STA2502 Stochastic Models in Investments

1 Discrete Binomial Tree Model

1.1 Financial Derivative

Informally, a derivative is a financial contract that derives its value from some underlying process. The
underlying asset is often traded (e.g. stocks), but it need not be (e.g. weather).

Examples of underlying assets:
e Stocks
e Bonds
e Currencies

Interest rates

Indices (S&P 500, TSX, NASDAQ)

e Commodities: energy, livestock, metals and precious metals, grains, coffee, sugar, etc
Financial derivatives have two parties

e Buyer: long position w.r.t. the derivative

e Seller: short position w.r.t. the derivative
How are financial derivatives traded:

e Standard derivatives contracts are traded on exchanges

e Over-the-counter (OTC) market: derivatives traded between banks, corporations, and other major
institutions.

1.2 Types of Derivatives

Definition: 1.1: Forward Contract

A forward contract is an obligation to buy or sell an underlying asset at a specified forward price on
a known date

e Long position: party who agrees to purchase the underlying asset at a specified future date for a
specified price

e Short position: party who agrees to sell the underlying asset at a specifed future date for a specified
price

e [t costs nothing to enter into a forward contract

e Forwards are traded OTC



Definition: 1.2: Futures Contract

A futures contract is a standardized forward contract, which is traded on an exchange. The stan-
darization of the contracts allows for trading by non-institutional investors. One can purchase frac-
tional future contracts

Definition: 1.3: Options

A call option gives the holder the right, but not the obligation, to purchase the underlying asset at
(or by) a given date for a specified price, called the strike price.

A put option gives the holder the right but not the obligation, to sell the underlying asset at (or
by) a given date for a specified price, called the strike price.

Main difference between options and futures/forwards: gives the holder the right to do something, but they
do not have to exercise their right.

e European options: can only be exercised on the maturity date (Easier to analyze)

e American options: can be exercised at any time up to the maturity date (More popular)
Exotics

e Bermudan options: can be exercised on pre-specified dates and the maturity date

e Asian options: payoff depends on the average of the price of the underlying during the life of the
option

e Binary (digital) options: pays all or nothing

e Lookback options: payoff depends on the maximum or minimum price of the underlying asset during
the life of the option

Terminology:

e An option is in the money if the price of the underlying is at a level where the payoff would be
positive

e An option is out of the money if the price of the underlying is at a level where the payoff would be
Zero

Definition: 1.4: Swap

A swap is the simultaneous selling and purchasing of cash flows involving various currencies, interest
rates, and a number of other financial assets.

A swaption is an option granting its owner the right but not the obligation to enter into an underlying
swap.

One can price swaps and swaptions by decomposing them into forwards and other options.

1.3 One-Period Binomial Model

Consider two assets: bond (B;) and stock (S;), and two time steps t = 0, = 1. The portfolio h = (x,y) € R?
has value process:

V;h =xBy+yS:;,t =0,1, (1)

x unit in bond, y unit in stock.



Proposition: 1.1:

The following are equivalent
1. The one-period binomial model is arbitrage-free
2.d<l4+r<u
3. 3¢ €(0,1)st. 1+r=qu+(1—-q)d
4. There exists a martingale measure Q defined by Sy = ﬁEQ[Sl] st. Q(S1 = su) = gq,
Q(Slzsd)zl—q

Proof. We show the equivalence of 3. and 4.
l+r=qu+(1—-gq)d
< s(1+7r)=gsu+ (1—q)sd

1
< Sy = mEQ[Sﬂ

14+r—d
u—d

O

Also we get a formula for ¢: ¢ =

Definition: 1.5: Complete Market

A financial derivative is a stochastic variable of the following form: Cr = F(Sr). A financial
derivative can be replicated if there exists a portfolio h s.t. P(V® = Or) = 1, h is the replicating
portfolio.

If all derivatives can be replicated, we say the market is complete.

Proposition: 1.2:

If a derivative Cr can be replicated by a portfolio A, then at ¢t = 0, any price other than Voh will lead
to an arbitrage opportunity.

Proposition: 1.3:

If the one-period binomial model is arbitrage free, then it is complete

Proof. Let C; = F(S1) be an arbitrary derivative. We want to find a portfolio h = (z,y) s.t. V{* =
F(su), if S1 = su
F(sd), if Sy = sd



z(1+7)+ysu= F(su), if S1 = su,
(14+7)+ysd = F(sd), if S| = sd,
1| uF(sd)—dF(su)

Note V" = 2(1 +r) + yS = { This gives a system of 2 equations

and 2 unknowns. i [T F(Su) ; ;j ]
- S
1 [uF(sd)—dF(su) F(su) — F(sd)
—_yh — _
CO_VO_x_i_Sy_l—H“[ u—d * u—d
1 —(14nr) 1+r—d
= F(sd) + ——F
1—{—7‘[ u—d (sd) + u—d (su)}
1
= 1, (1= OF(sd) + gF(su)]
1 1
= —E9Cy] = ——EQ[F(S
T (Ol = B )
Therefore, we can always find a replicating portfolio for any arbitrary derivative. O

Example: In the one-period binomial model, assume s = 100,u = 1.2,d = 0.8, p, = 0.6, = 0.02.
1. The market is arbitrage free, because d < 1 4+1 < u

2. Consider a European call option with K = 110, what is the arbitrage-free price?

Cr = (51 —110)4 @
OR6 5

qzlzi;dzlﬁ—l0202og8_055
Co = 7E%C1] = 15355(10 - 0.55 + 0- 0.45) = 25 = 5.39

3. What is the replicating portfolio?
1 wuF(sd) — dF(su) 1 1.2-0-0.8-10

YT, uw—d 102 12-08
1 F(su)—F(sd) 1 10-0
Y= §T w—d T 10012_08 0%

1.4 Multi-Period Binomial Model

By 1—1+r-(147)
SU 3u2
S S sud

sd?

Assume that we have finite number of periods: Let ¢ € {0,1,2,...,T}. Then



By=1
1. Bond price: 0 , By = (1+r)t
Bt = (1 + ’I”)Bt_l
2. Let Zy,...,Zp—1 be iid. rvsst. P(Z; = u) = p, and P(Z; = d) = pg, pu + pa = 1. Then
So =S
St = Si-1211
Let Ky € {0,...,T} be the number of up-moves of the stocks. K; is stochastic and K; ~ Binom(¢, p,,).
We can write S; = suftd'=t t € {1,..., T}, where K; ~ Binom(t,p,), P(Se = sud) = P(Ky = 1) =
(*)Pupd = 2Pupa-

Definition: 1.6: Portfolio Strategy

A portfolio strategy is a stochastic process hy = (x4, y:), t € {1,...,T}. For a given hy, we set hg = hy.
The process hy depends on S, ..., S;_1. The value is defined by V,* = 2;(1 + t) + y;.5;.

Definition: 1.7: Self-Financing Portfolio

A self-financing portfolio (there is no exogenous cash infusions, the purchase of a new asset must be
financed by the sale of an old one) satisfies the budget equation:

(1 +7) + yeSt = Te41 + Y415t

Definition: 1.8: Arbitrage Portfolio

An arbitrage portfolio is a self-financing portfolio h s.t.
[ J ‘/;/h = 0
e PV >0)=1
e P(V}>0)>0

Proposition: 1.4:

The multi-period binomial model if free of arbitrage if and only if d < 1 4+ 7 < u.

