t) =u(L,t) =0,u(x,0) = f(x).
« From previous info, u(x, t) = etkxg—a*k*t

o ks called the wave number, e
¢ Need to find the k values so that the soulution matches the boundary conditions. These values

are determined by the solution of an eigenvalue problem

e Separation of variables

o Guessu(x,t) =X(x)T(t).

o Pluginto u; = a?u,,, we have X(x)T'(t) = a?X"' (x)T(t).

o Divide both sides by a?X(x)T(t), EY;’_?E% = 5};%:;—)

') _ X"(x)

o They must equal to a constant 4 2TE X t) because x and t are independent.

ik(x+A) — e ikx

o For lz— =1, we getﬂ = 1a?, T = Ce%*,
a”T T
o For™—=1,X(0) = X(L) = 0 (by boundary condition u(0,t) = u(L,t) = 0)
= we get an Eigenvalue problem X" = AX, X(0) = X(L) = 0.
» fA=pu?>0,X" —u?X =0,weget X = Acosh ux + B sinh ux
o Inthiscase 0 = X(0) = A.
o 0=X(L) = BsinhulL, then B = 0.
o ThenX = 0.
= fA=0,wegetX =Ax+B
o still have the trivial solution X = 0.
» IfA=—pu?<0,wegetX = Acospux + B sinpux.
O ThisgivesA =0, uL =nn

o So X, (x) = sin (% x) are eigen functions.
O Then corresponding eigenvalues are 4,, = — (——) .

—a2 ("
o Final solution u,(x,t) = X,,(x)T,(t) = sin (EZ—Tx) e (L) £
o Because the PDE is linear, a linear combination of solutions is also a solution.
. . (nm —az(ﬂ)zt
* Then we have the general solution u(x, t) = Y.7° b, sin (—L— x) e L/ ",
= Using the initial condition u(x, 0) = f(x), we get .7° b,, sin (ELT—I x) = f(x).
O This is the Fourier series expansion of f(x).

Neumann boundary conditions
o U = Uy, Uy (0,8) = u, (L, t) = 0, u(x,0) = f(x).
* Using separation of variables, we get T(t) = Ce®* Mt
¢ And eigenvalue problem gives X(x) = A cos ux + B sin ux.
o Whenl=—pu?<0,X'(x) =—Ausinux + Bu cos ux, plugging in X'(0) = X'(L) = 0.
2
* ThenB =0, u, = TZ—”, Ap = — (nL—n) , Xn(x) = cos (27Z—x)
o When 4 = 0, eigen function X, = 1.
o When A = u? > 0, trivial solution X = 0.

nm nmnx

o Overall, 4, € {0} U {— (T)Z}m , and corresponding X,, € {1} U {cos (T)}:_l
n=1

o Period of eigen functions cos (nL—n), P, = g

= Fundamental period: P; = 2L.

—a2(™m)’
e General solution: u(x,t) = Ay + Y7 Ape ™ (7))t cos (E’LT_")
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nmnx

e Initial condition: f(x) = u(x,0) = Ay + 2.7 4,, cos (——)
=2 F 0 .
= —f f(x) cos (knx) dx.

A,n=1
o Alternative form: let a,, = Zfo f(x) cos (TLI—X) dx = { n 1t

2A0,n =0
* Then, f(x) = % + >.{" a, cos (2:—’6)

Periodic boundary conditions and full Fourier series
1 1
® Up = Upp + Uy + 5 Ugg-
o Ifu(r,0) =u(0) (r constant, u(rm) = u(—rm)), we have u; = ;12— Ugg = Ugs Where s =10,

o letl =rm,s =x,wegetu, = azuxx, —L<x<L
o LettheBCandICbe u(—L,t) = u(L,t), uy(—L,t) = u,(L, t), u(x,0) = f(x).

o Separation of variable, T(t) = Ce® 2t

o And the eigen value problemis X" = AX, X(—L) = X(L), X'(—L) = X'(L).
* When 1 =pu? >0, X(x) = Acosh ux + B sinh ux and BC gives X = 0.
* WhenA=0,X(x) =Ax + B,and BCgives X = 1.
* WhenA = —u? < 0,X(x) = Acos ux + B sin ux and BC gives u,, = nL—n

2
o Eigenvalues: 1, € {0} U {— (”L—")

o Eigen functions: X,,(x) € {1} U {An cos (Ejf) + B, sin (EE)}

o General solutionu(x,t) = Ay + Y7 e™ z(lm)z {A cos (—L—) + By, sin (erx)}

o The IC gives the full Fourier series u(x,t) = Ag + X.7° {An cos (—L—) + B, sin (Tx)}
= gﬁ fl)de =,
= —f f(x) cos (k—mf) dx = ay.
= —f f(x)sin (—:—) dx = by.

Determining the Fourier coefficients
e Expanding a vector f in terms of basis vectors e; and e5.

F=rve+be

te=be.g rbe, 6 k=i

[ el e\ ez‘e\ ID‘ '9- @]
=
e.e e,.c||®
Vo2 Z2- "z ‘F.C’z
fex

o Ife; Le,,wehavee; e, =0, b, = P
k'€k

e Iff=1[fifofulandg = [91 9> ...gn] are vectors of points f; = f(xl-), thenf-g =X1f.9:.
L
o Thenf-g=~ [/ f(x)g(x)dx
e Using above, we have b, = %fol“f(x) sin (ETLI—X) dx.