The martingale measure QQ, and the probabilities g, g; can be defined in the same way.

Let C be a derivative with payoff Cp = F(St). It can be replicated if there exists a self-financing portfolio
hst. P(VE=Cr)=1.

Proposition: 1.5:

If C can be replicated by h, then any price other than Cy = Vth would lead to an arbitrage. The fair
price process Cy = V}* for t = 0,1,...,T.

Proposition: 1.6:

The multi-period binomial model is complete. i.e. all derivatives can be replicated by a self-financing
portfolio.

Example: Two period model with s = 100, = 1.2,d = 0.8, p, = 0.6, = 0.02. Find price of a European
call option at t = 2 with K = 90.
It follows the one-period model that ¢, = 0.55, ¢4 = 0.45.
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d
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Proposition: 1.7: Binomial Algorithm

The derivative C' with payoff Cr = F(S7) can be replicated using a self-financing portfolio. Let
V;(k) be the value of the portfolio at node (¢, k). We have Vp(k) = F(su*d”~*). The recursion is
defined as:

1+r—d

Vi(k) u—d

- m[thH(k +1) + (1 — q)Viy1(k)], where ¢ =

The hedging portfolio is
1 uVi(k) —dVi(k + 1)

ﬂft(k‘)

:1—|—r u—d
1 Vi(k+1)—Vi(k
ORI S PUC

Proposition: 1.8:

The arbitrage free price of a derivative C' with payoff Cr = F(St) is

1 1 =T ~ _
o= (B = (T (} )0 -0 Plsutar )




2 Probability

2.1 Probability Tripple
The fundational object in probability space is a probability tripple (€2, F, P).

Definition: 2.1: Sample Space

The sample space €2 is the set of possible outcomes of a random event. In most cases, we consider
Q=R.

Example: roll a dice 2 = {1,2,3,4,5,6}

Definition: 2.2: g-algebra

A o-algebra on a sample space € is a collection F of subsets of 2 s.t.
1.0eF
2. If A€ F, then A® € F

3. If Ay, Ay, ... € F, then | JA; € F
i=1

Example: Q = {a,b,c}, F1 = {0,{a},{b,c},Q} and Fo = {0,{a,b},{c}, N} are o-algebras.
Both are not maximal information (power set), but we can define probability measure on it.

FrUFe ={0,{a},{b,c},{a,b},{c},} is not a o-algebra, because {a, c} is not included.

Example: For any 2, the following are o-algebra:
1. {0,Q} (Trivial o-algebra)
2. 2% = P(Q) (Power set)
3. {0,A, A Q}, where 4 € Q.

Definition: 2.3: Sub-o-algebra

Let F be a g-algebra, G is a sub-g-algebra of F if
1. G is a og-algebra
2. GCF

Example: Fi, F, are sub-o-algebra of P(Q2)

Terminology: (€2, F) is a measurable space.

Definition: 2.4: Observable Events

The o-algebra F is the collection of observable events. Elements of F are events whose probabilities
are known.




Definition: 2.5: Probability Measure

A probability measure on a measurable space (2, F) is a function P : F — [0, 1] s.t.
1. P(Q) =1
2. P(A)>0,YVAe F

o0 (e.9]
3. For any countable set of disjoint sets {A;};cy; P(U A;) = Z P(A4;).
i=1 i=1

Some consequences:
1. P(0)=0
2. P(A%)=1- P(A)

Example: Q = {a,b,c}, F = {0,{a},{b,c},Q}
Let P be P(0) =0, P({a}) = 2, P({b,c}) = 2, P(Q) = 1. P is a probability measure.
Note: the probability measure is not uniquely defined.

Definition: 2.6: Continuous and Equivalent Probability Measures

Let P and @ be two probability measures on (€2, F).
1. P is absolutely continuous w.r.t. @ if Q(A) =0= P(A) =0,
2. P and @ are equivalent, denote P ~ Q if P(A) =0 < Q(A)
Q<< P.

VA € F. Denote P << Q.
=0,VA e F. ie. P<< @ and

2.2 Random Variables

Assume (2, F, P). Let R be the smallest o-algebra that contains all intervals in R (The Borel
o-algebra).

Definition: 2.7: Random Variable

A random variable is a function X : (2, F) — (R,R)s.t. VBE R, X 1(B) ={w € Q: X(w) € B} €
F. We say that X is F-measurable.

Example: Dice roll Q = {1,2,3,4,5,6}. F ={0,{1,2,3},{4,5,6},Q}.

Lw=1,2
Let X :Q = R, X(w)=1{2,w=23,4 isnot arandom variable, because X 1((0,1]) = {1,2} ¢ F. X is
3 w="56

notj-"—measurable. .
It F={0,{1,2},{3,4},{5,6},{1,2,3,4},{1,2,5,6},{3,4,5,6},Q}, then X is F-measurable.

1 A
Example: A€ F, X =1 4, X(w) = W E . Let (a,b] C R.
O,wd¢ A
0,0,1 ¢ (a,b]
AC b, 1 b
X1((a,b]) = 0 € (a8, 1 ¢ (a,b) . Since A € F,A¢ € F, X is F-measurable.
4,0 ¢ (a,b),1 € (a,]
2,0,1 € (a,b]

Remark 1. 1. If F =P(Q), any X : Q — R is measurable



2. If g: R — R is continuous and X is a random variable, then ¢g(X) is a random variable.

Definition: 2.8: Generated o-algebra

The o-algebra generated by a r.v. X, o(X) is the smallest o-algebra s.t. X is measurable.

Distribution Function Fx(z) =P({w e Q: X(w) <z})=P(X <x)

Density fx(z)= %m(x) defined only if Fx is continuously differentiable.

Expected Value E[X] :/XdP:/fo(:v)dx.
Q R

Definition: 2.9: Moment Generating Function

The moment generating function (m.g.f.) of a random variable X is the function Mx () = E[e!X]
t € R. The m.g.f. exists if 3a > 0 s.t. Mx(s) < 00, Vs € [—a,al
It can be used to find moments of X: E[X"] = <= My (t)|s=o.

)

= arr
2.3 Conditional Expectation
Example: X: sum of 2 dices, Y: first dice.
1 0 1
EX|Y =2| = — =5.5,E|X|Y =y| = )= = 3.5
[X]Y =2] ;26 (XY =] ;(yﬂ)(), y+

E[X]|Y] is a random variable, E[E[X|Y]] = E[X]. We condition on information (c-algebra)

Example: Sp: stock price, F: full information, G: limited information, G is a sub-c-algebra of F. We
estimate the stock price using our information G, E[S7|G].

Definition: 2.10: Conditional Expectation

Let (2, F, P) be a probability space, and G be a sub-c-algebra of F. Let X be a integrable r.v. i.e.
E[|X]] < oo and X is F-measurable. The conditional expectation of X given G, denoted by E[X|G]
is a random variable satisfying:

1. E[X|G] is G-measurable

2. EE[X|G]14] =E[X14] if A€G.

Condition on a r.v.: E[X|Y] = E[X|o(Y)], where o(Y) is the o-algebra generated by Y.
Conditional Probability: P(A|G) = E[14|G]



Theorem: 2.1: Properties of Conditional Expectations

Let X,Y be integrable r.v., G a sub-g-algebra of F.
1. Measurability: If X is G-measurable, then E[X|G] = X
2. Taking out what is known: If X is G-measurable, E[XY|G] = XE[Y|G]
3. Tower property: If H is sub-c-algebra of G, then E[E[X|G]|H] = E[X|H]. Furthermore,
E[E[X|G]] = E[X].
4. Independence: X is independent of G if P({x € B} N A) = P({z € B})P(A) for any A €
G, B C R. If X is independent of G, then E[X|G] = E[X].
5. Linearity: E[aX + bY'|G] = aE[X|G] + bE[Y|G].
Monotonicity: If X > Y, then E[X|G] > E[Y|G]. Also, if X > 0, then E[X|G] > 0.
7. Conditional Jenson’s inequality: Let ¢ : R — R be a convex function, ¢ (E[X|G]) < E[¢(X)|G].

e

Proof. We prove 3 only. Consider F ={0,Q}. We claim that E[X|F] = E[X].
Firstly, E[X] is constant, so F-measurable. This is because preimage of E[X] is either () or Q.
Secondly, the only sets in F are (), 2.

E[E[X]1y] = 0 = E[X 1]
E[E[X]1o] = E[E[X]] = E[X] = E[X 1]

Now E[E[X|G]] =  E[E[X|G]F] = E[X|F] = E[X] O

By th;claim By the first part_of tower property
Example: Show that E [XE[X|G]] = E [(E[X\G]V].

Proof.

10



3 Stochastic Processes

Let T be set of times. For discrete, T'= {0,1,2,...}. For continuousm 7" = [0, 7.

Definition: 3.1: Stochastic Process

A stochastic process is a mapping X : Q x T — R s.t.
1. Vw € Q, X(w,t) is a function of time.
2. VteT, X(w,t) is a random variable.

Notation: X = (Xi)er ={X¢ : t € T}.

We can define new stochastic processes Y = f(t,Xy) = {f(¢t,Xy) : t € T'}.

Definition: 3.2: Filtration

A filtration on (€2, F, P) is a collection of o-algebras indexed by time {F;},. s.t.

1. F, C F is a sub-o-algebra Vt € T'

2. Fs C Ft, Vs < t.
It models the incoming information over time. (€, F, P) equipped with a filtration F = {F;},. is
(Q, F,F, P) called a filtered probability space.

Definition: 3.3: Adapted Process

A stochastic process is adapted to the filtration F = {]:t}teT if X; is Fy-measurable for all t € T'.

Definition: 3.4: Adapted Filtration

Let X be a continuous stochastic process on (€2, F, P). The o-algebra generated by X on [0,] is
FX =0 ({Xs}:s<t). F¥ is the smallest filtration that X is adapted to.

Example: Let X be a continuous stochastic process. Consider the filtration .7-",;X generated by X,
t €[0,00).

1. Yi = Xy o is adapted to FiX.
2. Yy = X4y is Fyp1-measurable, but not necessarily Fi-measurable, so it is not adapted.

3. Y, = sup X; is adapted to .EX , because it only requires information upto ¢.
s<t
2t t
4. Y, = Xds is not adapted, but Y; = / Xds is adapted.
0 0

Definition: 3.5: Martingale

A stochastic process X on (2, F,F, P) is a martingale if
1. X is F-adapted (Fi-measurable for all t € T')
2. EP[|Xy]] < o0, VtET
3. EP[Xy|Fs] = X5, Vs < t,s,t €T

Example: Let Y be an integrable r.v. on (Q, F,F, P) with E[|Y|] < co. Show that M; = E[Y|F] is a
martingale.

Proof. 1. M, is F; by Definition 2.10]

11



2. E[|My]] = E[[E[Y|F][] < EE[Y]|F]] =E[Y]] < oo

Jensen’s Tnequality

3. Let s = t, E[M;|F,] = E[E[Y | F]| F] = E[Y|F] = M.

Tower Property

Since M; satisfies Definition [3.5] M; is a martingale.

Example: Cr = f(St) price of European call option, By = eo 7545 hond price. E [%\Fs] is the
expected relative return.

aWt—%QQt

Example Is X; = ¢ ,a € R a martingale?

Proof.

_1.2 _1.2 _1.2 _
E eaWt 5a t|fs] — ¢3¢ tE [eaWt‘Fs] — ¢3¢ tE |:ea(Wt WS)JraWS’fS
_ e—%aQteanE [6a(Wt—Ws)]

eaWSf%a%e%az(tfs)

1.2
aWs—=a“s
= e s 2 = XS?

2.2
UX.

so it is a martingale. Note that W; — Wy ~ N(0, — s), and E[e®X] = e3¢

3.1 Brownian Motion

We construct Brownian motion using a scaled symmetric random walk.
Let 7 > 0. We divide [0,77] into n intervals of size At = L. The kth interval is ((k — 1)At, kAt).
Define the following i.i.d. r.v.for i =1,2,...,n:

1, with probability0.
7 _{  with probability0.5 /0 6 Var(z:) = 1, vi

—1, with probability0.5

Define the process W as follows:

Wy =0
W, — W1 =VALZ;i=1,...n

k
Let t = kAt, Wy = VAtZ;. Then
i=1
E[W,;] = E

k k
Y VAtZ| =VAtY E[Z] =0
=1 =1

k k
Var(W;) = Var (Z \/Atz,) =AtY Var(Z) =At-k=t
=1 =1

Let At — 0,k — oo, by Central Limit Theorem, W; ~ N(0,t).

12



Now consider the increments of W: Wy, — Wi, 0<t; <t <T.T hey are independent.

k J k
Wi, =Wy, =Y VAMZ =Y VAtZ, = > VAtZ,
i=1 i=1 i=j+1
E[Wy, — Wy,] =0
Var (Wy, — Wy,) = (k — j)At = t), — t;

As At — 0, we get Wy, — Wy, ~ N(0,t, — ;).

Definition: 3.6: Brownian Motion

A stochastic process (W;)¢>0 is a standard Brownian motion on (Q, FAFi 0> P) if
Wo=0

W has stationary increments with distribution Wy — Wy ~ N(0, s)

W has independent increments, Wy s — Wy 1L W,

W is pathwise continuous (but no-where differentiable).

Construction of Brownian motion:
1. Let Zy,...,Z, be i.i.d. standard normal.
2. Set tg =0, W(0) =0
3. Compute W (tiy1) = W(t;) + tit1 — tiZita.

Remark 2. If {]:t}tzo is generated by W, then Wy, — W, 1L F;. In particular,
E[f(W; — Wi)|Fs] = E[f(W; — W] if s < t. Also E[W2|Fs] = E[(W; — Wy)2 4+ 2W, W, — W2| Fy].

Theorem: 3.1: Holder’s Inequality

Let X,Y ber.v. and p,q > 1, %—1—%: 1. Then
E[|XY]] < (E[IX )" (E[|Y|9])"/4

If p=q=2,E[|XY]] < /E[X?E[Y?].