Summary of eigen functions subject to homogeneous conditions (alln = 1)
e PDE u; = a?uy,, IC:u(x, 0) = f(x).
¢ Dirichlet boundary condition u(0,t) = u(L,t) = 0:
o Eigen values: u,, = nL—n
nmx

o Eigen functions: X, —sm(—L—).
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e Neumann boundary conditions u, (0,t) = u,(L,t) = 0:
o Eigen values: u, € {0} U {E}
Ln=1 o
. . nmx
o Eigen functions: X,, € {1} U {cos (_L_)}1 .
e Periodic boundary condition u(—L,t) = u(L, t), u,(—L,t) = u, (L, t):

o Eigen values: u, € {0} U {nL—”}
n=1

o Eigen functions: X,, € {1} U {cos (TLT—x) ,sin (TLT—x)} )
1
¢ Mixed boundary condition Au(0,t) = u,(L,t) = 0:

o Eigenvalues: u, = @2;;)—”
o Eigen functions: X,, = sin (@%)—mﬁ)
= Period: 4L
¢ Mixed boundary condition B u, (0,t) = u(L,t) = 0:

: 2n-1)m

o Eigenvalues: i, = ————
2L

o Eigen functions: X,, = cos ((—21:—)73)

Heat equation subject to inhomogeneities

* PDE: Uy = aZuxx + g('x! t), U(O, t) = ¢0(t), u(L' t) = ¢1 (t), u(x, 0) = f(x)
e Special case, g = 0, o = uy, 1 = uy constant, this gives the steady state solution.

B
gu77Y Quh u:m
U=U;
- +
[ )
4
0 LxX L
STEATY TN T
SO S

¢ |nitial boundary value problem (IBVP):

O U = AUy, u(0,t) = uy, u(L, t) = uy, u(x, 0) = f(x).

o We want to find a steady state solution w(x), such that w(x, t) = w(x), w; = 0.
= This gives thatw = Ax + B,
* Match BC,w = E%u—ox + uy.

o Transient solution: let u(x,t) = w(x) + v(x, t).
U =W U = V= QP Uy = a2 (Wey + Ur) = @ Uy
» Boundary condition uy = u(0,t) + w(0) + v(0,t), so v(0, t) = 0, similarly,

v(L,t) = 0.

= Initial condition v(x,0) = f(x) —w(x) = g(x).
= p(x,t) satisfies a homogenous PDE.

» v, t) =27 bne_“z(%)zt sin (EZ—X)
o b, = %fOL(f(x) — w(x))sin (%)ﬁ) dx.

- _a2(mm)?
o Finally, u(x,£) = =y 4 uy + 3 bye™ (1) Csin (”—f’f)

L
= The transient part goesto 0 ast — oo.

¢ Heat equation with a loss term
O Up = Uxx - Bzur 'U.(O, t) = Uy, ux(L' t) =41, u(x; 0) = f(x)

A \%
)

g0t
ﬂ-ﬂ"'
° & sZ AR
TGN

o Steady solution: w(x), withw, =0
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" w,=0=w,, —[*w.

* w(x) = A coshBx + B sinh fx, w, = Af sinh fx + Bf3 cosh fSx.
%—uo sinh BL

= Thisgives4A =uy, B = ——— .

%—uo sinh BL

cosh B(L—x) q1 sinh fx

" Sow(x) = ugcoshfx + (_ESTE_> sinh fx = ug cosh BL ty B cosh BL’

o Transient solution
= Letu(x,t) = w(x) + v(x,t), 50 Uy = Wyx — B2W + (Vg — B2V) = Uy
* The conditions are: v(0,t) = v, (L,t) =0, v(x 0) = f(x) w(x).

» letv(x,t) = XT,then XT' = X"'T — B?XT, —-+[}2 Lap— ]
. _ A1-B2)t @2n-1m _ (2n-1m)?
Then 7(8) = CelF), —32 Sn(__ZL__x)’;{n__(_ZL ) :
_(Gn-Dr _
* So v(x t) =Y bye ( 2L ) Pt ((_212;_)723()_

2n-1)n

f (f(x) — w(x)) sin (——— x) dx.
Inhomogeneous Neumman BC and a particular solution
o U = aquXI ux(o t) = {qo, ux(l‘; t) = {1, U.(X, 0) = f(X)

Toe \ALLLL L = Z
Uy = X% Uxx 4_’q,‘

N = W I R

o

Steady solution: w(x), with w; = 0.

" wy, =0, w(x) = Ax + B, but this gives g, = w,.(0) = 4 = w, (L) = q;.

= Unless gy = q4, there is no steady solution.
Particular solution w(x,t) = Ax? + Bx + Ct.
» C=w, = a’wy, = 2a%4,s0C = 24a’.

o

— B?%v.

" qo =wx(0,8) = B, q; = wy(L,t) = 2L + B = 2AL + qo, then A = 1%

= C=240% =220
.

= w(x,t) = (qlquo)x + qox + ( 2 ql;i"-) t.
Let u(x, t) = w(x, t) + v(x,t).
" v = @y, 1(0,8) = v (L, t) = 0, v(x,0) = f(x) —w(x,0).

* X, € {1} U {cos (Eﬂ)}

o

= Sowv(x,t) =—9+Z?1° 1ape _az(%)ztcos(t—nx).
o a,=- f(f(x) w(x, 0))cos( )dx

Heat equation with space varying source.
O Up = Uy +x,u(0,t) =0, u(m, t) =uy, ulx,0) = f(x).
o Steady solution w(x),w; = 0.
B0 =wy +x.
3
* This gives w(x) = —56— + Ax + B.
3 3
» B=0,uy = ——+4+A4Am, A=24+1
6 T 6
3 3
= Sow(x) = ——+ (ﬁ+z—>x.
6 T 6
o Transient solution:
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U = Uy X = (Wxx + x) + Vs, UVt = Uy, (0,¢) = v(m,t) =0, v(x,0) =
fx) —w(x).
» v(x,t) = 3 b,e ™t sin(nx) dx.
2 .
o b, = ;fon(f(x) — w(x)) sin(nx) dx.
o Second method (using an eigenfunction expansion):
= Look for simplest function w(x) that satisfies the boundary condition.
o w(x) = u—;’f.
» Get rid of the inhomogeneous BC by letting u(x,t) = w(x) + v(x, t).
O Uy = Uge +x,0(0,t) =0, v(rr, t) =0, v(x,0) = f(x) —w(x).
O Eigen values/functions for the homogeneous BC: A,, = —n?, X,, = sin(nx).
Expand s(x) = x = X1’ s, sin(nx), s,, = 2———.
Let v(x, t) = Y77 v, (t) sin(nx).
¢ Thenv, = Y7 v),(t) sin(nx), vy, = X5 v,(t)(—n?) sin(nx).
0 S00 =v; — vy — x = 2.7V, + n?v, — sp) sin(nx).
o Then v}, (t) + n?v, = s, (since sin(nx) are lineary independent).
2
o Sowv,(t) = %’% + cpe ™,
o v(xt) = Z‘f’(% + cpe ™) sin(nx).

o ApplythelC, f(x) —w(x) = X7 (% + cn) sin(nx).
A =fn_5nﬂ_s_n

m  n?
¢ Time and space varying source.
O Uy = Uy + e tsin2x,0<x <m,u(0,t) =u(mt) =0,ulx,0)=0.

2
o Eigenvalues: A, = — (2;—1) = —n?, X, (x) = sin(nx)
o Expand the source in terms of the eigen functions.

e tn=2

_ ot
one2 € Onz

» e tsin2x = Y5, s, (t) sin(nx), so s, (t) = {

o Expand u(x,t) as a series of eigen functions.
v Letu(x,t) = Ypeq Un(t) sin(nx) = Yo—q T ()X, ().
 u = Yo U (8) sin(nx), Uy, = Yoreq Uy, (t)(—n?) sin(nx).
o Then 0 = u, — Uy, — e~ ¢sin(2x) = Yooy (up, (£) + nuy, — e7468,,) sin(nx).
o Then we have u},(t) + n%u,, = e~6,,5, since the terms are linearly independent.
o Sou,(t) = ;%Ie‘t&lz + Cpe ™t
o 1 _ _ .
o Thenu(x,t) =Y, (n—z_—le t6p2 + Cre "Zt) sin(nx).
) 1
o UsingthelC,C, =1 3"~ “ u(xt) ==(e7t — e *)sin(2x).
0,n # 2 3
¢ Time dependent boundary conditions
O U = Uyy, 0 < x <L, ulx,0) = f(x).
o Dirichelet: u(0,t) = ¢o(t), u(L,t) = ¢1(t).
» Simplest functions that match BC, w(x, t) = A(t)x + B(t).
o ¢o(t) =w(0,t) = B(t), p1(t) = w(L,t) = At)L + ¢y(t),so A(t) =
P1(E)—do (D)

L
o wixt) = —¢1(t);¢°(t—)x + ¢o(t).

= Letu(x, t) =w(x,t) +v(x,t), v(x,0) = f(x) —w(x,0).
AGRAO)

— — ’ — — —
o U =Wy + Ve = ___L__x + ¢0(t) = Uyxy = Wyy + Uxx = VUxx-

O SOV = Uyy — (M;—(p&)x + ¢y (t)), with homogeneous boundary
conditions.
O We can then get the solutions by eigen expansion on v(x, t).
o Neumann: u,(0,t) = qo(t), uy (L, t) = q,(t).
* Functions that match BC, w(x,t) = A(t)x? + B(t)x.
0 qo(t) = wy(0,8) = B(t), q1(t) = wy (L, t) = 2A(t)L + qo (O).
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0 w(x,t) = Q1(t)2L¢I0(t) 24 % (t)x
» Letu(x, t) =w(x,t) +v(x,t), v(x,0) = f(x) —w(x,0).
O U = Wi +Vp = Uy = Wyy T Uy

O SOV = Uyy + (ql—;q—o) (Q12L x% + qox) with homogeneous boundary

conditions.
o Mixed boundary: u(0,t) = ¢y(t), uy (L, t) = q,(t).
» Lletw(x,t) = A(t)x + B(t).
0 w(x,t) = q1(0)x + ¢ (D).
» Lletu(x, t) =w(x,t) +v(x,t), v(0,t) =0, v,(Lt) =0.
O U = We + Up = Uy = Wyy T Uyy.
0 S0V = Uy — (q1(0)x + ¢4(£)) with homogeneous boundary conditions.
o Mixed boundary: u, (0,t) = qo(t), u(L,t) = ¢,(t).
» Letw(x,t) = A(t)x + B(t).
0 w(x,t) = qo(®)(x — L) + ¢4 (¢).
» Letu(x, t) =w(x,t) +v(x,t), v(0,t) =0, v,(Lt) =0.
O U = Wi + U = Uyy = Wyy T Upy.
O SOV; = Uyy — (qo x—-L)+ ¢1(t)) with homogeneous boundary
conditions.

s

E.8. Ut = Uy, u(0,t) = ux(2 ) =1,u(x,0)=x
. Letw(xt) = A(t)x +B(0),5 =w(0,0) = B®), 1 = wy (,t) = A(D).
o Sow(x,t) =x+ t_22
e Letu(x,t) =w(x,t) +v(x,t), thenv(0,t) = v, (g,t) =0,v(x,0) =u(x,0) —w(x,0) =0
O U = Wi TV = Uy = Wyy T Uy
0 SOV = Uy, — L.

2
2n-1)=m —
o A, = (_271/_2)_) =—(2n-1)? X, = sin((2n — Dx).

o Lets(x,t) =—t=X7sp(t) sin((Zn — 1)x).