Proposition: 3.1:

Brownian motion W is a martingale on (Q, F {Fttiso ,P), where {Ft},5 is the filtration generated
by W.

Proof. 1. By definition of F;
2. To show that E[|[W;|] < oo, Vt, apply Theorem

E[|Wi[] = E[W; - 1] = /EIW?] - 1 = v < oo,

because Wy ~ N (0, 1)
3. E[Wy|Fs]| = E[W, =W+ W |Fs] = E[W,—W;s|Fs| +E[W;|Fs] = E[W; — W] +Ws =Wy

Linearity
Conditional Independence

O

13



3.2 Stochastic Integration
Ordinary Differential Equation (ODE):

X ¢
dX, = a(t, X;)dt < th =at, X)) & X; — X, = / a(s, X,)ds
0

Stochastic Differential Equation (SDE):
¢ t
dX, = a(t, X))dt + b(t, X,)dW, < X, — Xo = / a(s, Xs)ds + / b(s, Xo)dW,
0 0

e a(t, X;) is drift, the deterministic part
e b(t, Xy) is diffusion

Definition: 3.7: Partition

A partition of [0,T] is a set of points IT = {tg, ..., tn} s.t. 0 =tg < t; < --- < t, =T. The norm of
the partition is ||II|| = e (tr — ti—1). If we have even increments, then [[II| = At = L.

Definition: 3.8: Total and Quadratic Variation

Let X be a stochastic process. The total variation of X is TVx = | hHm Z! — X4, |- The
II

n

quadratic variation of X is [X, X|r = | hHm E (Xi, — Xy,_,)% TV is a proxy for differentiability.
)| —0
k=1

Claim: The TV of a differentiable function is finite

Proof. Let f(x) be a differentiable function.

= lim Z|f f(te—1)]

(=

=, h”m Z |f/(t6)] [tk — te—1| (By Mean Value Theorem) tj; € (tp—1,tx)
il

< 1 t tr — 1t <
i max |f'(6) ;”“ k-1l <o

n
The last inequality is because Z |ty —tp—1| =T. a
k=1

Claim: The TV of Brownian motion is infinite

Proof. Let € > 0. Since W is continuous, Hl%illlrnOPﬂWtk — Wi, | >¢€) =0.
—
n

However, P (Z(Wtk — Wy, )% > O) =1, since Var(W) # 0.
k=1

Z(Wtk - Wtk—1)2 < m}?x ‘Wtk - Wtk—1| Z |Wtk - Wtk—l‘
k=1 k=1

14



Since LHS/ 0, but |Wy, — Wy, _, | — 0, we must have Y, |W;, — Wy, | = oc. i.e. TVjy is infinite. O

Proposition: 3.2:

Let (W;)s>0 be standard Brownian motion, [W, W]r =T a.s. (almost surely)

Proof. We show convergence in probability. Assume an even partition.

n

[VVv W]T = lim Z(Wtk - Wtk—1)2

=0 £~
= S Wy = Wiy )? = (b — tem1)] + D (ke — tr—1)
k=1 k=1

n

By definition, lim Z(tk —tr—1) = T. We consider the mean and variance of

=0 &
ll%ilgo; (Wi, = Wiy, )? = (b — th-1)]
E [(Wtk — Wtk—1)2 — (tk — tk—l)}] = ZE [(Wtk — Wtk—l)Q] — E [tk — tk_l]
k=1 k=1

Let Z ~ N(0,1), Wi, — Wi, ~ N(0, At) ~ VAIN(0,1).
Note that for X ~ N(0,02), E[X?] =0, E[X*] = 30*.

n

Var Z [(Wtk - Wtk_1)2 - (tk - tk—l)}] = ZV&I‘ ((Wtk - Wtk—1)2)
k=1 k=1
= ZVar(AtZz)
k=1
= (At)*Var(Z?)
k=1
= (A)?)  [E[2"] - E[Z27]]
k=1
272
= 2n(At)? = 2n (T /n)* = =—.
As ||II|| = 0, n — oo, Var — 0.
Therefore, [W, W]r — T in probability. O

Recall that the Riemann integrals is defined as
b n
f(z)dz = lim fQ@p) (g — 2p-1),
/a ( ||H||%o; (e
for some z} € [ry—1, 4] and I = {zo, ..., xn}.
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t
However,/ f(s,Wq)dWy # Hh”m Zf )(Ws, — Ws, ), because TV of W, — Wy, | — oo.
0

Example: Suppose we deﬁne/ WsdWs by (1 ||r1[1||mOZWSk (W, — W, ) or (2)
%

] W( W,
||HlurioZ 1)

FOI‘ , [Z Wsk 1 sk 1 ] ZE Sk— 1 W Wsk 1)}

_ZE s JEWs, = Wy, ]

(Because W, — W,y LW, )
=0

ZWSk<WSk - WSk 1 ] ZE W Wsk 1)]
(Note that Wy, L W, — W, )

—ZE — Wo, W, ]

Zsk_E[WSk (W = W 1)] E[WSQIC 1]
k=1

3

I
M=

Sp—0—8p_1=5s,—8y=t

B
Il

1

The two values do not agree, so we cannot use the usual definition of Riemann integral here.

Definition: 3.9: L?>-Process

A process X is L%[a, b] if
b
1. E[X;]ds < o0

2. X is adapted

If X € L?[0,t],Vt > 0, then X is L2
The mean squared limit (L2-limit) of a sequence of r.v. X,, is ar.v. X s.t. lim E[(X, — X)*] =0

n—oo

Definition: 3.10: Ito Integral

t
Let f(t, X;) be an adapted stochastic process satisfying E [/ f(s,XS)ds} < 00. The integral of f
0

w.r.t. a standard Brownian motion, called an Ito Integral, is

t n
| H WdW, = 2 = lim 3 Foe, Wy )Wy~ W]
0 1

n— o0

Note the sum is a sequence of r.v. and the integral is a r.v.

16



Proposition: 3.3: Properties of Ito Integral

t
Let I; —/ fsdWs, where fq = f(s, Wy).

I; is a r.v. for ¢ fixed and a stochastic process for ¢ varied.

If f is deterministic, then [; is normally distributed.
¢

t t
Ito integrals are linear, i.e. / [afs + bgs|dWs =a | fodWs+ b/ gsdW
0 0 0

Every Ito integral is a martingale

For any fs, E [/ fdes} =0
0

Ito’s Isometry:

E[/Otfdes~/0tgdes] [/ Jsgsd ]Z/OtEfsgs
n HE[( /Otfsdwsf —5 [ 205 = [ wistis

3.3 Ito’s Lemma
Consider the SDE: dX; = u(t, Xy)dt + o(t, Xy)dWy, Xo = xo. Equivalenlty,
t t
X — xg :/ M(S,Xs)d8+/ o(s, Xs)dWs.
0 0

® & o> =

Proposition: 3.4: Uniqueness of SDE Solutions

Suppose u, o are adapted and there exists a constant K s.t. for all z,y, ¢, |u(t, z)—p(t,y)| < Klz—y|,
lo(t,z) —o(t,y)| < K|z —yl, |u(t,x)| + |o(t,x)] < K(1+ |x|). Then there exists a unique solution.
The solution is Markov, .7-"tW -adapted with continuous trajectories.