= This gives s, (t) = %f(? —tsin((2n — 1)x)dx = (Tr:—ii)_n
o Letv(x,t) = X7 v,(t) sin((Zn — 1)x).

" v =27 v(t) sin((Zn — 1)x) Vex = 21 vn(t)(—(Zn — 1)2) sin((Zn — 1)x).

* Then0 =v; — UV +t = X7 (vn + (2n— 1%y, — (—f_tl——) sin((2n — Dx).

* Sowe must have vy + 2n — 1)%v, = ——.

. —_ 4 t ___1 -(2n-1)?%t
Un = r(2n-1) ((Zn 12 (2n- 1)4+C”e )

v(x,0)=X7 e 1)( (2n o + cn) sm((Zn — l)x)

S 1
o soc¢, = (771:?

t e—(zn—l)zt_l

v(x,t) =27 H(Zn 5 <(2n_1)2 + T >sin((2n — 1)x).

t2 4 t e~@n-D%t_g1\
o ulx,t)=x+ -+ > + sm((Zn — 1)x).

m(2n-1) \ (2n-1)2 (2n—-1)4

MATH316 Page 16



Wave equation

May 27, 2021 1:26 PM

1D wave equation
¢ U = Czuxx-
o The exponential solution: u = e***ct) (oscillation).
o Lines x £ ct = x, are characteristics.
e General solution to the wave equation
o Letu(x,t) = F(x — ct) (wave moving to the right), u;s = c2F"' (x — ct), Uy, =
F'"(x —ct)
o Same for F(x + ct) (wave moving to the left).
o So general solutionis u(x,t) = F(x — ct) + G(x + ct).
e D'Alembert's solution to 1D wave equation for an infinite string
O Upp = Py, u(x,0) = f(x), u(x,0) = g(x), x €R.
o Letu(x,t) =F(x—ct)+G(x+ct),us = —cF'(x —ct) + cG'(x + ct)
" u(x,0) =Fx)+G(x) = f(x).
" u:(x,0) = —cF'(x) +cG'(x) = g(x).
o —cF(x)+cG(x) = fotg(s)ds + A.
. 1 1 ot A
= This gives G(ic) = Ef(ylc) -I;EE J5 g(s)is o
= And F(x) =~ f(x) — Zfo g(s)ds — —.
. 1 1 rx+ct
o General solution: u(x, t) = > (f(x —ct)+ f(x+ ct)) +- fx_ct
¢ |nitial boundary value problem on a finite string.
0 Uy = Uy, u(0,t) = u(L,t) =0, u(x,0) = f(x), u(x,0) = g(x),0 < x < L.

n n

o By separation of variable, XT"' = ¢?X"'T, this gives CT—ZT- ==

g(s)ds.

o Solving eigenvalue problems

» X" = AX, only nontrivial solution A = —u? < 0, u, = T;—n, X, = sin (nLLx)

» T+ c?uiT, =0, T, = A, cos i, ct + By, sin u,ct.
o General solution, u(x, t) = X°(A, cos uyct + By, sin pyct) sinpyx.

Using the initial condition, f(x) = X.7° A, sin p,x = X.7° f,, sin ypx.
n=fu=1 Jy f)sinpyx dx.

o g(x) = ur(x,0) = X7 Byunc sin ppx = X7’ gn Sin ppx.

" DplnC =¢gn = % f:g(x) sin pyx dx.

o Sou(x,t) =X7 (fn cos pUpct + ;916 sin unct) sin py, x.
n
2 (L :
- fu=2 [EFOO sinpx dz.

2 (L .
" On=7 fo g(x) sin upx dx.
o Interpretation in terms of D'Alembert's solution
» Using trig identities, u(x,t) = ».7° fn%(sin Un(x —ct) + sinp, (x + ct)) +

o gn 1

Uz (cosyn(x —ct) — cos u, (x + ct)).

= However, X7’ f, sinunz = f31(2), and X7 gn sinp,z = g3,(2),
O Where £} means the odd extenstion of f with period 2L.
O So first term becomes % (F5, (x = ct) + £ (x + cb)).

. . 1 t
o [g9.(2)dz=-Y] %ﬁ cos i,z + C gives second term —— f;f; g%, (2)dz.
n

xX+ct

* Sou(x,t) = %(fz(i(x —ct) + fo(x+ct)) + ifx_ct g%, (z)dz.
O Essentially, we just replace the function with odd extension of period 2L.
e |f giving Neumann boundary condition:
O Upp = CPUyy, U (0,8) = uy (L, ) = 0,u(x, 0) = f(x), ue(x,0) = g(x).
o We have an even extension
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The eigen values and eigen functions are the same as the heat equation

Wave equations with time dependent BC and sources using eigen expansions.
© Uy = Py +5(x,t), ulx, 0) = f(x), uc(x,0) = g(x).
e Dirichlet:u(0,t) = ¢o(t), u(L,t) = ¢, (t).
o W(x, t) — ¢1(t);¢0(t)x + d)O(t)
o Letu(x,t) =v(x,t) +w(xt),v(0,t)=v(,t)=0
" v(x,0) =f(x) —w(x,0),v:(x,0) = g(x) — we(x,0).

t Ve = P + 500 0) — (B4 g0,

e Mixed boundary: u(0,t) = ¢o(t), uy(L,t) = q1(t).
o w(x,t) = q1(x + Po (D).
0 E.g Uy = Uy, + e Esin5x, u(0,t) =0, u, (g t) =t,u(x,0) =0, u;(x,0) = sin3x +
X.
= w(x,t) = tx.
» Letu(x,t) = v(x,t) + wix,t).
O Vg = Uy + €7 sin5x, v(0,t) = v, G, t) =t,v(x,0)=0,v.(x,0) =
sin 3x.
o Eigen: 4, = —(2n — 1)?, X,(x) = sin((2n — Dx).
o e tsin(5x) = s(x, t) = X7 s,(t) sin((2n — 1)x) .
* 5. (t) =et6,3.
o Letv(x, t) = X7 v,(t)sin((2n — 1)x)
0 0 =vy — vy — e tsin5x = X7 (v) (6) + 2n — 1)%v, —
e8,3)sin((2n — 1)x).
O We then need to solve v (t) + (2n — 1)%v, = e7t5,5.
¢ Homogeneous solution v, (t) = 4,, cos(2n — 1)t + B, sin(2n — 1)t.

¢ Particular solution: guess v, (t) = c,e”t.

=
* v, (t) = A,cos(2n — 1)t + B, sin(2n — 1)t + E(;SZ?,—QZ'
o vt =27 (An cos(2n — 1)t + B, sin(2n — Dt + mjﬁinz) sin((2n —
1)x).
O Substituting the IC, we have A, = — ;(%:3_—1)—2, B, = (7‘:1?25 +
Sn3

(1+(2n-1)2)(2n-1)’
-t
" u(x,t) =xt+ L sin 3t sin3x + (— L cos 5t + ——sin 5t + 5—) sin 5x.
3 26 5-26 26
e Mixed boundary: u, (0,t) = qo(t), u(L,t) = ¢, (t).

o w(x,t) = q1(O)(x — L) + ¢ (t).
e Neumann: u,(0,t) = qo(t), uy(L,t) = q1(t).
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Laplace's equation

May 27, 2021 1:26 PM

Laplace's equation occurs as a steady solution heat or damped wave equation
o U = a?(Uyy + Uyy), Whenu, = 0, we have Au = uy, + uy,, = 0.
o U+ YU = P (Uyy + Uyy), When uy = Uy = 0, AU = Uyy + Uy, = 0.
¢ In polar coordinates Au = u,., + %ur + ;12—u99 =0.
* Need net flux =0.

Dirichlet problem on a rectangular domain

){“ L (x,b)=£0)

A= llmugfo
. UOPII

K(a,p= g,

Ie) U{X,o):_'ﬁ @ ?

o MU= Uy + Uy, = 0,ux, 0) = £1(x), ulx, b) = f,(x), u(0,y) = 9: (1), u(a,y) = g2 ().
¢ Split the problem into 4 small problems

ﬂl) b u_:‘f'; }‘{) U=0 ﬂl} 3 U=2o }‘L 3 Uety )AL r =0
u=g; Au=o =4, | ao | ¥ ¥P a0 “;3" “'%E""\ Au=o| |u=o
U=f ax u=~f, a¥x u=o0| a¥% =0 a X u=o0 | ax

) OPPoSwe BL AALE +opwoinwaeres
o Since Au = A(u? +uf +u¢ +uP) =0,u =u? + uf +u’ +uPl.
o Aut =0, u(x,0) = fi(x), ulx,b) =u(0,y) =u(a,y) =0.

- A — o 1 f1 ____ i
ul(x,y) =X by sinh(llgi'-) sin
o AuB =0, u(a'y) = gz(x), u(x,b) = U(O,Y) = u(x; 0) =0.
- uB(x, y) — Zoo bgz Slnh(T_) sin (27;_3,)

i sinh(llgg-)

o Auf =0, u(x,b) = fo(x), u(x,0) =u(0,y) =u(a,y) =0.
= Letu®(x,y) = XY, Auf = X"Y + XY" = 0.
XII Y”

m 2 —_1 —7=_y 2
X Y A B

o X" +p’X=0,X0)=X(@)=0,u, = ?, Xn(x) = sin(%x).
0 Y” —uZY = 0’ Y(O) = 0’ Yn(y) = BTl sinh (%;‘Ty)

n uC (x, y) = 2({0 Bn sinh (% _'y) sin (Eag x)-

= With IC, f5(x) = u(x, b) = ¥ B, sinh (na—n b) sin (na—nx) =X7 br}:Z sin (Z_Hx)'
o bT/:Z = %foafz (x) sin (%’f) dx = B,, sinh (? b).

bl2

sinh(%b).

o AuP =0,u(0,y) = g;(x), u(x,b) = u(x,0) = u(a,y) = 0.
= Separation of variables.

O Uy = EbE, Yn(y) = sin (T;—ny).

o B, =
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o X,(x) = in:("”“) smh( (a - x)).
= uP(x,y) =37 — (mm) sinh ( (a-— x)) sin (E;—T y).
= WithIC, g4 (y) = u(O y) > Eh(""“) smh( )sin (r;—ny).

O bflh = %fob 91 (y) sin (n—zz) dy = ;n_}iq(nTTfa_) sinh (2(17_-[ a).
4n b5

. sinh(m; ) smh(mm)

Neumann problem
o Au=0,u,(xt)=u(0,y) =uay) =0 u,(x0) = f(x).
* Need no net heat loss or gain foaf(x)dx = 0.
o Letu(x,y) = XY, X"Y +XY" =0.

o thendn € 01U - (2}, € (0 feos (%))
o When1=0,Y =B.
o Whend=— (7:1—”)2, Y, =4, ———aﬁ—;— = D, cosh (% (y— b)).
e Sou(x,y) =Dy + X7 Dy cosh( (y — b)) cos (——)
e f(x) =uy(x,0)=X7D, (%) sinh (? (0— b)) cos (—— ) = ° + Y7 a, cos( x).

o So we must have ay = 0. (solvability condition)

=

°© Dp=- (rﬁ)s_nr(ﬁ_) where af = %foaf(x) cos (n—Z’f) d
e Tofind D, = average value of u att = 0 over [0, a] % [0, b].
o fob foa udx dy = fob foauxxdx dy + fob foauyydx dy = —foaf(x)dx = 0.
o Then %fob foau(x, y,t)dx dy = 0, since the integral is constant 0.
o Then the steady state integral fob foau(x, y,0)dxdy = fob foau(x, y,0)dx dy = 0.
* Also fob foa u(x,y,®)dx dy = Dyab, since u(x,y, ) = u(x,y).