Consider a deterministic smooth function f(t,z). Its total derivative is d(f(¢,z)) = 6t L dt +3 91 ~dx. The 2nd
order Taylor approximation is

of ., of

2
df = rdt + = da + Lo

92 f
2 P
(de)® + 5 5 (d)" + 55

Let X, satisfy the SDE dX; = u(t, X;)dt + o(t, X;)dW;. Let f(t, X;) be a C12-function. Then

dtdx

L%f
2 0x?

of of 10%f 9 0% f
—dt+ -=d dX: ——(dt

ot 1+ a1+ 3 X0+ 5 0"+ 5

(dX;)? = p2(dt)? + 2uodtdW, + o?(dW;)?. (dt)? and dtdW; tend to O faster than dt and dX; as dt — 0, so

we exclude them. Also (dW;)? = dt by the quadratic variance of W. Therefore,
f of 1 ,0%f

df = Gydt+ = (pdt + odWy) + So® 55 dt

_ ﬁ @ 1252f af

10%f

df (t, X,) = dtdX,

Example: Compute d(te®Vt).

17



Proof. Here X; = Wy, dX; = 0dt +dWy, p = 0,0 =1, f(t,w) = te™. %{ = W, gqf) = qte®™ % = a’te™.
Therefore d(te®t) = (e™™* + $a%te®™t) dt + ate™tdW;. O

Q)

Example: Compute d((W;)?).

0
Proof. Here p=0,0 =1, f(t,w) = w?. 7{ =0, )
Therefore d((W;)?) = dt + 2W dW;. O

Qo
H<
Il
[\
&
‘QJ
o[~
Il
[\

t
Example: Compute / WsdWs.
0

Proof. Consider the previous result d((W;)?) = dt + 2W;dW;. Integrate both sides and use the fact that
Wy =0.

t t
WE—WOQ:/derQ/ WedW,
0 0

(W2 —1) O

N | —

t
Therefore, / WedWs =
0

Example: Compute E[W}}].

Proof. f(t, w)—w4,%{—0,dw 4w gf—12w

Then d((Wy)*) = $12W2dt + AW2dW, = 6W2dt + AW2dW,
Integrate both sides, W;* = 6 fO W2ds + 4f0 W3dW,. Note E [fg ngWS} =0 and E[W2] =
Therefore, E[W}] = 6 [ E[W2]ds = 6 [, sds = 3t>. O

Definition: 3.11: Correlated Brownian Motion

Correlated Brownian motion (W}, W2);>¢ with instantaneous correlation p are joint processes satis-
fying
L Wg=W¢=0
(W', W?) has continuous sample paths
(W' W?) has indepedent increments

(W1, W?) has stationary increments with [WHS Wt] =N <0, [8 ps])
Wt+s Wt

Theorem: 3.2: 2D Ito’s Lemma

Let X! X? with SDEs: dX} = pidt+ oidW} where (W' W?2) has instantaneous correlation p. Then

= $9 IS

0 1 0?2
A (1, X0, X2) = 8{+zﬁ+§z Lo ;ag%gm]dt

=1

- Z Ut%th
i=1 !

This can be extended to n-dimensional cases.

18



Example: Let W' W? be correlated Brownian motions with instantaneous correlation p. Find an SDE
for WW2.

Proof. Let f(t, W}, W?) = W}W2, % =0, 2L = 2, 2 = ! GG S

owl

Then df (t, w},w?) = pdt + WEdW}! + WEdW?. O

3.4 Geometric Brownian Motion

The SDE is dX; = uXidt + o XedW,, Xo = x9. We want to use [to’s lemma to get an expansion for Xy,
but we do not know X; explicitly. Consider Z; = In X;.

1 1 1 1
dZ; = |\uX;— + =02 X? | —— || dt + o X, —d
t [M tXt+2U t< thﬂ +o by Wi

1
= <,u — 202> dt + odW;

Integrate both sides

t 1 t 1
Zt—Zoz/ (,u—202>ds+a/ dW5:<u—202>t+aWt
0 0

Therefore, X; = xgexp ((u — %02) t+ O'Wt).

This shows that i(% ~ LogNormal ((u — 302)t, 0%t)

Proposition: 3.5:

If X is GBM, then for 8 € R, Y = X# is GBM.
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4 Continuous Time Market

Definition: 4.1: Portfolio

The financial market is defined as a filtered probability space (2, F,F, P). Suppose there are N
assets with price processes X’ = (Xti)tzg, i=1,..,N, X" adapted. A portfolio hy = (h}, ...,h,{V) is
an F-adapted N-dim process, where A} is the number of units of asset i held at time ¢. Let V}* be
the value of the portfolio at time ¢.

N
Ve =Y hix;
i=1
A portfolio h is called self-financing if its value process satisfies
N . .
AV = " hidX]
i=1

Define the relative portfolio weights

N
i
wy =1
i=1

i Y1l
i_htt
Wy = Vh,
t

The self-financing condition can be written as

N o5
avit = v}y Jhdx;
i=1 t

Definition: 4.2: Arbitrage Portfolio

An arbitrage portfolio is a self-financing portfolio h s.t.
L V=0
2. P(VP>0)=1
3. P(V>0)>0
A market is arbitrage-free if there are no arbitrage opportunities.

Proposition: 4.1:

Suppose there is a risk-free asset B (e.g. bond) with dynamics dB; = ryBdt (r is adapted). If there
exists a self-financing portfolio h whose value process V;* has dynamics dV,* = k,V;*dt, where k is
adapted, then it must hold that k; = r; for all ¢. Otherwise, there exists an arbitrage opportunity.

Proof. If k > r constat. Borrow from bank and invest in h. Costs nothing at ¢t = 0, return is positive for
t>0. O

Markets with 2 Assets The first asset is a risk free asset with process B. The price dynamics is

dBt = TtBtdt,

20



where r; is an adapted process, called short rate or risk-free rate. The dynamics is locally deterministic.
Assume By = 1, we have

t
B; = exp (/ rsds)
0

The second asset is a stock with price process S. The stock price dynamics is
dSt = ,u(t, St)Stdt + O'(t, St)Stth,
where pu(t, S;) is the local mean rate of return, o(t,S;) is the volatility.

A classical model is where (7, u, o) are constants.

Definition: 4.3: Black-Scholes Model

The Black-Scholes model consists of 2 assets with dynamics:

dBt = ’I‘Btdt
dSt = MStdt I (TStth

Recall that By = exp(rt), Sy = spexp ((u - 502) t+ O’Wt)

4.1 Arbitrage Pricing

We take as given the model:

dBt = T‘tBtdt
dSt = M(t, St)Stdt + O'(t, St)Stth
By =1,50 = so

Definition: 4.4: Derivative

A contingent claim (derivative) with maturity date 7' is, at time ¢, a random variable X7 C fts .
A contingent claim X is simple if it is of the form Xp = F'(St), where F' is the payoff function.