Laplace's equation on a semi infinite strip
e Au=00<x<IL, y>0 u(Oy)—O uy(L,y) =0,u(x,0) = f(x), u(x,y) > 0asy - oo.
Y’

e letu = XY, then—-=——y——l——
e X" +u?X=0,X(0)=X(L) =0.
(2n-1)
o un_—%L 7TX —sm(unx)

. Y —p2y =0
o Y=Ae ™ + Bet.
o Since Y(y - ) = 0, we have B = 0.
o u(x,y) = X Ape Y sin(u,x).
e f(x)=u(x0)=Y A,sinpu,x =%7 bfs n((zn i)nx).
(2n-1)mx

o SoA,=bl=2 f f(x) sin (————) dx.

Laplace's equation on circular domains
1 1
o Au=1u,, ToU+ S Uge = 0.
e Separation of variables u(r,8) = R(r)©(0), then R"0© + %R’(E) + ;12— RO" = 0.

r2 " ’ 17 2’ if h BCin ®
o Multiply both sides by — —r Rk _ 2 )= { W, 1f homogeneous BC in

R e —u?,if homogeneous BC in R’

e For 0.
o fu=0,0"=00=A46 +B.
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o fu>0,0=Acosub + Bsinuf.
For R.

o fu=0,7r2R"+rR'"=0,R(r)=C+DlInr.

o Ifu>0,r2R"” + rR — u?R = 0, Cauchy-Euler equation, R(r) = Cr* + Dr™#,
Dirichlet: G)(O) =0(a) =0 (u(r,0) =u(,6) =0),0" +u?0 =0.

O Up =-—,0,(0) =sin (Eg)
Neumann: 0’ (0) = 0'(a) (ug(r,0) = ug(r,0) = 0).

o u, €{0}u { } 0, €{1}u {COS (2”—9)}.

Periodic: O(1) = 0(—mn), ©' (1) = 0'(—n), (u(r, ™) = u(r, —m), ug(r, ) = ug(r, —m)).
o u, €{1}u{n}, 6, € {1} U {cosnd,sinnb}.

Mixed: ©(0) = 0'(a) = 0, u(r,0) = up(r,a) = 0.
o Uy = (—21_271, 0, = sin (@2;&%9).

n 2a
Mixed: O'(0) = 0(a) = 0, ug(r,0) = u(r,a) = 0.
_ (2n—1_)r[ — cos ((Zn—l)n: 9).

General solution: u(r,0) = Ay + o In7 + XL (A, + a,r7Hn) cos pp0 + XL (Bar#n + BprHn) sin p, 6.

Dirichlet problem e.g.

Model problem for a crack: u,, + - ur + >Ugg = 0, u(r,0) =0, up(r,m) = 0,u(a,6) = f(6).
Mixed boundary, so u,, = @—1)—” = Z—n—l ,0,(0) = sin (——— 9)

We also need u(r,0) < o aszz - 0, so Bn =0.

u(r,0) = X7 B,rkn sm(unG)

Plug in the initial condition, £(0) = u(a,8) = ¥ Bya*n sin(u,0) = X7 b£ sin(u,0).
* Then Bya#n = b) = %f:f(@) sin(u,6) dé.

HUn
o u(r,0) =3¥b} (5) " sin(u,0).
fa

b] . b
o Note:u,~——7r zsin the—T/Elsthestress|nten5|tyfactor

o O O O

Dirichlet problem for a circle: u,,. + ;ur + ;z—ugg = 0, u(a, 8) = f(0), periodic boundary condition.
U, € {0} U {n}, 0,, € {1} U {cosnb,sinnb}.

o However, we require u(r,8) < wasr - 0,soay =a, =, =0

Sou(r,0) = Ay + X7 Apr™ cosnb + B,r™ sinné.

o

o

f
(@) =u(a,B)=A4,+ X7 A,a" cosnb + B,a™ sinnb = 22‘1 + X1 ay cosnéb + b,{ sinnf.
f
" Ay =}, where a0 = —f " £(6)d6.

s Apat=al = ;fn f(0) cosnb do.
» B,a"=bl = % J." £(6)sinnd do.

o

f n n

Finally, u(r, 8) =ﬂ+2°° f(g) cosnf +bf (2) sinné.
P

a%2-2ar cos(6—¢)+r2

o

* |t can be written as —f _f(9)

d¢ (Poisson formula).

Neumann problem on a circle

Au = U, + %ur +;12—u99 =0, u,(a,0) = f(0).
Needu < wasr — 0.
o Sowe must have u(r, ) = Ay + 2.7 A,r#n cos u, 0 + B,r#n sin p, 6.
Solvability condition: f_nnf(G)dG = 0.
Periodic boundary condition gives u,, € {0} U {n}, ©,, € {1} U {cosn@, sinnb}.
o Thenu(r,0) = A, + X7 A,r™ cosné + B,r™ sinné.
u, (7, 9) = 21 Apnr™ 1 cosnf + Bynr™*~1sinnf = £ ().
o ao =2 [" f(6)d6 = 0.

o a ——f f(8) cosnBdb = Ayna™ 1.
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o bl = lfn f(8)sinnf db = Byna™ 1.

r

Sou(r,0) =Ap+aXy (Z‘ (E)n cosnf + i—fl G)n sinné.