Example: F(S7) = (K — S7)4 is European put, F(St) = (Sp — K)4 is European call.
The goal is to determine the fair (arbitrage-free) price at ¢ € [0,T"). The fair price at time T is F'(St). Let
X; denote the price of the derivative. Assume that

1. The derivative can be bought and sold.

2. The price process for the deerivative is of the form f; = f(t,S¢), where f is a smooth function.

3. There are no arbitrage opportunities on the market of 3 assets: By, S, X.

Let w®, w/ be the relative weights in S, f(t, S¢). By Ito’s Lemma

d d d d
df (t,8) = (a{+ Sa—£+f 25285J;>dt+ Sagth
v, = (‘g Sﬁ—df(t St>>
wh (of  JOF 1 200'f w! (Of
( + < + w S@S+ Sas2 dt +V; | w'o + fUSaS dW;
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Set dW; term to 0, we have

0=mw”+ wTS% = ‘ fﬁsa%
1=w+wf wt = —288
-85k

Also, by Proposition

s w! of of 1 , 282f
w ,LH—T, (815 +,uS—aS+§U S 8S2> =r
This gives
1 2
0= o1 +rS—af + 70252—‘3 / —rf(t,S)

ot os 2 052
f(T,St) = F(Sr)

This is the Black-Scholes equation. Sy can take any positive values. f is the solution to the deterministic
PDE. Note that the local mean return p has no impact on the arbitrage-free price.

Theorem: 4.1: Feynman-Kac

Assume f is a solution to the BVP

B of 1 0?
0= a—{ + a(t,@% + 552@737)87;]; —rf(t z)
f(T,z) = F(z)

Then f has the stochastic representation f(t,z) = exp(—r(T—t))E[F(X71)|X; = x|, where X satisfies
the SDE: dX, = a(u, Xy,)du + b(u, X,,)dW,,, X; = .

Apply Theorem to Black-Scholes equation, we have
f(t,8) =exp(—r(T —t))E[F(X})|X: = 5],

where dX,, = rX,du + 0 X, dW,, X; = s. This looks like the SDE for S, but » = u(t,S;). They are the
dynamics of S under some measure Q. Introduce the measure QQ for pricing. Use P to denote the
probability measure giving the original dynamics of S.

Theorem: 4.2: Black-Schole Pricing
The arbitrage-free price of a derivative with payoff F/(St) is f(t,S;), where f is given by
f(t,s) = exp(—r(T — t))EQ[F(S)| S = s],

and S has Q-dynamics, dS, = rSydu + o(u, Su)thQ,St = s. Q is the risk-neutral/martingale

measure.

Theorem: 4.3:

In the Black-Scholes model, the normalized process of every traded asset (including derivatives) is a
X

Q-martingale. i.e. if X; is the price process of an asset, then Z; = B isa Q-martingale.




4.2 The Black-Scholes Formula

Under the Black-Scholes market, where r, u, o are constant, derive the arbitrage-free price of a European
call with strike K and maturity 7T'.

Payoff: F(St) = (St — K)+ = (ST — K)X{s;>K}- Using the risk-neutral pricing formula

(Theorem |4.2)):

f(t,s) = exp(—r(T — t))E?[(Sp — K)4[S; = o]
dSy, = rSydu + 0S,dW,,S; = s

Recall Sp = Sexp {(7’ —30%) (T —t) + of VVQ WQ)} = Sexp(X), where
X ~N((r—230?)(T—t),0%(T - )) For this normal distribution, the CDF is

_ 1 1 z—(r—3ic?) (T -1 ?
Jx(@) = \/%a\/T—teXp 2 ovT —t

Note: since Sp > K, Sexp(z) > K, we only need to consider x > In(K/S).

o0

£(t,5) = oxp(—r(T — 1)) / F(S exp(X)) fx (2)dz

—00

=exp(—r(T — 1)) (EQ [STX8r>K|St = 8] — KE® [xs,>x|S: = 8])

The first part:

exp(—r(T —))E? [Srxs;>k|St = s

= v (r—Lo?) (T -1\
= SeXP(_T(T—t))/_ \/%Ji/ﬁexp(x) exp (; ( ( 0\/2117_);71 t)) ) da

z—(r—1o? — n —(r o2y (r—
Change variable by z = %, dz = J\/d%, zZp = : (K/S)a\(/z;_? )T t). Then

exp(—7(T — t))E? [Stxsy> k]St = $]

[ ()
() = s®(ds), whoe

1D(S/K)+( o*)(T — )
o1 — t

ds =

For the second part,

— K exp(—r(T — t))E? [x5,> k]S = 5]

= —Kexp(—r(T —1))Q(St > K|S; = s)
= —Kexp(—r(T —t))Q(sexp(X) > K)
= —Kexp(—r(T —t))Q(X > In(K/S))

)
)
L 5
= —Kexp(—r(T —1))Q (O‘\/T tZ >1In(K/S)— (r — ot T — t)>
)

= —K exp(—r(T —1))®(d-)
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Therefore, the European call price is
f(t,5) = S@(dy) — K exp(—r(T —t))®(d-),
_ In(S/K)+(r+io?)(T-1)

where d4 = T
What is Q7
ds
?t = pdt + ocdWF = rdt + cdW}
t
Pt + awf = aw?

g

Theorem: 4.4: Radon-Nikodym

Let P and Q be two probability measures on the same measurable space (2, F) s.t. Q < P (P(E) =
0 = Q(E) = 0). Then thre exists a r.v. % s.t. for any r.v. X, EQ[X] = EF [X%], % is the
Radon-Nikodym derivative, and satisfies

1. % > 0 P-a.s.

P|dQ| _
2. BF [R] =1

Theorem: 4.5: Girsanov

Let W be a P-Brownian motion and A; be an adapted process. Define a new process L; on [0, 7] by

t)\2 t
Ly = exp (—/ ?“du +/ )\uqu>
0 0

Assume EP[L7] = 1. Define a new probability measure Q on Fr by % = L7. Then

dWF = —\dt + dW 2,

t
where W@ is a Q-Brownian motion. i.e. W2 = Wi+ / Aydu is a Brownian motion.
0

Example: (Black-Schole Model) Define ‘é% as a in Theorem for some \; adapted. Then

t
w2 =w} + / Audu
0

dS, = pSydt + oS, dWF = (uSy — oS\ )dt + oS, dW 2

For Q to be a martingale measure, we must have y — oA; =7, or Ay = £==

Proposition: 4.2: Linearity of Price

Let F' and G be payoff functions for derivatives X = F(S7) and Y = G(Sr) with price processes f
and g. Then for a, 8 € R, the price process of the claim «F(St) + BG(St) is af(t, S¢) + Byg(t, St).