Application to electrical impedance tomography

@) =u,(a,B)=1 (5 (9 - %) ) (9 + %)), where [ is the current.
Since f(0) = f(—0), fisodd, a, = 0.

b,{ = %f_ﬂn (6 (9 - E) -4 (9 + g)) sin(nf) df = %(sin (227—1) — sin (— nz—n) ) = %sin (nz—n)

2la @ pn in(nn') . al ;_a?+2ar sin 8+r2
r'"——=+sinnf = A, + P In—————.

a2-2ar sin 0+r2

u(r,0) = Ay + —

Tunnel or hole

u(a, @) =f(6),r>a.

We need |u| < casr - o,soay = A, = B, =0.

Periodic boundary condition, so u, € {0} U {n}, 0,, € {1} U {cosnf,sinn6}.
u(r,0) = Ay + X9 a,r " cosnb + B,r " sinné.

Then f(9) =u(a,B8) =4y + Y7 a,a " cosnb + f,a " sinnf =2 + Y17 a, cosnb + b,}: sinnf.
o a0 ——f f(6)de = 24,.
o a ——f f(8) cosnfdb = aya™.
o bl = ;f_nf(e) sinnf d@ = Ba”

u(r,8) = a?{: + X7 a,}: (2)_11 cosnf + b,{ (2)_71 sinné.

Annulus/washer

u(a, @) = f(6), u(b,0) =0.

u(r,0) =Ay+apglnr + Z‘{C’(Anr“n + anr_“n) cos i, 0 + ZT(Bnr“n + ﬁ’nr—“n) sin pu, 6.
Still have periodic boundary condition, p,, € {0} U {n}, ©,, € {1} U {cosn@, sinnb}.
0=u(b,0) =4y +agInb + X7 (4,b" + apb™™) cosnd + L7 (B,b™ + B,b™") sinnb.

_ _ 4%
° @0 =Ty
o a, = —A,b*".

o B, =—B,b*"
u(r,8) = A4, (1 — llr—) + YA, b" (( )n — (%)_n> cosnf + Y7 B,b"™ ((g)n — G)_n> sinn@.
F0) = u(@0) = a0 (1~ 22) + 27 b ()" = ()" oosno + 25 5,07 ((§)" = (5) s
o af =2[" F(O)d6 =24, (1-:5).
o al = —f f(8) cosnB dh = A, b" (( )n — (%)_n)
o bj=2[" f(6)sinndo = B,b" <(%)n - (g)_n>
af(1-5)

Ina
2<1 In b)

O

+ X7 (T) G ):n cosnf +Y7b ,{(—’T_’)—(—T)_—mn no.

MOR0 @6

u(r,0) =
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BVP, Sturm-Liouville

May 10, 2021 10:13 AM

Sturm-Liouville problem
o Ly=—(p(x)y') +q@)y = Ar()y, a;y(0) + ayy'(0) = 0, By (1) + Boy'() = 0.
o r(x) isthe weight function.
e Regular SL problem: p(x) > 0,7(x) > 0, < oo,
 Singular SL problem: p(x) = 0,7(x) = 0, 0rl = co.

Sign conventions for eigenvalues SL problems
e Generally, we need X" + u?X = 0.
e ForSL, we have —X"" = AX, then 2 = u?, we have X" + X = 0.
o And this gives the sine and cosine functions

Properties of SL problem
e Eigenvalues
o Eigenvalues 4; are all real
o There are an infinite number of eigenvalues with 4; < 4, < -+ < 4; < o0.

o ;> 0given that & < 0,51 > 0, q(x) > 0.
az B2
e Eigenfunctions
o Foreach 4;, there is an eigenfunction ¢; (x).
o ¢;(x) are real and can be normalized so that folr(x)(l)f(x)dx =1.

o Orthogonality folr(x)d)j(x)d)k(x)dx = 0forallj # k.

1
Lagrange's Identity: fol vLudx — fol ulvdx = —pvu’|z + puv’|0 = 0.

Convert an arbitrary second order linear ODE to SL form
o Ly=-P(x)y" —Q(x)y"+R(x)y = Ay.
e Multiply both sides by F, FLy = —FPy'' — FQy' + FRy = AFy.
e Consider —(FPy') = —FPy" — (F'P + FP")y’, we need FQ = F'P + FP'.

.. dF (P Q\ . __
@) ThngHﬂESE;'+'(7;'—';)}T-— 0.

e 4 g
o F=Ae "\P P) " = ge-InPolpax _ gedex. (Abel's formula) This turns a general ODE to SL form.
e Eg.Ly=x%y"+xy"+1y=0,y'(1) =0,y(2) = 0.

o F(x)= ief;—zdx = Lelmx =X %

x2 x2 x2
) iLy =xy"+y' +§y = (xy’), +%y.
o So —(xy’)’ = %y.
o Solve the Cauchy-Euler equationy = x7,y' = rx""1,y" = r(r — 1)x" 2.
* Thenweneedr? +1 = 0.

» 1=p?>0,7r==iy,y(x) =Acosulnx + Bsinulnx.

o ThelCgivesB =0, u, = (—m—_ﬁz, y(x) =Yg Acosuy, Inx.

" 1=0,r=0,y=A+Blnx.
o A=0,B =0, the solution is trivial.

» 1=—u?<0,r=4uy(x)=Acoshulnx + Bsinhulnx.
o Still the trivial solution

Robin boundary conditions

¢ Heat loss from both boundaries
o Uy = a’uy,, u,(0,t) = hyu, u, (L, t) = —hyu, hy,hy, > 0.
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o Ifh, =0.u,(l,t) =0, flux BC.
o Ifhy =0, u(0,t) =0, temp BC.
o Letu(x,t) = X(x)T(t), al;f = XTH =1=—u?
o T =Ce Wa't
o X" +u2X =0,X'(0) = hyX(0), X' (D) = hyX(D).