Proof.
e "TUER R (ST) + BG(ST)|S; = ] = ae T TTVEC[F(S7)[S, = ] + Be " TTVERG(ST)|S, = 5]
= af(t,s) + By(t, )
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Proposition: 4.3: Put-Call Parity

Let p(t,s) be the price of a European put with strike K and maturity 7. Let ¢(t, s) be the price of

a Buropean call with strike K and maturity 7. Then p(t, s) = ¢(t,s) + Ke "=t — s,

Proof. Fpu:(St) = (K — S7)+ = (S — K)4+ — St + K. Therefore,
p(t,s) = exp(—r(T —t))EQ[(Sy — K); — St + K|St = 5]
=c(t,s) —exp(—r(T —t))sexp(r(T —t)) + exp(r(T — t))K
=c(t,s) + Ke 7Tt _

Therefore, the European put price is

J7 () = Sid(d) — K exp(—r(T — 1)®(d_) — S, + K exp(—r(T — )
— K exp(—r(T — £))®(~d_) — S,B(—d)

4.3 Greeks
How option prices change w.r.t. changes in underlying prices, time, and risk-free rates?
1. Delta: A = 2L Al = @(dy), AP = —&(—d;) = B(dy) — 1

T = 2f I _ pput — _®(dy)
2. Gamma: I' = gz, [ =TP" = Sa\/;Tt

3. Rho: p = %, P = K(T — t) exp(—r(T — t))®(d_), p"* = —K(T —t) exp(—r(T — t))®(—d4)
.p_ 0O
4. Theta: 0 = ET{

5. Vega: v = g—g, peall — yrut — S (d )T —t
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5 Numerical Methods

5.1 Simulate Random Variables

Let U ~ Unif(0, 1). Consider the CDF, F(z) = P(X < x) is non-decreasing and right-continuous. We can
simulate discrete random variables X = z;,i =0, 1,2, ... with probability p; s.t. > p;=1,p; >0
with

T, U S P1
To,p1 < u < po

T Y P <u< Yy p

Recall: For U ~ Unif(0,1) and 0 < a < b < 1, then Pla<U <b) =b—a.

i i—1
If x; are orderd, then P(X ZPZ<U<ZP’ :ij—ij:pz
j=1 Jj=1

P(F(zi—1) <U < F(x;)) = P(xi—1 < F (U) < x1)

Theorem: 5.1: Inverse Transform Method

Let U ~ Unif(0, 1). For any CDF denoted F, the random variable F~1(U) is distributed as F', where
F~Yu) = inf {z : F(z) > u}.

Proof. We simulate U and sample F~1(U). Consider P(F~1(U) < z).
Since F is monotone, we have F~Y(U) < z = F(F~}(U)) < F(x) and F(F~Y(U)) = U a.e. Therefore,
)-

P(FI(U)<2)=PU < F(z) = F(x m

Another way is to generate samples from a convenient distribution and accept/reject a subset of the
generated candidates.

e Target distribution: f(x) with support on Dy, difficult to generate samples
e Proposal distribution: g(x) with support on Dy D Dy, easy to generate samples

We need to find a constant ¢ > 1 s.t. f(z) < cg(x), Vo € Dy.

Definition: 5.1: Acceptance/Rejection Method

The acceptance/rejection method consists of the following steps:
1. Find c that bounds the ratio 5

Generate Y ~ g

Generate U ~ Unif(0, 1), independent of Y

fU < %, then X =Y, otherwise, return to 2.

Theorem: 5.2:

The random variable generated with acceptance/rejection method is distributed as f. In addition,
the number of candidates generated until one is accepted is geometrically distributed with mean c.

= 89 09




P(YeD,Ug (¥) )

Proof. Let D C D aP(XED):P(YGD\Ug f(Y)): cg(Y)
! o) P(U<dh)

P<US j;g))) :/RP<U§ g(?))mwdy:/ﬂwj;((yy))dy:i

P(X € D) =cP (Y eD,U < c];((x;)))

ZC/RP <Y € D,U< cg(y)> 9(y)dy

5.2 Simulate SDEs

Brownian Motion Given timesteps tg < t1 < --- < t,, generate W (t1), ..., W(t,). Algorithm:
1. Set W(0) =0
2. Fori=1,2,...,n, W(tit1) = W(t;) + Vtit1 — tiZit1, where Z; ~ N(0,1) iid.

The method is exact, the joint distribution of W (ty), ..., W(t,) is the same as Brownian motion at
st

For n-dimension, Wy, s — W; ~ N(0,%). We find B such that BBT = ¥ by Cholesky decomposition,
because X is PSD.

1. Set W(0) =0
2. Compute B.
3. For i = 1, 2, Ny W(ti+1) == W(tl) + \/ti+1 — tiBZiJrl, where ZZ ~ N(O, 1) iid.

F0r2D,Z:[S ps],B:[l 0 ]
pPS

s p \1—p?
GBM Simulation dS; = pSidt + 0S;dWy, Sy = sg. St = sg exp ((u — %02) t+ aWt). If start at u < t,
Sy = Suexp ((u—30?%) (t —u) + (W, — Wy,)).
1. Set Sy = sg
2. For i = O, 1, ey — 1, S(ti_H) = S(tz) exp ((u — %0'2) (ti+1 — ti) + U\/tzq_l — tz‘Zz'—i-l), where
Z; ~N(0,1) iid.

Discretization Scheme Consider dX; = a(t, X;)dt + b(t, X;)dW}, Xo = x¢. The goal is to simulate X,
at t1 < to < --- < d,. An exact scheme would be:

tit1 tit1
X0 =X, —I—/t a(s, Xs)ds +/t b(s, Xs)dWs
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Assume time is evenly splitted ;41 — t; = At, and X is 1-D. Then the simplest method is Euler
scheme:

tit1 tit1
/ a(s, Xs)ds = / a(ti, X, )ds = a(t;, Xy,) At

t; t;
tit1 tiv1
/ b(s, Xo)dW, = b(ts, X0, )W, = blts, X0) (Wi, — Wi)
ti t;

th‘+1 = Xti + a(ti, Xti)At + b(ti, Xti) V AtZi_H
For GBM, it is:

Sti+1 = Sti =+ Ngtz At + O'Sti V AtZH_l

Milstein scheme The basic discretization is not accurate enough for the diffusion term. By Ito’s
lemma:

= e dt + b—dW,
En + + + t

@ Oor 2 0z oz

2
d(b(t, X,)) = <0b ob 1,0 b) ob

Let ¢ € [u,u + At].
ob

ox

= b(u, Xy) + b(u, Xu)giZ(u, Xu) (W — W)

b(t, Xt) = b(u, Xy) + ()t — u) + bu, X)) — (W — Wy,)

Then
tit1 tit1 ob
/ b(s, X,)dW, = / blti, X+ bltis X, ) (5, X)Wy = Wi, )W,
ti t;

o tisa
= b(tiv Xti)(Wti+1 - Wti) + b(tiv Xti)i(ti’ th‘) / (WS - Wti)dWS
t;

Ox

(W2 — W2 — (t — u)). Therefore,

N |

t
Recall that / Wsds =
u

tit1 tir1 tit1
/ (WS - th)dWs - WSdWS — Wti / dWS
t; t;

t;

1

= 92 (Wt2i+1 B WtQi B <ti+1 - tl)) - Wti(WtiH - Wti)
1

= 5 ((Wti+1 - Wti)2 - (ti—i-l - tz))
1 1

=3 (AW})? — At) = At (Z%, - 1)

Then we have:

. 1 b
Xi,y = X, + a(ti, Xo,) At + b(ty, Xy, ) VAt Zi1 + §b(ti, X)) 2

ox
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2nd Order Scheme Expand a(t, X;) using Ito’s lemma:

Jda da 1 ,0% da

Introduce operators LY = % + a% + %6288—;2, L' = ba%. Then d(a(t, X;)) = L%adt + L'adW;. Let
u < s,

a(s, Xs) — a(u, Xy,) :/ Loa(r,Xr)dr—i—/ La(r, X,)dW,

u u

Apply Euler’s approximation,

a(s, Xs)

a(u, Xy) —G—Loa(u,Xu)/ dr—{—Lla(u,Xu)/ dw,
= a(u, Xu) + L2(u, X,) (s — u) + L'a(u, X, )(Ws — Wy,)

tit1 tivr1
/ a(s, Xs)ds = / a(ti, X,) + Loa(ti, X)) (s —ti) + Lla(ti, X)) (W5 — Wy, )ds
t; t

i

1
= a(t;, Xy,) At + LPa(t;, X,fl.)i(Azt)2 + Lla(t;, Xy, AL,
tit1
where AI; = / (Ws — W4, )ds. Similary,
t;

tit1 tiv1
/ b(s, Xs)dWs = / b(ti, Xi,) + LOb(t;, X4,) (s — ;) + L*b(t;, Xy, ) (Ws — Wy, )dW,
ti t;

tit1 tit1 Lit1
/ (s — ti)dVVS = / sdWy — ti/ dWs
ti t; ti

tit1
= ti+1Wti+1 — tZth — WSdS — tthi-H + tZth
t;

tit1
= Wiy — W) (tigs — 1) — / (W, — W3, )ds
t;

= AW At — AL

To simulate Al;, one can show that given Wy, Al and AW; are jointly normal.

AW, At 3(At)? o
[Alj ~N (0, [%(At)z ngtig} ) Putting it all together, we have:

. . 1
Xty =X, +alt +bAW,; + Ebbx ((AWt)2 — At) (from Euler + Milstein)

1 1
+ 5 <at + aay + 262(1m> (At)2 + ba, Al (from approximation of a)

1
+ <bt + bb, + 2b2bm> (AW At — ALy) (from approximation of b)

5.3 Variance Reduction

Motivation: we want to use Monte-Carlo methods to estimate an expectation like E [e_rTf(ST)}.
n

1
The Monte-Carlo estimator is — Z e T F(Sr4).
A
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Definition: 5.2: Estimator

An estimator § is a statistic that is used to infer the value of an unknown parameter 6 from the
data. The bias of an estimator is E [é} —0. if E [é] = 6, then 6 is unbiased. The variance of an

A A AT\ 2 a a
estimator is Var (9) =FE [(0 —E [9]) } . A sequence of estimators 6,, are consistent for 6 if 6,, — 0
in probability.

1<
Example: Sample mean Y = — E Y; as an estimator for E [Y].
n
i=1

Proof. Let Y;,i=1,...,n be i.i.d. samples.
1 &
BIY) =, 3] = Bl
1=

Therefore, it is unbiased.

The variance of Y is

- 1< 1
Var(Y) = — D Var(y;) = —Var(Y)
=1

It is also strongly consistent, since lim Y = E[Y] a.s. by law of large numbers. O]
n—oo

5.3.1 Control Variates

Goal: estimate E[Y]
Idea: make use of another correlated r.v. X to construct an unbiased estimator for E[Y] with smaller
variance than Y

Example: Y =e¢"(Syr — K),, X =S¢
1. Setup: Y;,2 =1,...,n outputs from n replications of simulation.
2. For each replication, we also calculate another output X;.
3. Assume (X;,Y;) are i.i.d. and E[X] is known
4. For fixed b € R, compute Y;¥ = Y; — b(X; — E[X]) (The error controls the variance).

Definition: 5.3: Control Variate Estimator

For b € R, the control variate estimator is

n

$C = -3 [¥; — b(X; — E[X])]
=1
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Theorem: 5.3:

V¢ is an unbiased and consistent estimator for E[Y]. Its variance is

(Var(Y) — 2bCov(X,Y) + b*Var(X))

1
n

When 2bCov(X,Y) < Var(X), Var(Y°) < Var(Y).

Proof.
E7C] = = Y E[Y] - b(E[X] ~ B[X]) = B[Y]

. 1 — 1
DA E Y, — b= E i = 1"X; + bE[X] — E[Y] in probability
n n
i=1

. 1 & 1
Var(YY) = = ZV&r(Yi —bX; + bE[X]) = -
i=1

(Var(Y) — 2bCov(X,Y) + b2Var(X))

To choose b € R, we minimize Var(Y) over b

0= 2Vaur(ifc ) = —2Cov(X,Y) + 2bVar(X)

b
- Cov(X,Y)
N Var
Effectiveness of the control variate estimator:
Compute ratio Var(Y€) _ 1— p?
p Var(Y) Pxy
. 1 Cov(X,Y)?  [Cov(X,Y)\?
C — _ ) )
Var(Y") = - Var(Y) — 2 Var + Var Var(X)
1 Cov(X,Y)?
n [ ar(Y) Var

However, we may not know the covariance. In practice, we use the sample covariate:
i iz (X = X (i — V)
Z;L:l(Xz - Xi)2

n =

Theorem: 5.4:

~

b, is a consistent estimator of b.

5.3.2 Importance Sampling

Goal: Estimate E[h(Y")]
Idea: Change the probability measure from which the r.v. is generated to obtain a more convenient
representation of E[h(Y)].
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We want to estimate E[h(Y')] where Y has density f.

[e.e]

E[L(Y)] = / h(y)f (y)dy

—00
n
. . 1
The ordinary Monte-Carlo estimator is — Z h(Y;), Y ~ f.
n
i=1

We choose an importance sampling distribution g(y) s.t. f(y) > 0= g(y) > 0, Vy € R. Then

where % is the likelihood ratio/Radon-Nikodym derivative.

Definition: 5.4: Importance Sampling Estimator

1S Y;
The importance sampling estimator associated with ¢ is Y/ = = E h(Y;) fEYZ ; , where Y; ~ g.
n g\ri
=1

Proof. V! is unbiased by construction.

Piy-I) _ mP m _ P
E'[Y']|=E [h(Y)g(YJ =E"[h(Y)]

The variance is

— 9(Y)
~ 2
Since EP [(h(Y) ! gyg) } — EP [h?(y)g gm then

Var® (V1) = % (EP [h%Y)J;g;] - E“”[h(Y)F)

*[BP [(n2)] ~ EF (A )P]

n

Var® (Y)

Is EP [h%ﬂ%} < EF [h2(Y)]?

Assume h is nonnegative. Choose g(y) < f(y)h(y) e.g. g(y) = cf(y)h(y) for ¢ normalizing. Then

~ i 2 ind 2
Var(Y?!) = % [EP [h2(y)§ 282 ] —EF {h(y)gég]

]

So choosing g < fh gives a zero variance estimation. However, % = [ fhdy is what we want to
compute.

Takeaways:
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1. The choice of g is the key. A poor choice may increase the variance

2. There is no optimal way to choose g, but we should try to sample in proportion to f(y)h(y)
Example: Payoff of a European call in the Black-Scholes model. E@ [e_TT(SeZ — K)+], where
Z~N((r-%)T,0°T).
If K is large, Monte-Carlo approximation will have a lot of Os.

With the default Z, EQ[Se?] = Se'T.

Change to Z ~ N <ln % + %2T, O'ZT), we get

- 2
EQ[Se?] = Sexp (mIS( — %T + ;UQT> =K
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