= X'(0)=Bu=hAB= ’1—;4.

= X=A <cos,ux +%sinux>.

(El—hz;”i) sinul + (h1 + hz) cosul =0, tanul = %%:—12% (transcendental equation).
* hy,hy, #0.
o Aninfinite number of eigenvalues, asn — oo, u,l = nm, or u,, - %
o X, =4 (cos UnX + %L sin unx).
" h,=0,h; #0.
o tanul = %, Uy = EIE.

o X, = cosu,(l —x).
" h; - oo, hy #0.

hy
_ (1+__)“ . u (2n-1)m
O tanul === = =1 lly = ———.
hy 2 2
1

o X, = sinu,x.

Application of robin BC

o U = aPuyy, U (L E) = qo, uy(0,) = h(u(0,t) — ug), ug is temperature in the room, u(x, 0) = f(x).
e Find w(x) that matchesthe BC: w(x) = Ax + B, qo =wy, = 4, qp = h(w(O) - uo).

@) A:qO,B :q_0+u0

h

o Sow(x) = q (x +%) + uy.

o Letu(x,t) = w(x) + v(x,t), then v, = a?v,y, 1,(0,t) = hv(0,t), v, (I,t) = 0, v(x,0) = f(x) —w(x) =
9(x).

o NeedA=—u?<0.

o T, = Ce~Hna’t,

o X, =Acosu,x+ Bsinu,x, X'(0) = hX(0),X'(1) = 0.

= B= %,X = A(cosux +%sinux).

= X'(l) = 0givestanu,l = ;h—, X, = cosu, (Il —x), up, = %
o v(x,t) = Y2 oA e~ it cos p, (1 — x).
o MatchIC, g(x) = v(x,0) = Y.5° Ay, cos u, (I — x).

. folg(x) cos (Il —x)dx = Y3 A, fol oS (I — x) cos u, (I — x) dx.

0 =Ap fol cos? (I — x)dx = ﬂzm (l + zs—inﬂ'icﬁﬂ*—l).

. h 1 sin pup,l
O By the transcendental solution tan y,l = —, we have — = S HEn”
HUn Un h cos unl

Am :
0 Then= 2% (1h + sin? ppl).
2h !
" SoAd, = (hrsinz i) fo g(x) cos pu, (I — x) dx.

e u(x,t) =q (x + %) +uy + X Ape~* Ht cos p, (1 — x).

SL example of a variable coefficient heat equation with inhomogeneous BC

3
o U = X%Uypy + dxuy, u(l,t) =u2,t) =1, u(x,0) =1 —5x"z.

e Letw(x) = 1, then it satisfies the BC.
3
o Letu(x,t) =w(x) +v(x,t), v, = x2vy, + 4xv,, v(1,t) = v(2,t) =0, v(x,0) = 5x 2.
! 2yl 14
o Letv(x,t) = XT, then LR S o S— )
T X X
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o T=Ce™,
o —(x2X" +4xX')=2X,X(1) =X(2) =0.
fx dx edInx )
= ApplySL, let F = — = =X
* We have x2LX = —(x*X" + 4x3X’) = —(x*y") = x%X.
o Weight function r(x) = x?
» Back to original equation x2X"’ + 4xX'+ 21X =0, X(1) =X(2)=0.

o letX=x",rr—1)+4r+1=0,r=—=

3
o WhenA=§,r=0 X=x"2(A+Blnx),A=B=0.

o When A <Z X=x Z(Acosh—g—ﬂlnx+851nh—9—ﬂl ) A=B=0.

3

o WhenA > z, X=x2 (A cos——z— Inx+ B sin£';—-ln x).

¢ X(1)=A=0.
* X(2)=2 ZBsm—ﬂ—gan 0, thenﬂi—?an = nm.
nrln x
o SoX, =x zsm(—l—z—).
o v(x,t) =Y ,Bye Mntx” 2sm(ynlnx) yn = ITZ

3
o MatchingIC, =5x" 2 = v(x,0) = Yoo Bpx zsm,un In x.

3
» Construct an orthogonality property for SL problem with r(x) = x?, ¢j(x) =x zsiny;lnx

. fz x? (—5x_§) X2 sin(um Inx) dx = ¥5-o B, ff x? (x_g sin fiy, In x) (x_; sin pi, In x) dx.

In 2 Bnln2

"= Zn 1Bn -Omn = -,
_ 10 1)™M-1
= So B — (__zn__

corr (3G Je 2
e u(x,t) = 1+2 Zn 1———e " X zsin(ﬂl—zlnx).

Nonhomogeneous Sturm-Liouville problems
e« Ly=—(p@)y") +q@)y = ur(x)y + f(2).
o a;y(0) +azy'(0) = 0.
o fry(1) + By’ (1) = 0.
e If u = A (eigenvalues of the homogenuous S-L problem), then the equation doesn't need to have a solution
for every f(x). Even if it happens to have a solution, the solution is not unique
e If u # 4, then the equation has a unique solution for every f(x).
e Decompose f(x) and y(x) in terms of the eigenfunctions of the homogeneous problem and then solve for
the coefficients of the series for y(x).

e Egy"+4y=x,y(0)=0,y' (g) =0.
o u=-—4.
o Homogeneous S-L, 4, = (2n — 1)%, y, = sin((2n — 1)x).
o Letf(x) =x = X7 bysin((2n — Dx), y(x) = XL d, sin((2n — 1)x).
o Plugin the equation and solve for b, d,,.
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